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1. Derivation of equation (3)

At steady state the following equations relate the concentrations of the various forms of the

enzyme. They are obtained by expressing the steady state conditions for each form of the

enzyme.
ES: kl I[S][E] = (kl 1t kl 2)[ES], i.e, [E] = M[ES]
’ ’ ’ k1 1[S]
Ei: kio[BS]+ky 1[E1Q] = ki [Q]E, ], ie, ki 2[ES] = k5 [E1Q]
k +k
EQ: b 1[QIE1] = (ka1 + 422 [E1Q], iie, [Ei]= (21—[(2]2’2)[131(2]
Ey: kyp[E1Q]+ k3 _1[E2Q] = k31 [Q] E2 ] ie, k2 2[E1Q] = k35 [E2Q]
ka1 +k
E»Q: k31[QIE2] = (k31 + k32 [E2Q]. e, [E2]= M[EzQ]
k3 1[Q]

Combining these equations with equation (2) leads to:

d
Vo = _(%j = kZ,Z [EIQ] + k3,2 [EzQ] = 2k2,2 [EIQ] = 2k3,2 [EZQ]
t=0

The above steady state equations may be recast as follows so as to express all enzyme

concentrations as a function of one of them, e.g., [E,Q].

(k11 +k12) k32
k1 [8S]

(kz -1 kzz)ksz
kp1[Q] Ky

[E]=

S [E2Q]. [ES] - [EzQ]

[E1]= [E2Q]. [EQ] = Z [E2Q],

thus leading to the following expression of the initial rate:



9 by 1 +k ky 1 +k by +k
2C = ! 1+ 3,21 7 73,2 + ! 1+ 217 72,2 + ! 1+ il 01’2
vo kol kalQloy ) k| kaalQloy ) k2 ki 1Cs

or, equivalently,

0 K K K
2Cg = ! 1+ 3M + ! 1+ M + ! 1+ 1’(1)\/[}
vo  k3p [Ql_o) k22 [Ql_o) k2 Cg

or

20 1 1 1 1 1 1
= + + + + +—
vo ko K[Ql_y k2 k[Ql_y k2 KCg

2. Derivation of equation (6)
Equation (5) and the attending initial and boundary conditions may be made

dimensionless by way of the following changes of variables and parameters.

o) 0
RT RTDP CP F v k3’2 k])z kICS

Thus:

oq_%q 24
ot 8y2 1+ og

with: 7=0,y>0andy=0,7>20:¢=0,y=0,7>0: g = 1.
The dimensionless current is given by: (g / Gy)y:() = i/FSC?)\/D_p Fv/RT.

S-shaped curves as the one shown in figure 5b are typical of a ‘pure catalytic’
situation?! corresponding to large values of the kinetic parameter A, (i.e. high values of k3
and/or slow scans). The Q profile is then confined within a reaction layer whose thickness is
small as compared to the diffusion layer. A steady state is thus established resulting from the
mutual compensation of diffusion and chemical reaction, implying that dg /0t =0 in the
above partial derivative equation, which may thus be recast as:

Pq_ X
8x2 1+ og

Integration, taking into account that for y = o0, ¢ =0 and d¢ / 0y = 0, leads to:

(3], -]

and thus to equation (6).




3. Derivation of equation (11)

The steady state condition on each of the various forms of the enzyme now writes:

ES: ki 1[STE] = (ki—1 + k12 J[ES], i.e, [E]= M[ES]
’ ’ ’ ky1[S]
Ey: ko [ES]+ky 1[E1Q] + ks[Q B3] = k2,1 [QIE1 ], i.e., ki o[ES] + ks[Q] E3] = k25 [E1Q]
ky 1+ Kk
EQ: k2 1[QIE ] = (kz-1 + k22 [E1Q], ice., [E1]= M[EIQ]
ky1[Q]
Ey: ky[E1Q]+ k3 1[E2Q] = k31 [QI[E2 |+ k4[SI[E2 ], ie. , kp o[E1Q] = k3 2[EoQ] + ka[S][E, ]
ky 1+ k
E»Q: k31[QIE2]= (k3-1 + k32 [E2Q]. e, [E2]= M[EzQ]
k31[Q]

3. ky[S]E2]= {ks[Q]+ k6 }[E3]

It follows that equation (10) may be rewritten as

2
q1_,,2 [Q]—{z ks [Q][Ez]+k5[Q][E3]+k4[s1[E2]}

ot o2 ks + ks,

thus leading to equation (11).

4. Derivation of equation (13)
The same dimensionless variables and parameters as in section 2 are used here

together with new ones, namely, the concentration of the various forms of the enzymes:

:ﬂ _[E4] _ [E5] _M

e A
and three additional kinetic parameters:
a1tk Ksmo kyCY kg
Gy B . ksCp . ksCp
Equation (12) may thus be recast in dimensionless form as:
2
23 2 > —Aqe

Because reaction E5/E is the rate-determining step of the primary catalytic loop, [E], [ES],
[E;], [E;Q] are negligible. The three forms remaining into play are E,, E;Q and Ej. Their

concentrations are related by the following steady state equations.

k3, CP B, Cp
_BIEP =
k3 _1+kso K3

[E2Q]=

[Esr], e, ezq—iez
X



0
k4CS .
[E3] = —[Ez], 1.€., e3 = €
(ks[Q]+kg) g+e
It follows that:
1
ey = —— and thus:
1+44 £
¥ q+e
8_q:62q_ﬂ q 252Q_/1 24(q + &) 25261_/1 29° +erq
ot @ L4, P *  qlgre)rxlgre)tae o ¢+ (x+egtalpte)
X q-‘ré'
o%q 2 &g

+
oy? P r(gre)gralpre) @ +(x+e)g+ ylp+e)

Taking now into account the fact that a ‘pure kinetic’ situation is achieved, the above equation

becomes:
g _, 78 . &
8y2 q2+(;(+g)q+;((p+g) q2+(;(+g)q+;((p+g)

Changing y into y* = y\/z , and introducing:

oq i i
0 0
@) y=0 psct Dy g; [7 FSCP\[Dp2ksCY

integration of the previous partial derivative equation, according to the same procedure, as in

section 2, leads to:

1 2 1
(p:ﬁ\/j 24 dg +j o 2444 =2+ 1,
0g +

2
0q” +(x+e)g+x(p+e) z+e)a+ x(p+e)
@=1 corresponds to the maximal plateau current that can be obtained when E,/E is the rate-

determining step of the primary catalytic loop:

i,) = FSCp\[Dp2k3C

i.e., the plateau current in the absence of inhibition and of Michaelis-Menten saturation. ¢
thus expresses a normalization of the current versus this maximal value.
We now proceed to the integration of the above expression of ¢, introducing the

function Ims( y, p, £) defined as follows.

IfA=(;(+g)2 —4}((p+8)<02

S I S
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IfA:(;(+g)2 —4x(p+e)>0:

2
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Thus:

Ims(z, p,&) =~2\I; + I,

leading to equation (13)

5. Derivation of equation (15)
Reactions E/E; and E,/E now jointly govern the kinetics the primary catalytic loop.

[E;], [E1Q] are still negligible. The forms remaining into play are thus E, ES, E,, E;Q and E5.
The following expression of the E, concentration follows from the steady state equations of

section 3, taking into account that, for the reasons already discussed in the paper,

k5[Q] >> k4[S].
1

k3 CY k ki +k 0
14 315Pd {1+ 3,2{1+(1,1 1,2)}}+ k4Cg

k31 +k3p L) k1,1 CS ksCpq + kg

€ =

Jey CH ki +k 0
Ligl P co) +( -1 1,02) N kch
ks ko kypkyCy ksCpq + kg



1
B k3 1 CP ky 0
l+¢g _BIP +k3C1(l ! + 10 + g )
k31 +k3n kip  kCs )| ksCpq+ks
Thus:
oy b [l

¥ q+e
(we may note, by reference to section 2, that y’ = 1/0)

The plateau current is thus given by equation (13) keeping the same values for p and ¢ and

replacing y by y’.

6. Derivation of equation (16)

At low concentrations of H>O,, and when the ‘pure kinetic’ conditions are fulfilled,

the diffusion-reaction equations pertaining to Q and S write:

OZM:D o’[Q] 50 ki[S]k3[Q]

ot Pa2 E1[S]+ k5[Q]

asl_ OS] o hk[Slks[Q]
o S a2 EK[S]+k[Q]

Subtracting the first of these equations to the second leads:

{as1- 2210 y #251- 2 el
ot ox?

with as initial and boundary conditions,

t=0,x>0andx=o0,1>0:[Q]=0,[S]=C2,
x=0,120:[Q] = CP / {1+ exp|(F / RT)(E - EBp |}, (e[8]/ ax) = 0
The current is given by: i = FSDp(6[Q]/ Gx)xzo.

In dimensionless terms, after introduction of s=[S]/ C?) and of the excess factor

y=C2/CY,
8(25 _Pp q] 0? (25‘ _Pp q]
Ds ) _Dg Dy
61' DP 8_)}2

Integration leads to:



0

1 DpCp \

$y=0 =7£1+— 0 9y=0 —Iw]
2 DgCg

¢

0 .
. [Dp Cp v i l//d?] 1//d77
with: y'= ZP P and /y'= J'
Ds cs 2 2FS,/DSc§\/ v VAT N e
RT

Since, as seen next, g,_¢ is small as compared to 1 because the wave occurs at a more
positive potential that the standard potential of the P/Q couple. It follows that:
sy=0 = 7(1=1y)

The dimensionless expression of the catalytic current may be recast from section 2 as:

2.2
ik 4 2=aqy:0—ln[1+0'qy:0}
ZZ(Sy:O) Sy=0 §y=0

taking into account the fact that, because the substrate concentration is small the expression of
the parameter o simplifies to:

_ksCh

e
Kinetic control by reaction (1) and by the diffusion of the substrate requires large values of o.

It follows that in the above expression of the current, the log term may be neglected leading

to:

oy '
=s,—0=y|1-1y
2qy:0 y=0 [ ]

and therefore:

W.Z [1 + exp(—ff)] B
A Dy
2yo Dg

1-Iy']

Introducing a new potential variable:

0
E=E+1n Dp RT kCg =—i(E—E') with:
D¢ F v RT

0
pe Y RT1 Dp RT ki CY
0 Dg F v

It follows, since the kinetic term is large, that the equation of the wave becomes:

w2 exp(-&)=1-Iy'



leading to a wave that is under complete control of the substrate diffusion and is shifted
toward positive potentials as compared to the standard potential of the P/Q couple. The peak

characteristics are:20¢
W'y =0.60, &, =0.409, &' - &y =141,
Thus:

i, =2x0.609FS,/DgCy /%

7. Derivation of equations (18) and (19)
Equations (17) may be recast as follows, after introduction of the dimensionless form

of the enzyme concentrations, e,, epq, and e3.

Oe
2= (ksiCha +ksCS Jer + (k1 + ks )erq + (ksChy + ko) es
derq 0
62t = k3,1Cpgey — (k31 + k32 )erq
0 ey 0 0
7 = k4CS€2 — (kstq + k6) €3

With, attr= 0, e = 620 = k6 /(k4Cfg) +k6), erq = 0,63 = 630 = k4Cg /(k4Cg +k6).

Laplace transformation of this set of differential equations (the Laplace variable is noted s),

taking the initial conditions into account, leads to:

(S +k31Cpq +kaCy )Ez — (ks —1 +k32)erq — (ksczoaq + k6) e =’

3 1 Cpae +(s+ ks 1 + k32 )erq =0

ks C2, + (S +ksCpg + k6) o3 =e3’

The second of these equations may be simplified into:

—k3,1C?>q52 + (k3’_1 +h3 )ez_q = 0 (equivalent to de,q / 0t = 0 in original space)

since the rate constants in the primary catalytic cycle are fast. Therefore:

0 0
_ e ksCpq,—o +k
& = 2 n 58P9x=0 T K¢
dx=0 ks CS 0 dx=0 ks CS 0
1+ S+T+k5Cqu=0+k6 1+7_SS+T+k5Cpqx:0+k6
X 1+ 2x=0 X 1+ 2x=0
V4 x
0
ey = €2 exps — ! 4 dx=0 % kyCOt t+ ! 1 —exps— ! 4 =078 kyCOt
14 9x=0 14 9x=0 P 14 9x=0 | P 14 9x=0



or:

0 kyCY
ey = €2 eXpy— A+k5ngx:0 +k6 t
1+ dx=0 1+ dx=0
X X
1
+

k4CS 0
5 l—expy—| ———=—+k5Cpq,—o + k¢ |t
(1+ dx=0 k4Cg J 9x=0

1+ dx=Y
X ksCpqy—g +ke d
leading finally to equation (18).

e3 may likewise be obtained from the above set of linear equations leading to:

. e . €2’y CY
= 0
S+ kSCPQx:() + k6 k CO
1+ qx:o}(s +ksCpgy_o + k6) s+—2 5+ ksCpay—g + ke
Py 1+ 1x=0
X
0
) k4[S](k5Cqu=0 + k6)

0
(1 + qx;()js(s +ksCOq,_o + k6) g4 MaCs

14+ 2x=0

X
and therefore to:

0
+ksCpqy=0 + k¢

kg C2

e3 = e30 exp{—(kSngxzo + kg )t} + e20 exp{—(k5cgqx=0 + k6)t} —expy— Toco + kSngxzo + kg |t

1+
v4
ks CO k4CY 0 0 0 ks CS 0
- +ksCpqx=0 +ke eXP{_(kSCP‘]x:O +k6)f}+(kscpqx:0 +k6)eXP | gt ksCpay=o +ke |t
9x=0 4x=0 x=0
1+ 1+ 1+
X X X
+
0
ks C 0
A 4 ksCpd—o + ko
1+ 2x=0

x
i.e., to equation (19).



