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In the mean-field approximation the stable or metastable phases of the system correspond

to the minimum of the functional (1).
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In order to minimize the functional we discretize the field φ(r) on the cubic lattice.1 The

first and the second derivatives in the gradient and Laplasian term of the Landau-Brazovskii

functional at the point r = (i, j, k)h on the lattice were calculated according to the following

formulas2

∂φ(r)
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, (2)
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∗To whom correspondence should be addressed

1



∂2φ(r)
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(
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)

, (3)

and similar in y and z directions.

The mixed derivatives are calculated2 according to

∂2φ(r)

∂x∂y
→ −

1

2h2

(

φi+1,j,k +φi−1,j,k + φi,j+1,k +φi,j−1,k − 2φi,j,k − φi+1,j+1,k − φi−1,j−1,k

)

. (4)

φi,j,k is the value of the field φ(r) at the point r = (i, j, k)h, where h is the lattice spacing.

The calculation of derivatives on the lattice boundary requires taking into account the points

outside the lattice. These points are given by appropriate boundary conditions.

After discretization, the problem of minimization of the functional is converted to the

problem of minimization of a function of many variables, where the variables are the values

of the field φ(r) at the lattice points. We use the conjugate gradient method to minimize

the function numerically.1,3,4

In order to make the calculations for specific symmetry we can use appropriate kaleido-

scopic cells. Two images in Fig. S1 show the field inside a cube ( on the right side) and in

the smallest tetrahedral element (on the left side) obtained by the reduction of the volume

inside the cube according to the symmetries of the space group Im3m. The color represent

Figure S1: The field φ(r) inside the computational tetrahedron a cubic unit cell. Green and
yellow colors show different sides of the surface φ(r) = 0.

the value of the field φ(r) at a given point in space. The surface colored by green and yellow
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is given by φ(r) = 0. The mapping of the field values to the color is done according to the

colormap presented in Fig. S1. By exploiting the symmetry of the cubic phase it is possible to

reduce the volume of the cube 48 times. Thus, the number of the variables in the function to

be minimized can also be reduced. In an analogous way one can make calculations for cubic

phases of other symmetries, but the computational polyhedra have different shape.1 When

the priodic boundary conditions are applied we obtain infinite triply periodic bulk phases.

For fixed boundary conditions we obtain closed objects with internal periodic structures.

The order parameter field φ(r) carries enormous amount of information about the local

structure of the phases we have investigated. The most interesting is the topology of the

phases, described by the surface φ(r) = 0. We use a simplified version1 of the marching

cubes algorithm4 to determine the location of the surface φ(r) = 0. The surface φ(r) = 0 is

given as a set of connected triangles.

The triangulated surface is used to calculate the Euler characteristics, χ, of the surface

inside the computational cell. The calculation of χ can be done according to the Euler

formula χ = F + V − E, where F,V,E is the number of faces (F), vertices (V), and edges

(E) of the polygons cut out by the surface φ(r) = 0 in the small cubes of dimension of

lattice spacing. The Euler characteristic for a closed surface is related to the Gaussian (K)

curvature and the genus (g) of this surface in the following way5,6

χ =
1

2π

∫

S

KdS = 2(1 − g), (5)

where the integral is taken over the surface S. The genus is an integer number and describes

how many holes are in a closed surface. For example the genus for a sphere is zero, for a

torus is one and for a pretzel is two. The structures we have investigated are infinite and

periodic. The genus for an infinite surfaces is infinite, of course, but for a finite piece of this

surface, in a unit cell, is finite and characterizes the surface. Due to periodicity, the cuboidal
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cells can be treated as closed surfaces in four dimensions, making the calculation of the genus

unambiguous .7 Therefore, the genera of the structures inside the cuboids can be calculated

according to: g = 1 − χ/2, where χ is the Euler characteristics for the surface inside the

computational cell. The Gaussian and the mean curvatures are local characteristics of the

internal surfaces given by φ(r) = 0. In the description of the model we have mentioned that

some of the structures in the model should be characterized by zero mean curvature at every

point of the internal interface. Here, we present the method used to compute Gaussian and

mean curvatures. The unit normal n(r) at the point r is given by the gradient of the field

φ(r) at the surface φ(r) = 0 :

n(r) =
∇φ(r)

| ∇φ(r) |
. (6)

The mean (H) curvature is given by the divergence of the unit vector,8 normal to the surface

at the point r, n(r)

2H(r) = −∇ · n(r) (7)

and the Gaussian curvature (K) by the formula9–11

2K(r) = n(r) · ∇2n(r) + [∇ · n(r)]2 + [∇× n(r)]2 (8)

In the numerical calculations of the curvatures we used the following formulas:8,12

H = −
1

2
√

φ2
x + φ2

y + φ2
z

B

A
(9)
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1
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z

C

A
(10)

where A, B , and C are obtained from:
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
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and are given by:

A = −
(

φ2
x + φ2

y + φ2
z

)

(12)

B = φ2
x (φyy + φzz) + φ2

y (φxx + φzz) + φ2
z (φxx + φyy)

− 2φxφyφxy − 2φxφzφxz −−2φyφzφyz

(13)

C =φ2
x(φ2

yz − φyyφzz) + φ2
y(φ

2
xz − φxxφzz) + φ2

z(φ
2
xy − φxxφyy)

+ 2φxφz(φxzφyy − φxyφyz) + 2φxφy(φxyφzz − φxzφyz)

+ 2φyφz(φyzφxx − φxyφxz)

(14)

The mean and Gaussian curvatures have to be computed at the points of the surface

φ(r) = 0. The derivatives of the field φ(r) at the point r0, for which φ(r0) = 0, are calculated

according to the formulas (2), (3), (4).
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