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Analytical solution for optimal point charges

Here we present the analytical equations to find three point charges that optimally reproduce

the dipole, the quadrupole and the octupole moments of the water molecule. In the coordi-

nate system shown in Fig. 2 (main text), the elements of the traceless dipole pi, quadrupole

Qij and octupole Oijk tensors1 are

pi = (0, 0, µ) (1)

Qij =




−QT −Q0/2 0 0

0 QT −Q0/2 0

0 0 Q0




(2)

Oijk =




−ΩT − Ω0/2 0 0

0 ΩT − Ω0/2 0

0 0 Ω0




(3)

where i, j = x, y and k = z, and µ,Q0, QT ,Ω0 and ΩT are the dipole, the linear component

of the quadrupole, the square component of the quadrupole, the linear component of the

octupole, the square component of the octupole, respectively.2,3 The other elements of the

octupole tensor (k = x, y) can be found by symmetry. The optimal charge values and

positions are calculated so that these three moments are sequentially reproduced, starting

with the lowest order moments.1 The first two lowest order moments of the water molecule,

the dipole and the quadrupole, are fully reproduced by requiring

µ = 2q(z2 − z1) (4)

Q0 = −2q(
y2

2
− z22 + z21) (5)

QT =
3qy2

2
(6)
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where z2, z1, y and q are independent unknown parameters that characterize the three point

charge model (see Fig. 2). The above three equations are solved to find three geometrical

parameters (z2, z1 and y), as follows

z1,2 =
2QT + 3Q0

6µ
∓

µ

4q
(7)

y =

√
2QT

3q
(8)

For a given value of q, the values of z2, z1 and y found as above exactly reproduce

the dipole (µ) and the quadrupole (Q0 and QT ) moments of interest. The only remaining

unknown parameter, q, is found to optimally reproduce the next order moment, the octupole,

which is described by two independent parameters (Ω0 and ΩT ). The components of the

octupole moment are related to the charge distribution parameters through

Ω0 = −2q(
3

2
y2z2 − z32 + z31) (9)

ΩT =
5qy2z2

2
(10)

The octupole tensor (Eq. 3) can be optimally approximated if the largest absolute prin-

cipal value of the octupole tensor (i.e. (ΩT − Ω0/2) for the water molecule) is reproduced.1

Therefore, we set (ΩT − Ω0/2) from Eqs. 9 and 10 and solve for q as

q = −3

√
µ4(256Q2

T + ξ) + 16QTµ
2

2ξ
(11)

where

ξ = 52Q2
T + 60QTQ0 − 9(3Q2

0 + 8(ΩT − Ω0/2)µ)

The above solution is valid only when ξ < 0. For ξ ≥ 0, the point charge positions
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converge to a singular point and the charge values go to infinity. The corresponding region

in µ−QT map (Fig. 3 in the main text) leading to this condition is displayed in deepest red

(zero score).

van der Waals Parameters

The usual 12-6 Lennard-Jones (LJ) potential is employed to model the van der Waals inter-

action among the oxygens. The Lennard-Jones function, ELJ , can be written as

ELJ(roo) = 4ǫLJ [(
σLJ

roo
)12 − (

σLJ

roo
)6] =

ALJ

r12oo
−

BLJ

r6oo
(12)

The values of ALJ and BLJ , unlike σLJ and ǫLJ ,
4 are nearly independent.5 The value of

ALJ , which is mainly responsible for characterizing the short-ranged repulsive interactions,

is selected so that the location of the first peak of RDF goo(r) is in agreement with the

experiment.6 Next, the value of BLJ , which does not affect the structure significantly, is

varied so that the experimental value for density is achieved.

Solvation free energy calculations

Standard thermodynamics integration (TI) protocol was adopted from Ref.7 The Merck-

Frosst implementation of AM1-BCC8,9 was used to assign the partial charges. The topology

and coordinates for the molecules were obtained from Ref.7 Molecules were solvated in tri-

clinic box with at least 12 Å from the solute to the nearest box edge. After minimization

and equilibration, we performed standard free energy perturbation calculations using 20 λ

values. Real space electrostatic cutoff was 10 Å. All bonds were restrained using the LINCS

algorithm. Production NPT simulations were performed for 5ns. Identical simulations were

performed for TIP3P, TIP4PEw, and OPC.
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Figure 1: Absolute error relative to experiment in solvation free energies of a set of 20 small
molecules calculated using TIP3P, TIP4PEw and the proposed OPC models.

Calculating the bulk properties

The calculation of bulk properties were done based on standard equations in the litera-

ture.10–13 Unless stated otherwise, values of OPC at ambient temperature (Table 3) are

given as averages over six independent simulations of 65 ns each, except for those quantities

that are derived from temperature dependent results. The temperature dependent results

are calculated from one simulation of 65 ns for each temperature point, i.e. 12.5K intervals

in a temperature range [248K, 373K]. Details of the calculations of studied quantities are

described below.

Static dielectric constant

The static dielectric constant ǫ0 is determined through10,12,13

ǫ0 = 1 +
4π

3kBTV
(< M2 > − < M >2) (13)

where M = Σiqiri, ri is the position of atom i, kB is the Boltzmann constant, T is the

absolute temperature and V is the simulation box average volume.
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Self diffusion coefficient

The self-diffusion coefficient D is obtained using the Einstein relation10,11,13

D = lim
t→∞

1

6t
< |r(t)− r(0)|2 > (14)

The simulation protocol to compute the self-diffusion coefficient is similar to the protocol

described in Ref.;10 the well equilibrated NPT simulations were followed up with 80 successive

intervals of NVE (20 ps) and NPT (5 ps) ensembles. The self diffusion was obtained by

averaging D values over all the NVE runs.

Heat of vaporization

The heat of vaporization ∆Hvap is obtained following the method described in Ref.,10 as

∆Hvap ≈ −Uliq/N +RT − pV −Epol + C (15)

where Uliq is the potential energy of the liquid with N molecules at a given external pressure

p and a temperature T , and V is the average volume of the simulation box. R is the ideal

gas constant. Epol accounts for the energetic cost of the effective polarization energy, and

can be approximated as

Epol =
(µ− µgas)

2

2αgas

(16)

where µ is the dipole moment of the corresponding rigid model and µgas and αgas are the

dipole moment and the mean polarizability of a water molecule in the gas phase,14 respec-

tively. The OPC’s dipole is close to experiment and larger than that of common rigid models

which yields a relatively larger value of Epol for OPC compared to common rigid models.

The last term in Eq. 15, C, is a correction to account for the change in the intramolecular vi-

brational modes and for nonideal gas behavior, which for various temperatures is calculated
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and reported by Horn et al.10

Isobaric heat capacity

The isobaric heat capacity cp is determined through numeric differentiation of simulated

enthalpies H(T ) over the range of temperatures T of interest10,11

Cp ≈
< H(T2) > − < H(T1) >

T2 − T1

+∆CQM (17)

where ∆CQM (≈ −2.2408 at T = 298.0K) is a quantum correction term accounting for the

quantized character of the neglected intramolecular vibrations. The values of ∆CQM for

different temperatures are taken from Ref.10 The numeric differentiation is calculated from

simulations in the temperature range [248K, 373K] in 12.5K increments.

Thermal expansion coefficient

The thermal expansion coefficient αp can be approximated through numeric differentiation

of simulated bulk-densities ρ(T ) over a range of temperatures T of interest10,11,13

αp ≈ −(
ln < ρ(T2) > − ln < ρ(T1) >

T2 − T1

)P (18)

The reported value at ambient conditions is calculated from a numeric differentiation of

bulk-densities at T1=296K and T2=300K, averaged over 4 independent simulations.

Isothermal compressibility

The isothermal compressibility κT is calculated from volume fluctuations in NPT simulation

using a Langevin thermostat with coupling constant 2.0 ps−1 and a Monte Carlo barostat

with coupling constant of 3.0 ps−1, via the following formula10,12,13
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κT =
< V 2 > − < V >2

kBT < V >
(19)

Simulations of 65ns and 15ns time length were performed to obtain the temperature

dependent results for (T ≤ 298K) and (T > 298K), respectively.

Propensity for Charge Hydration Asymmetry

Propensity of a water model to cause Charge Hydration Asymmetry (CHA) for a similar

size cation/anion pair (B+/A−) such as K+/F− is defined in Ref.15 as

η∗(B+/A−) =
∆G(B+)−∆G(A−)

1/2|∆G(B+) + ∆G(A−)|
≈ 2

Q̃zz

µ

Riw

(20)

where the term on the right is an approximation of propensity for CHA for point charge

water models ,15 Riw is the ion-water distance, ∆G is the free energy of hydration, and µ

and Q̃zz are the dipole and the nontraceless quadrupole moment of the model, respectively.2

Additional bulk properties, comparison with most re-

cent models

O-O and O-H radial distribution functions

Each test OPC model is parametrized to exactly reproduce the position of the first peak.

The positions and the heights of the remaining peaks are very accurately reproduced with

these parameters. The height of the first peak is however slightly high, which leads to an

average O-O coordination number (noo) larger than experiment. This may be because of the

r−12 repulsion in the LJ potential that is known to create an over structured liquid.16,17 It

is argued that using a softer potential (e.g. a simple exponential in the form of AeBr) can

correct the height of the first peak.16 We employ a 12-6 potential to achieve compatibility
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with standard biomolecular force fields. While TIP3P is the only model that accurately

reproduces the height of the first peak, it lacks structure beyond the first coordination shell

(Fig. 2).
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Figure 2: O-O and O-H radial distribution functions of liquid water at 298.16 K, 1 bar.
The OPC model is compared to the commonly used rigid models as well as some recent
rigid models (TIP4P-FB,18 TIP4Pǫ13 and TIP4P/200512). The experimental data is taken
from.6 TIP4PEw result is from,10 TIP4P-FB from,18 TIP4Pǫ from,13 SCPE from,19 TIP3P
from,20 TIP5P from21 and TIP4P/2005 from.12 For simplicity, we approximated locations
of the protons in OPC water by locations of the positive point charges.
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Isobaric heat capacity, isothermal compressibility, recent models
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Figure 3: Variation of isobaric heat capacity and isothermal compressibility of liquid phase
water with temperature. OPC model (this work) is compared to several common rigid mod-
els, some recent rigid models (TIP4P-FB,18 TIP4Pǫ13 and TIP4P/200512) and experiment.
TIP4PEw results are from,10 TIP5P from,21 TIP3P from,18,22 SPCE and TIP4P-FB from,18

and TIP4Pǫ from.13
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Figure 4: Comparing the accuracy of OPC to some recent rigid water models (TIP4P-FB,18

TIP4Pǫ,13 and TIP4P/200512), including a polarizable one (iAMOEBA23). The quality
scores (see Methods) represent the overall performance of each model in reproducing eight
key properties, i.e. density ρ, self diffusion coefficient D, static dielectric constant ǫ0, heat
of vaporization ∆Hvap, isobaric heat capacity Cp, isothermal compressibility κT and thermal
expansion coefficient αp, at ambient conditions, as well as the temperature of maximum den-
sity (TMD). The heat capacity value for TIP4Pǫ is not reported in the original reference,13

and therefore was excluded from the quality score calculated for this model.
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