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Figure S1 | Reflective light microscope images of the 5CB cell under crossed 

polarizers by different rotation angle. (a) SEM image of disjoint stripe pattern with 

Sw = Mw = 500 nm, Gw = 50nm, the middle stripe, side stripe, crossed point and gap 

space were marked. (b1-b5) The reflective light microscopy images of the 5CB cell 

under the crossed polarizers at different rotation angles relative to the crossed 

polarizer, which were marked in the inner images. (c) The brightness intensity of the 
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middle stripe, side stripe, crossed point and gap space was calculated as function of 

different rotation angles. 

 

 

 

 

 

 

 

 

 

Figure S2 | The reflective light microscopy images of the cell under crossed 

polarizers. The 5CB cell (H = 1.5 μm) with different middle stripe width of the 

disjoint stripe patterns on the PMMAZO brush substrate: (a) Mw = 300 nm; (b) Mw = 

500 nm; (c) Mw = 900 nm. 
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Figure S3 | The reflective light microscopy images of 5CB mixture with colloids 

under the crossed polarizers. The 45° angle of disjoint stripe patterns with different 

middle stripe width (a) Mw = 500 nm; (b) Mw = 900 nm were showed at different 

rotation angles relative to the crossed polarizer, which were marked in each of inner 

images. (c) SEM image of disjoint stripe pattern with side stripe ended as round shape, 

Sw = Mw = 500 nm and Gw = 50 nm; Polarizing microscopy image of nematic 5CB cell 

with the bottom surface of the round end disjoint stripe pattern. The direction of 

middle stripe to the crossed polarizes was marked.  
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Figure S4 | Trapped colloidal particles at the gap spaces on patterned substrates. 

The reflective light microscopy images of the trapped PS colloidal particles in 5CB 

cell (H = 1.5 μm) under the paralleled polarizers with middle stripe width Mw = 300 

nm: (a) colloidal particle diameter = 800 nm; (b) colloidal particle diameter = 1 μm. (c) 

Schematic representation of the polystyrene colloidal particles trapped at the gap 

spaces obtained by simulation in the Landau-de Gennes framework, showing the 

director fields effected by the two colloidal particles and defects regions generated on 

two colloids. 
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THERMODYNAMIC DESCRIPTION 

The thermodynamic state of the LC is described in terms of the local alignment tensor 

Q(x), defined in terms of the second moment of the local molecular orientational 

distribution function, ψ(u, x, t):  

 (1) 

where u(x) is the ensemble average of molecular orientations and δ is the 3 × 3 

identity matrix. The tensor order parameter in Eqn. (1) includes all relevant 

information regarding the ensemble average alignment of LC molecules, i.e. 

directions and level of order, as indicated by its eigenvalues and eigenvectors. 

Therefore, the alignment tensor Q(x) may be written as 
1, 2

 

 (2) 

where S(x) is the scalar order parameter, related to the maximum eigenvalue 2S/3, and 

η(x) is the biaxiality, related to the other two eigenvalues ±η - S/3. The eigenvectors, 

n and nʹ, corresponding to the maximum and second largest eigenvalues, respectively, 

define an orthonormal basis {n, nʹ, (n × nʹ)} for LC orientation. The scalar order 

parameters, S and η, are bounded by: 

  (3) 

The free energy functional consists of the sum of three terms: a short-range Landau 

polynomial expansion of the tensor invariants to describe the isotropic-nematic (IN) 

transition, a long-range free energy density that penalizes elastic distortions, and a 

surface free energy contribution, given by 

 

 (4) 

The Landau free energy density fL is a phenomenological approximation obtained as a 

truncated expansion with respect to the invariants of Q: 
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  (5) 

where parameter A sets an energy density scale for the model. A dimensionless 

parameter U determines the IN transition. 
3–5

 For Eqn. (5), we adopt Doi’s notation 

and consider a unique value for the energy scale A. 
6, 7

 

Assuming one elastic constant approximation, the elastic contribution is given in 

terms of gradients of the alignment tensor according to: 
8–10

 

 

(6) 

where L1, L2 and L3 are the elastic constants. For a uniaxial system, the elastic 

constants in Eqn. (6) are related to the first order Frank-Oseen 
10–13

 elastic constants 

through 

 (7) 

 (8) 

  (9) 

where S is the scalar order parameter and k11, k22 and k33 are non-vanishing elastic 

moduli corresponding to the independent splay, twist and bend. 
1
 

The surface contributions to the free energy describe the interaction of the liquid 

crystal with boundaries or interfaces. For homeotropic anchoring, a harmonic 

Rapini-Papoular 
14–18

 term is used: 

 (10) 

where W represents the strength of the anchoring, is the 

perpendicular tensor preferred at the surface, and ν(x) is the normal unit vector at any 

point x on the surface. For degenerate planar anchoring, a 4
th

 order Fournier-Galatola 

energy density is adopted: 
19

 

 (10) 
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where ,   is the tensor’s projection on the surface, and 

. 

The physical properties of the LC serve to define two characteristic length scales: the 

nematic coherence length ξN which is related to the spatial scale over which the local 

fluctuations are correlated; 
20

 and the surface extrapolation length ξS. These are given 

by: 

  (12) 

The latter scale is also known as the Kleman-de Gennes extrapolation distance, and it 

defines the relative strength of the nematic elasticity on the bulk with respect to the 

surface anchoring strength. 
21, 22

 Parameters in the simulations are 

non-dimensionalized in terms of the nematic coherence length ξN and material 

parameter A. The free energy functional of the system can thus be expressed in a 

dimensionless form as 

 (13) 

For simplicity, all functions and variables are assumed to be dimensionless throughout 

the remainder of this manuscript. 

 

The free energy term associated to the electric field contribution is given by the 

equation: 

 (14) 

where 𝐸𝛼 is the external electric field applied on the system and 𝜖a is the dielectric 

anisotropy. 

 

NUMERICAL RELAXATION 

 

The idea behind the MC relaxation is to generate a Markov chain of states and to use 

a Metropolis scheme to relax the free energy, during a fluctuating temperature 

annealing. In particular, appropriate random updates to the alignment tensor field are 
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generated, and they are accepted or rejected ensuring that detailed balance is 

maintained. A Markov chain of configurations is constructed by proposing transitions 

between an old configuration “o” and a new one “n” with probability Pacc(o → n), 

accepting such transitions with a probability: 

 

 (15) 

 

where  is the energy difference between the new and old 

configurations and  (kB is Boltzmann constant). An annealing process is 

used to minimize the free energy functionals, according to the fluctuating temperature 

T̂  
23, 24

. The simulation starts with a high non-dimensional fluctuating temperature 

,/3 NAT  used in the Metropolis criterion. The majority of MC moves are 

accepted as the fluctuations dominate, resulting in an isotropic state. The temperature 

is then progressively lowered until the LC system achieves an equilibrium state. We 

found the most efficient annealing to follow an exponential temperature decrease. 

Typically, 10 < β < 10
12

 over the total MC minimization. 

To obtain the Markov chain, the Hamiltonian F = F(ξN, ξS, a,∇a) (Eq. (2)), is 

discretized over a mesh and it is integrated numerically. A point x is selected 

randomly, in the bulk or surface, and an MC move is attempted by a random 

displacement on a(x): 

 

 (16) 

 

where component μ is selected randomly from 1 to 5, 𝜉1 is a random number from a 

uniform distribution on [0, 1] and   is the maximum allowed perturbation for aμ.  

For this minimization method, we have expressed Q in terms of an orthonormal tensor 

basis as discussed by Hess and co-workers 
25

and more recently by Bhattacharjee et al.: 
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26, 27
 

  ,,),(
5





 TxxQ tat                       (17) 

where the orthonormal basis is defined by five tensors: 

 

             (18) 

 

where x, y and z are the canonic ℜ3
 basis, [A]

ST
 is the symmetric-traceless projection 

operation and δij is the Kronecker delta. Because the {T
m
} basis is orthonormal 

 

          (19) 

 

ensures that the five scalar components a of the alignment tensor are simple 

projections: 

 

 .tr 

 QTa               (20) 

 

They provide a unique and independent way to define a specific configuration of the 

alignment tensor field. Note that because the alignment tensor is expressed in the 

orthonormal tensor basis, a MC move defined by Eq. (16) implies a uniform sampling 

over the tensor’s proper values S, η, n and n′. In addition, for every MC move, the 

tensor at x, the amount of perturbation and the orthonormal basis are selected 

randomly; a single basis μ is modified in each MC step, ensuring an efficient MC. The 

maximum displacement  is modified dynamically during the minimization to 

enforce that each basis has a 30% acceptance. 
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Finite Element Approach. The free energy functional is minimized to identify the 

equilibrium phases through an annealing MC relaxation technique. 
23,24

 The free 

energy integration is carried out by a Legendre-Gauss quadrate on a finite element 

discretization scheme, with six-noded isoparametric tetrahedral elements that describe 

all variables and fields. The quadrature integration 
28

 on the elements results in an O(1) 

MC algorithm. Cubit®, under the Argonne National Laboratory’s license, 
29

 was used 

to generate the tetrahedral meshes and LibMesh 
30

 libraries served to optimize and 

parameterize the original Cubit meshes. The simulated systems were composed of 

4×10
6
 elements. Typical relaxations required 4×10

5
 average MC moves per element, 

where 30% acceptance was enforced with the MC step and an exponential 

temperature annealing was imposed to avoid local entrapment.  

 

 

Theoretical crossed polarizer. Crossed polarizer images were obtained through 

simulations based on the matrix Jones formalism that allows us to model the changes 

in polarization and phase shift when the light passes through the channel system. Let 

the wave vector of a ray k be parallel to the z-axis, passing through the positions (x0, 

y0, z). The intensity is given by , where eA is the orientation 

of the analyzer and ep is the incident polarization. T(z) corresponds to the 

transformation matrix which accounts for the rotation of the polarization vector and 

for appropriate phase shifts. We assume the path of the ray is discretized in N 

segments of length equal to the mesh resolution, ξN, then the transformation matrix is 

given by 
31

 

 

  (23) 

where the rotation matrix, Ri, is 

 (24) 
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where α is the angle between the projection of local nematic director on the xy plane 

and ep. The phase shift matrix, S, reads, 

(25) 

where γ is the angle between the local nematic director and the wave vector; no and 

ne(γ) represent the ordinary and extraordinary refraction indexes. no is 1.5 while ne is 

given by 

 (26) 

with ne = 1.7. 
31
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