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For the derivation of equation 2: 

Consider the liquid-solid system shown in Figure 1c. We assume that a) the substrate can be considered 

rigid in comparison with water and b) the effect of gravity is negligible. The latter assumption is justified 

as the structure size of concern here is much smaller than the capillary length. Furthermore, since 

typical dimensions of the surface structure, h and λ, are much smaller than the diameter of a water 

droplet, we simplify the liquid geometry as a semi-infinite space. 

Young’s equation ( ) LALSSA γγγθ −=0cos  is assumed to hold at the triple-junction of liquid, air 

and solid, where 0θ  is the contact angle, and SAγ , LSγ , LAγ  are the solid-air, liquid-solid and liquid-air 

interfacial energies, respectively. 

The contact angle is equal to the angle between the tangent vectors l and m (see Figure 1c) as 
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where da +=β . The relationship between the pressure P and the radius of curvature of the liquid-air 

interface is defined by the Young-Laplace equation (see Figure 1c),  

rP LAγ=                                                                 (s2)  

By substituting equation (s2), equation (s1) can be rewritten in a normalized form as  

0cos)sin1()1(sin 0
2/1222/122

=++−+ θββ ahPahP                              (s3) 



where )/( LAkPP γ= ,  kaa = ,   khh = , kdd = , and ββ k= . Solving Equation (s3), we can get the 

analytical solution of nondimensional pressure P , i.e., equation 2 in the main text. 

 

For the derivation of equation 5: 

Consider the theoretical model for an N-level hierarchical structure as shown in Figure 1c. The contact 

area fraction of the first level structure is (see the lowest panel in Figure 1c), 
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where 1S  and 1λ  are the contact area and the structure size of the first level structure, respectively; 1a  

is the position of the triple line at the first level structure, and 1a  is the nondimensional value of 1a .  

The contact area fraction of the second level structure is, 
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Therefore, for the Nth level structure, equation (s6) can be generalized to be, 
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where ),( πφ nn as = , ( ) πφ xdxhxx
x
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line at the nth level structure.  

 

 



For the derivation of equation 7: 

We begin with the first-level structure from which we can then consider the higher-level structures level 

by level. Considering the N-level hierarchical structure as shown in Figure 1c, the apparent energy per 

unit area (unit length in the 2D model) of the first-level structure can be described by the Helmholtz free 

energy as, 
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Here, CB
LS 1,γ  is the apparent solid-liquid interface energy of a typical Cassie wetting state, consisting of 

interface energy of the solid-liquid interface, liquid-air interface, and solid-air interface as (see the 

lowest panel in Figure 1c), 
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denotes the position of the triple line at the first-level structure, and 1λ  denotes the size of the first-

level structure; 1,SAγ  is the apparent solid-air interface energy,  

( )πφγγ ,01, SASA =                                                             (s9) 

It is noted that 1,SAγ  is a constant which does not change with the wetting state. Substituting equation 

(s8) and (s9) into equation (s7), we have ( ) ( )11101 1,, PaaFF LA
CBCB ψγπφ += , where 

SALS
CBF γγ −=0  and rkPP LA 1)/( == γ . Generalizing this to the Nth level of hierarchy in a self-

similar hierarchical surface, we obtain the recursive equation for the apparent surface energy of a 

hierarchical surface in Cassie state, 
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The Helmholtz free energy for each level can be calculated from, 
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in combination with the recursive equation  
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where Na  denotes the position of the triple line at the Nth level structure, and NP  denotes the 

normalized pressure of the Nth level structure. 

In a similar manner, the Helmholtz free energy of the first level structure in Wenzel state is 

 )( 1,111 SA
W
LS

WW FF γγλ −==                                               (s14) 

 where ( )πφγγ ,0LS
W
LS =  is the apparent solid-liquid interface energy of the Wenzel state. Therefore 

( )πφ ,001
WW FF = , where SALS

WF γγ −=0 . Thus we have the recursive equation of Helmholtz free 

energy for the N-level hierarchical surface in the Wenzel state,  
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The energy difference between the Cassie and Wenzel states of the surface with N levels of hierarchy 

can be obtained based on equations (s13) and (s15),  
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For the derivation of 'V : 

The Gibbs free energy of the system loaded by a pressure P is written as, PVFG −= , where 

'VhV −= λ  is the volume of liquid penetrating into the structure, and 

( ) 







+−+−−= ahaP

P
aaP

P
aahV sin1

2
)arcsin(

2

1cos
k

'
2/122

2π
λ

.             (s16) 



The free energy per unit area of the surface is πγλ 2VPFGG LA−== , where VkV 2 = . Then, 

we can calculate the change of free energy as the liquid penetrates into the surface under fixed 

pressure. 

 


