Supporting Information

Deriving the fraction of molecules involved at least once in self-association

Alcohols are commonly modeled within the SAFT framework with two or three association sites.
A clear basis for the choice of alcohols association scheme does not seem to exist in the
literature. As a result, we examine the effect of association scheme on the fraction of molecules
involved at least once in self-association. In other words, we examine the fraction of alcohol
molecules that are bonded at least once to another alcohol molecule and the fraction of water
molecules that are bonded at least once to another water molecule. Results using a two site
alcohol model 2(1,1) and a three site alcohol model 3(2,1) are compared with simulation to

decide on the best choice of association scheme for modeling alcohol + water binary systems.

For the case of a two site alcohol model, A and B, represent the hydrogen and the oxygen atom
respectively. Water is modeled as a hard sphere with four association sites, where two of them
(A and B) stand for the hydrogen atoms and the others (C and D) represent the oxygen atoms. In

the framework of Wertheim’s multi-density formalism, the contributions due to associations are:
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Where ﬂ'cv , 2 - _and are the water-water, water-alcohol, and alcohol-alcohol

association contributions, respectively. Following SAFT and Wertheim’s first order

thermodynamic perturbation theory, each contribution is written as:
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Where in theses equation, the term a;Z, is the density of water molecules which are not bonded

at site A, and A, is the association strength between two bonded water molecules. Similar

definitions apply for o7Z g, 7L -, 00 5, OF— 4 O g, A qs A g
The total alcohol number density is calculated as:
Pa=P, TPy +Pp *Pus (%)

Where, p,_ is the density of alcohol molecules not bonded to any other molecules, p,_ is the
density of alcohol molecules bonded at site A, and pag_ is the density of alcohol molecules
bonded at both sites A and B.

According to Wertheim’s theory, one can easily obtain the density of water/alcohol in different

bonding states using the graphical derivatives of the association contribution:
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Where p_:i: is the density of alcohol molecules with only site A bonded to another alcohol

molecule. The density of alcohol molecules that are bonded at both sites (A and B):

_ (waw) (waa) (waa)
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Where pﬁ_:w} is the density of alcohol molecules that are bonded to a water molecule at each

site (A and B). The other two terms are defined in an identical way. In this work, since only the
density of alcohol molecules that are bonded at least once to another alcohol molecule is needed,

we have:
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So, the fraction of alcohol molecules bonded at least once to another alcohol molecule is:
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Extending each term in details:
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Defining the fraction of alcohol molecules not bonded at site A as: X, =0, / p,, » the equation

above becomes:
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For the case of a three site alcohol model, A, B and C represent the hydrogen atom and the two
oxygen atoms, respectively. Water is still modeled as a hard sphere with four association sites,
where two of them (A and D) stand for the hydrogen atoms and the others (B and C) represent

the oxygen atoms.

Extending the derivation to density states of three-time bonded alcohol:
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So, the fraction of alcohol molecules in each bonding state is calculated as:
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Performing a similar derivation for water:
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The fraction of water molecules in different bonding states is:
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Elaborating on each term using the derivatives of the contributions:

P gw =X, ( p.Xy +p X )AWW (25)
p(WW)
;" =X, (p.X, +P, X, )A,, (26)
P
==X, (P, X0 +2.X, )A,, @7)
p(WW)
;“' =X, (P X5, +pXc )A,, (28)
(wwa)
pﬁ"’ =X, (X, + P X )AL (P XL )AL+ X, (X5 + X )AL (X + X )AL,
' (29)
% =X, ( p.Xy +pXc )AWW *( PX, +pX, )AWW (30)

S6



p—w =X, (pWXBW + pWXCW )AWW * (,OQXAE )Awa +X,, (anB“ +pAX, )Awa * ('OWXAW * 'OWXDw )AWW

(1)
% _x (prBw p X ) A * ( pP.Xy +0,X. )Awa +X, (an 5 TPX, )AW * (,OWX s tPXc )AWW
y (33)
p%tW) = Xow (prBw + PWXCW )Aww * (prBw + prcw )AWW 0
% =X, (P X0 49X )AL *(0.X,) A+ X, (0.X,)A (P X, + 2K, A, (39)
P%EW) =X, (PWXAW +p, X ) A,* (prAw Py, )AWW -
P’ _ * *
p—w _x, (,OWXAW N PWXDW )Aww (anBa +p.Xc )Awa +X, (anAa )Awa (pWXBw + ,OWXCW )AWW
(37)
P%‘V’W) =X, (pWX 4 tPXp ) A, ¥ (pr 5, TP, )AWW -
p(fﬁ“) =X, (P X, +p X, )AWW (P Xy + P X )M+ X, (PX, )AW * (PWX s +PXe )AL,
] (39)
P((fv‘tm =X, (pWX 4 tPXp ) A, ¥ (pr 5, ¥ P, )AWW w

S7



=X, (P Xy o X A (X + 0K, )A (P X, )A,, +

(2 Xs + 2. X )AL (2K ,) A * (P X+ P Xy A+

(X + X )AL (X, o X )AL (X, + 5K, A,

w

= X, (P X, P A * (X ) A (P, )A,, +

X, (PuX s ) A * (2 X+ 2K )AL * (X, ) A+
X

o, (anB“ +anCa )Awa *(anAa )AW“ *(pWXAw +pWXDw )AWW

- r— = Xow (PWXBW + prcw )Aww *(pWXAW + 'OWXDW )AWW *(pWXBw i pWXC“’ )AWW

Pasp, _ Xow (prBW + prCW )AWW * (pWXAw + 'OWXDW )AWW * (anBa + PaXC,, )Awa +

(pXs + 2 Xe )AL (20X ,) A * (P Xy +P XA, +

X,
X, (P Xy + XA (2 X, + 2 Xe AP, X, +p,Xc A,

(wwaa)

p‘zD‘“ = X, (P Xs + 2 X A (2 X ) A * (X + 2 X G ) A+
X, (P Xy +PXe ) A (P X+ 2 X5 A * (X, + P X A, +
X, (anB“ +p,Xc, )Awa * (anAa )Awa * (prBw T prCW )Aww

L E‘Ej’tm =X, ( p.X, +pXc )AWW *( p.X, +pX, )AWW *( pX, +p,X )AWW

S8

(41)

(42)

(43)

(44)

(45)

(46)

(47)



(wwwa)

piiw =X, (0.4, +p.Xc )AL * (0 X, +0.X, )AL *(P.Xy + X A, +

(2 Xo + 2 X )AL (X, )0 * (P Xy + 2K )AL+ (48)

XO
X, (PX5, + X )AL (22X + X )AL * (X, +p XA,

w

(wwaa)

pﬁD‘v =A,, (prBw + PWch )AWW *(anAu )Awa *(p“XBa + p“Xcu )AW“ *

~

X, (P Xy +PXe ) A (2 X0+ 2 X5 )AL * (X, + P X A, + (49)
X, (P X5+ X )AL (2K 1) A * (P Xy + P XA,

(wwww)

pD;j =X, (P X, +p X )AL K (2K 40X, )AL (2 X, + X, A, (50)

(wwwa)

pﬁ? = X, (P X+ P Xe A (P 42Xy )0 * (X, )AL+

! ( pX, +pXc )AWW *(p, X, )A,,* ( pX, +pX, )AWW + (51)

XO
X, ( p. Xy +p. X )AW * ( pXs +pXc )AWW * (,OWXAW +p, X )AWW

p’(fwc‘:’a) =X, (P Xy +P X )AL * (P X0 ) A * (P X ) At
X, (P X5, + P X )AL (2K 2K A (0K, ) A, + (52)
X, (P Xy 42X ) A (2, )AL (2 X+ 2 X5 )A,,
Pty X, (pWXB X )AWW *(pr 4 TPXp )Aww
P, “ ” “ “ (53)

>k(pw‘XYAw +prD )Aww *(prBw +prCW )Aww

w

S9



)
2 Xs o X )8 H(2X,) A (X, )AL (2K, + 0 XC A,
(X + P X )AL (2 X, )AL (P XL+ 2 Xy )AL * (X +0XC A,
#X, (PXy + P X )AL (P XL+ P Xy )AL * (X, )AL (2Xs, + X A,
(
(

0, prBM_ + prcw )Aww * (anAa )Awa * (prAw + prDw )Aww * (anBa +p. X, )Awa

(35)

pABCDT _ X()w (prBM_ n prCW )AWW * (anAa )AW * (,OQXAH )Awd * (PQXBH + PaXca )Awa

+X0w (anBa + anca )Awa * (anAu )Awa * (anAH )Awa * (IOWXBw + prcw )Aww
+X, (anBa +p,Xe, )Awa * (anAu )Awa * (prAw + prDw )Aww * (prBM_ + prcw )Aww

w

FX, (2X 42X )AL (X, + 050 )AL (2.X, )AL (2.X, + 22X )A,,

w

(56)

Deriving the fraction of k-time bonded molecules due to self and cross-association

Here, water is modeled as a hard sphere with four associating sites, where two of them (A and B)
stand for the oxygen atom and the others (C and D) represent the hydrogen atoms. Alcohol is
modeled with three associating sites, E and F representing the oxygen atom and G representing

the hydrogen atom.
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Using Wertheim’s multi-density formalism, the contribution due to hydrogen bonding is
composed of three main contributions: water-alcohol, water-water, and alcohol-alcohol which

are written in equations (1), (2), and (3), respectively:
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In the equations above, cT].'.‘Z} is the density of water molecules not bonded at site A. Other

density factors are defined in a similar way. A™A) is the water-alcohol hydrogen bond strength.

SAFT

In Wertheim’s theory, the derivatives of the contributions with respect to the density factors need

to be evaluated to calculate the fractions of molecules at different bonding states:
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Defining X ,';i} = cr]:‘f?s )" 2™ as an example to substitute the density factors with fractions:
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Using what is derived so far, the fractions of k-time bonded species are derived as following:
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Deriving the fraction of k-time bonded molecules due to self-association only
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To distinguish between various bonding states, the derivatives are written in a way that can be

easily understood:
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Where the fraction of alcohol molecules not bonded at site E is defined as XLA} = cr]::ﬁ_ )" p':‘q:' .

Consequently, the fractions of alcohol molecules that are k-time bonded to other alcohol

molecules are derived as:
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