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Derivation of One-electron Integral of Periodic Electrostatic Potential

The one way to incorporate the electrostatic potential by the bulk is to use
electrostatic potential that is calculated using periodic PC distribution obtained by slab
calculation. Here, we describe how to construct such electrostatic potential embedding
method.

Because Gaussian basis functions are employed in almost all cluster models, we
need to calculate one-electron integral of periodic point charge distribution, using

Gaussian basis functions. Under the periodic boundary condition (PBC), one-electron

orbital v k(r) is represented by a Bloch function, as follows:

Vix(r) = ik (r) " (S1)

where i, k, and u; are a band index, a wave vector, and a periodic part of the Bloch
function, respectively. The periodic part u;i is represented by a linear combination of
periodic Gaussian basis functions qbig’(f(; see eqs. S2 and S3;

uLk(r) = Z CAn i,k ¢§Ei(r) (82)
An
Q@) = dan(r —R)e™R (S3)
R

where R is a lattice vector, Cy,;x is a coefficient of linear combination, and ¢4, is a
contracted Gaussian basis function at ra = (xa, ¥a, za), and 4 and » are indices of atom
and basis function at r,, respectively. The basis function ¢4, is given by Cartesian

Gaussian function ¥Aal;
¢An(r) = Z Nalcan @Aal(r) (84)

where N, is a normalization constant, ¢,, 1S a contraction coefficient, and / is a total

angular momentum. The Cartesian Gaussian function ¥Aal is given by eq. S5;
Paa(r) = (. —2)"(y —ya)(z — 24)" exp (—aalr —ral?)

= (@ = x4)"(y = ya)" (= = 24)" gaa(r) (S5)

where [, [, and [ are Cartesian angular momenta of x, y, and z components,

respectively, and gy, is a primitive Gaussian function at ra.
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Here, we employed the super-cell approach,' where each cluster is positioned in
one unit cell with very large lattice vectors, and the centers of basis functions are placed
in the same cell; these are possible without loss of generality. Because the cluster and its
periodic images are separated very well from each other under this condition, overlap

between basis functions of the clusters located at different cells is negligibly small;
$an(r = R) dpm(r —R) ~0 (R #R) (S6)

Owing to the sufficient separation of the clusters, band dispersion disappears, and only
the I'-point (k = (0, 0, 0)) sampling over the first Brillouin zone is necessary.
Under such conditions, the one-electron orbital %i of the cluster model is

represented by eq. S7;
Yi(r) =Y Canidlin(x) S7)
An

The basis function gbfl]sc can be represented with Cartesian Gaussian function (eq. S5)

by eq. 8;
ZSCO') = Z NaiCan SOZEF(r)

= Z Nalcan Z @Aal(r - R)
a R

(S8)

The next task is to evaluate one-electron integral of periodic potential,

~ 1
(RIS = i [ e FC V)

1
=3 Nawcancon g [ dr PRS0V
B b VSC

(S9)
where 7°C is a volume of the super-cell and [}SCdr indicates integration over the
super-cell. Because the overlap of basis functions between different cells can be
neglected (see eq. S6), the integral in eq. S9 can be represented through Fourier

transformation as follows:

[ e SRV ) = SVIOUG) [ dr pauleme €S ($10)

G all

where V*®€(G) is a Fourier transform of V**(r), G is a reciprocal lattice vector, and

| andr indicates integration over all real-space.
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The integral in the right-hand side in eq. S10 is a complex conjugate of Fourier
transform of the product of two Cartesian Gaussian functions. To evaluate the
one-electron integral of periodic potential, therefore, the Fourier transform of the
product of two Cartesian Gaussian functions is required. Because both of the product of
two Gaussian functions and the Fourier transform of Gaussian function are Gaussian
function, the Fourier transform of the product of two Gaussian functions is also the

Gaussian function as follows:

—iG-r Q % —iG-r |G|2
dr ga.(r)gss(r) e =|— | Fawmpe Pexp | — 1o (S11)
all

Qp P
where
Oy 9 g A + uprp
ap = Qg+,  Faapy = exp —————Jrg—rp|°),and rp = ———
Qg + Qg +

Though the Fourier transform of the product of two Cartesian Gaussian functions
cannot be provided as a simple form, it can be represented as a recursion formula within
a binomial expansion; details are presented in Appendix A (page S8)).

Hereafter, we focus on the electrostatic potential that is defined by eq. S12;

VES (1) — /dr P ZZ,F_FC_R‘ (S12)

where n(r) is electron density at r and Z¢ is a nuclear charge of the C-th nucleus at rc in

the unit cell. Using Poisson's equation, /*5(r) is transformed to eq. S13;

VE(G) = é;‘z ( +ZZC€ lGrC) (S13)

where 7n(G) is a Fourier transform of n(r). The one-electron integral of the electrostatic
potential can be evaluated using eqs. S10 and S13; however, the Fourier series
expansion in eq. S10 is, in general, not complete because the finite number of
wave-vectors G, which is usually determined by a cut-off energy, is not sufficient to
incorporate high frequency components of the nuclear point-charge potential in
reciprocal-space. To avoid this problem, the Ewald summation method, which is
developed to evaluate electrostatic interaction between PCs in the PBC, is applied to
evaluation of electrostatic interaction between PCs and one-electron orbital represented

by the Gaussian basis functions in the PBC.
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In the Ewald summation method, the electrostatic potential of PCs is represented

as the sum of two short-range terms and one long-range term as follows:

VE(r) = Vi (r) + Vo (r) + 115 (r) (S14)
‘r_rC_ngrcut ZC
ES _ - -z @
SOEEY Py (S15)

R,C

[r—rc—R|<rcut

—Z 1
VES(r) = Z |r_rCC_R|erf(\/§O]r—rc—R|) (S16)

R,C
|G‘2/2§E0ut 2 2
47 G oG iGor
VB = > \G|2ZZO€ Gre exp (——'2 | )eG (S17)
G c

where 7o 18 a cut-off parameter in real-space, erf is an error function, o is a
convergence parameter of the Ewald sum, and E. is a cut-off energy in reciprocal
space. Because the short-range terms have no reciprocal space -contribution,
one-electron integral of V551 can be evaluated in the same manner as nuclear-attraction
integral, which is implemented in standard ab initio program. One-electron integral of
V55, can be evaluated in a similar manner to two-electron integral; see Appendix B in
page S9. Finally, the one-electron integral of ¥y, for the Gaussian functions is

represented by eq. S18;

N e RS
it 910 (0)VES (1) g (r) = () T S .
/all ? ayp e lrp —rc — R
0,00
xerf | ,/[———|rp —rc — R
er < o+ o lrp —ro |)

(S18)

where o, = 1/20°. The one-electron integral of V5., for the Cartesian Gaussian
functions is presented in Appendix B (page S9). The one-electron integral of VES| can
be evaluated using eqs. S10 and S17.

In this way, the electrostatic interaction between the periodic PC distribution and
the one-electron orbital of the embedded cluster model can be correctly evaluated in
reasonable computational cost using the super-cell approach, where no approximation is
employed except for very large lattice vectors for super-cells. The determination of
cut-off energy in Ewald summation method and the dependency on the super-cell size

are discussed in page S11.
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Appendices for Derivation of One-electron Integral of

PE Potential

Appendix A: Fourier transform of product of two Cartesian Gaus-
sian functions

The Fourier transform of product of two Cartesian Gaussian functions is represented as

/ dr ©aa(r)pper (v) € '™ = Faapy 5ppi, (Ga) sppryn (Gy) sppiin (G2) (A1)
all
Here, the z-component, sppy, i (G), is defined by

+0o0
sppl,i (Gg) = / dx (z — xA)ll(x — Z‘B)l“ exp (—ozp]a: — xp|2) g G (A2)

o0

The y- and z-components, s pplyl;!(Gy) and spp_ i (G.), respectively, are similarly defined.

Using a binomial expansion, s pplzl;(GI) can be represented as follows:

Iz U /
A R o
spoLi,(Ga) = > (xp —za)* " (xp — 25)" ™ Qpprin (Gy)

k=0 k'=0 \ k K

(A3)

Here, ¢ppr+ir(G;) is the x-component of Fourier transform of Cartesian Gaussian func-

tion;

+o00
wrpkir (Gz) = / dz (x — xp)"™* exp (—ozp\x - 96‘P|2) g iCa® (A4)

—0o0
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which can be derived using the following recursion relations in a similar manner to eq. 46

of Ref. S2:

1
™ 2 Gz —1Ggx
oppo(Gy) = (oz_) exp <__4a ) e iCrp
P P

1G
SOPpl(Ga:) = - QCYp SOPpO(Gx)
L —1 iG,
QOPplx (Gz> = 2ap ¢Pplx_2(G$) - 2ap Sppplx_l(Gr> (A5)

The y- and z-components of Fourier transform of Cartesian Gaussian function are simi-

larly derived.

Appendix B: One electron integral of VES in Ewald summation

method

In the Ewald summation method, the electrostatic potential of point charges is repre-
sented as the sum of two short-range terms and one long-range term, as represented in

eq. S14. The second short-range term VP (eq. S16) can be expressed as follows:

sr2

|r_rC_R‘§7’cut

—Z 1
‘fES _ E C f o - R
sr2 (I') | r—re R |er <\/§0_ ’I' re ‘)

R,C

|1‘7rc 7R‘ <rcut

- Y (s )g/andr'exp(_# e RD @y

e 2mo? |r—1/|

As presented in eq. B1, VE of the Ewald summation method can be regarded as the
electrostatic potential formed by the Gaussian charge densities (for more details of the
Ewald summation method, see Ref. S3). Thus, one-electron integral of VIS can be
evaluated in a similar manner to evaluation of two-electron integral which is carried out
by the two Gaussian basis functions with the same electron coordinate (r’), the same
position (r¢ + R), the same Gaussian width (v/20), the same normalization constant

((1/2702)?/%), and no Cartesian angular momenta (I, = I, = [, = 0). Using a Hermite

polynomial expansion with Rodrigues’ formula,>* the one-electron integral of V.ES for the
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Cartesian Gaussian functions is presented as

[r—rc—R[<rcut a % _Zcﬂ_g
dr @Aal(r)‘/s?s(r)(pBbl’ (r) = Faum (_c>
/au 2 RZC T QpQier/ Oy + Ol

Y LYo ]
SeShtetl Uz vy sysgtytguyvy sysht tusv,
2B, ( Ape Jrp e - R|2) (B2)
o, +
Here, a. = 1/202, B, is the v-th order Boys function as
1
B,(T) = / dt t* exp (—Tt?) (B3)
0
and
/ (la /2] [15/2] 1y —254 U =285 [(ta+17,)/2]
B ( lx—f—lxl |l/| t+u”(t —l—t/)
P D DD DD DD DD o SR IATRTAN
Seshtathugve 85=0 s/,=0 tyz=0 ¢/,=0 Uuyr=0
y at’z—sz—uzbtz sh— uzp2(sz+sz)+uz (TA:E _ TBm)tz—i—t;—Zuz
(lp — 28, — t )11, — 28!, — /)t + !, — 2u,)!
[ 1/2] () v
g P el (pe/ (p+ €)= (rpy — row )2 B4
X Z 41} _ 2 ( )
= 20! (e Vg )!

where pu, =l + 1, —2(s, + s,) — (to + 1), v = pog + pby + pto — (v + vy +v,), and I, and
I, are similarly defined in terms of y- and z-components, respectively. Boys function can

be evaluated as

_ () VT -T
BAT) = " | pporpetVT) — Z 4K ( zy - 2k; |Tk+1 (B3)

when T' > 0, and B,(T) = 1/(2v + 1) when T = 0.5
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Effects of Cut-off Energy in the Ewald Summation
Method and Super-cell Size on Interactions of Rhy

with Al,O; and AIPO,

Effects of cut-off energy in the Ewald summation method on

interactions of Rhy; with Al,O3; and AIPOy:

Because the long-range term of electrostatic potential in the Ewald summation method
(eq. S17) quickly converges in reciprocal-space, the cut-off energy E.,, which determines
the number of wave-vectors used in Fourier expansion, can be significantly reduced. Fig-
ure S1 shows the convergence behavior of total energies of the AlyO3 cluster model with
respect to cut-off energy value in the presence and absence of the Ewald summation
method. Here, a 2 x 2 x 1 super-cell (33 x 34 x 36 A), a convergence parameter of o = 1
A, and a real-space cut-off criteria, (apae/(ap + ao))rp — re — R < 1oy = 201010,
were used; the cut-off criteria is same as the default used in GAMESS®® for calculation of
one-electron integrals. In the absence of the Ewald summation method, the total energy
varies by more than 50 eV when the cut-off range is 400 to 800 eV. In the presence of
the Ewald summation method, on the other hand, the total energy converges rapidly
with respect to the cut-off energy; for instance, it varies within 0.001 eV when the cut-off
energy is larger than 150 eV. Therefore, the cut-off energy of 150 eV was used in this

work.

Effect of super-cell size on interactions of Rhy, with Al,O3; and

AlIPOy,:

In the embedding method incorporating periodic electrostatic potential developed in this
work, two-electron integrals (Coulomb and exchange integrals) between clusters located
at different cells are not considered. Therefore, the large super-cell should be employed so

as that the two-electron integrals between clusters located at different cells are negligible.
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Figure S1: Total energy of Al,O3 cluster model as a function of cut-off energy with and
without the Ewald summation method (blue dashed- and red solid-lines, respectively).

Table S1 shows dependency of interaction energy and HOMO-LUMO gap on size of
super-cell in the Al,O3 and AIPO, cluster models. For the Al,Os3 cluster model, the
interaction energy and HOMO-LUMO gap of the 2 x 2 super-cell agree with those of the
larger ones within 0.02 eV. For the AIPO,4 one, those values of the 3 x 3 super-cell agree

with those of the larger ones within 0.01 eV. Therefore, we employed these super-cell

sizes in this work.
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Table S1: The minimum atomic distances (dmin) between clusters located at
different cells, interaction energies (Fi,) of Rhy with Al,O3; and AIPO,, and
HOMO-LUMO gaps (cgap) of distorted surfaces at various sizes of super-cells.

Size of super-cell 1x1 2x2 3x3 4x4 5x5

Rhg/AlQOg

duin  (A) 546 223 391 559  72.6
PBE

Ew  (eV) @ 602 —6.02 —6.02 —6.02

gap  (€V) a 1.82  1.82 182  1.82
B3LYP

Euwe  (eV) ~543 =550 —550 =550 —5.50

eap (€V) 244 351 350 349  3.49
Rhy/AIPO,

doin (A) 1.69 182 349 516 682
PBE

B (eV) @ 574 =571 =570 —5.70

eap  (€V) @063 0.63° 0.63° 0.63
B3LYP

En  (eV) @ 557 —554 —553 —553

eap (€V) o 2320 232¢ 232 232

* SCF calculations do not converge.
b _

€gap — ELUMO — €EHOMO-4-
¢ Egap = ELUMO — EHOMO-2-
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Table S2: Effects of choice of atomic charge on interaction energies (Fin; €V)
of Rh, with Al,O3; and AIPO,.

VLP? PEP
Bader® Formal? Bader®  Formald
Rhg/AlQOg
PBE

FEi —5.99 —6.79 —6.02 —6.72

(—4.93)¢ (—5.20)° (—4.95)¢ (—5.23)°
B3LYP

FEi —5.51 —6.18 —5.47 —6.16

(—4.53)¢ (—4.81)° (—4.47)¢ (—4.76)°

Rh,/AIPO,

PBE
Eint —555  —5.44 571 —5.62
(—=5.09)° (—4.99)° (—=5.25)°  (—5.16)°

B3LYP
Eint —543  —5.32 —552  —5.45
(—4.95)° (—4.85)° (=5.11)° (—5.03)°

o

A number of point charges is 1451940 (920 x 920 x 15 A3) for the Al,Os
embedded models with very large number of point charges (VLP), and that is
1016310 (970 x 920 x 15 A3) for the AIPOy4 ones with VLP.

PE indicates periodic electrostatic potential.

The Bader charges calculated by the slab calculations were condidered in the
calculation.

Formal charges were considered in the calcilation; +3 for Al, —2 for O, and +5 for

p.

In parentheses are the interaction energies after correction of basis set
superposition error.
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Table S3: Basis set effects on interaction energies (Fin; €V) of Rhy with Al,O;
and AIPO,.

VLP? PEP
Al LANL2DZ¢ SDD?  cc-pVDZ® LANL2DZ¢  SDDA
P LANL2DZ¢  SDD?  cc-pVDZ® LANL2DZ¢  SDD¢
O D95V, DZP®  cc-pVDZ® D95V! DZP®
Rh LANL2DZ¢  SDDH SDD¢ LANL2DZ¢  SDDH
Rh,/Al, 03
PBE
B —5.99 —6.98 —8.19 —6.02 —7.00
(—4.93)*  (=5.09)" (=5.07)" (—4.95)  (=5.11)"
B3LYP
Eint —5.51 —6.44 —~7.57 —5.47 —6.46
(—4.53)%  (—4.74)h  (—4.64)0 (—4.47)%  (—4.68)"
Rhy/AIPO,
PBE
Eins —5.55 —5.95 —6.08 —5.71 —6.13
(=5.09)"  (=5.13)% (=5.13)" (=5.25)%  (=5.40)h
B3LYP
Eunt —5.43 —5.96 —6.10 —5.52 —5.96
(—4.95)  (=5.13)%  (=5.14)h (=511 (=5.23)h

& A number of point charges is 1451940 (920 x 920 x 15 A?’) for the Al,O3 embedded models with very
large number of point charges (VLP), and that is 1016310 (970 x 920 x 15 A3) for the AIPO, ones with
VLP.

b PE indicates periodic electrostatic potential.

¢ Los Alamos basis sets and effective core potentials (ECPs) with d-polatization function. 5> S7

4 Stuttgart/Dresden basis sets and ECPs. 58510

¢ Dunning’s correlation consistent basis sets.S11:512
f Huzinaga-Dunning valence double-zeta basis sets.
& Huzinaga-Dunning double-zeta basis sets with d-polarization function. 53

b In parentheses are the interaction energies after correction of basis set superposition error.

S13

In the case of Rhy/Aly O3, the Eyy without BSSE correction increases considerably, as
the quality of basis sets increases. In the case of Rhy/AIPO,, the basis set effects on the
E¢ is moderate. In both cases, the Ei,; after BSSE correction depends little on the basis
sets, suggesting that the basis set effects arise from the BSSE. Because the FEi,; without
BSSE correction calculated with the LANL2DZ is the closest to the Ej,(no-BSSE), we
employed LANL2DZ here for discussing HOMO, LUMO, DOS etc.
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Table S4: Cluster size effects on frontier orbital energies (cgomo and epumo;
eV) and band gaps of distoetd Al,O; and AIPO,.?

VLPP PE*€ VLPP PE©
distorted Al,O3? distorted AlyO4-L& ¢
PBE
ELUMO 548 522 557 521
EHOMO —7.29 —7.03 —7.17 —6.80
Band gap® 1.81 1.82 1.61 1.59
B3LYP
ELUMO —4.83 —4.57 —4.94 —4.58
EHOMO —-8.32  —8.08 —8.30 —7.94
Band gap*® 3.49 3.51 3.35 3.36
distorted AIPO,4* distorted AIPO,-L* 4
PBE
eLumo’ —835  —T7.45 —8.47 —7.29
enoMo’ —8.98¢  —8.08¢8 —9.068 —7.89b
Band gap® 0.63! 0.63! 0.59! 0.60/
B3LYP
ELUMO’ —784  —6.97 —7.97 —6.84
cnoMo! ~10.17%  —9.298  —10.24¢  —9.13"
Band gap® 2.331 2.321 2.27 2.29)

These geometries were taken to be the same as the corresponding moiety of
Rhy/AlyO3 and Rhy/AIPO, optimized by the slab calculations.

> A number of point charges is 1451940 (920 x 920 x 15 A?) for the Al,Os
embedded models with very large number of point charges (VLP), and that is
1016310 (970 x 920 x 15 A3) for the AIPO, ones with VLP.

PE indicates periodic electrostatic potential.

d Rhg/AIgOg—L and Rhg/AlPO4—L mean Rhg/(AlQOg)lg and Rhg/(AlPO4)19 cluster

models, respectiveky.
Band gap is epumo — €momo unless caution is presented as superscript.
! Frontier orbitals similar to HO and LU bands of the slab model.
& HOMO-2.
b HOMO—4.
ELUMO — €HOMO-2-

ELUMO — €HOMO—4-
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(Al,O3)4, model (Al,O3)4g model

E. -599 ~5.72
(AIPO,),s model (AIPO,),9 model
» - [ g »
(™ @
E_. 555 -5.61

nt

Figure S2: Cluster size effects on interaction energies (Fiy; eV)?* of Rhy with Al,O3 and
AlIPO,.
# PBE functional was used. The embedded cluster model with VLP charges was employed.
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Figure S3: HOMO and HOMO—1 of the Rhy/AIPO, cluster models with VLP and PE.

These HOMO and HOMO-—1 are localized on the edge, which correspond to the
artificial dangling bond. These orbitals cannot be compared with the HO band of the

slab model.
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