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SUPPORTING INFORMATION 

S.1 Decoupling between the segmental relaxation time τ and max

4χ  of  PVAc 

The analysis of the combined power law density scaling of τ and max

4χ  has been also 

performed for a representative of polymers. We have examined eq. 1 by using earlier reported 

experimental data of polyvinyl acetate (PVAc) (see Materials and Methods). The power law density 

scaling of the segmental relaxation times τ of PVAc has been achieved (the inset in Fig. S.1(a)) with 

the scaling exponent 02.035.2 ±=γ  found by fitting (Fig. S.1) the experimental dependences 

( )ρτ ,T  to eq. 3. The values of max

4χ  have been estimated for PVAc in the way described in 

Materials and Methods on the additional assumption that max

4χ determines the correlation volume of 

the average number of dynamically correlated polymer segments. By fitting ( )ρχ ,max

4 T  to eq. 4 

(Fig. S.1(b)), the value of the scaling exponent 01.074.1 ±=χγ  has been found, and then it has 

been very satisfactorily applied to scale the estimated values of max

4χ  of PVAc (the inset in Fig. 

S.1(b) ). The comparative analysis of the isochronal dependences of max

4χ  on pressure is presented 

in Fig. S.1(c). The pressure dependences of the values of max

4χ  estimated at τ = 100s, 1s, and 10ms 

are compared with their counterparts predicted from eq. 5b with the values of its parameters found 

from fitting ( )ρτ ,T  and ( )ρχ ,max

4 T  to eq. 3 and eq. 4, respectively. The obtained decreasing 

pressure dependences of the estimated values of max

4χ at const=τ  are in accord with their predicted 

counterparts. A discrepancy between estimated and predicted dependences at τ = 100s at the highest 

pressures can be caused by a large extrapolation of the values of τ  and max

4χ  predicted from eqs. 3 

and 4 beyond the pressure range of isothermal dielectric measurements at the highest temperatures.   
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Fig. S.1 The combined power law density scaling of τ and max

4χ for PVAc (a) Plots of dielectric segmental relaxation times vs 

density. The inset in panel (a) presents the scaling ( )T/γρτ  with the values of γ found from the fitting shown in the panel. (b) 

Plots of the degree of the dynamic heterogeneity vs density evaluated at each (T,ρ) at which ( )ρτ ,T  is determined from 

experimental measurements. The inset in panel (b) presents the scaling ( )T/max

4
χγ

ρχ  with the values of χγ  found from the 

fitting shown in the panels (c) Isochronal pressure dependences of the degree of the dynamic heterogeneity. Open symbols in 

panel (c) denote the evaluated values and the other symbols indicate values predicted from eq. 5b. The adjusted R2 in panels (a) 

and (b) denotes the coefficient of determination appropriately adjusted by the degrees of freedom of the estimate of the 

population variance of the dependent variable and the estimate of the underlying population error variance, which is a measure of 

how well analyzed data are described by a tested nonlinear model. The quality of a fit is ideal if the adjusted R2 = 1. 
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S.2 Attempt to explain different scaling exponents for τ and max

4χ in real glass formers 

The non-omissible difference between the values of the scaling exponents χγ  and γ  , 

which has been observed by us for real glass formers, is surprising and requires determining 

theoretical grounds for its explanation. We make the first attempt at elucidating this problem. 

Based on the fact that the established values γγ χ <  for van der Waals liquids 1,1'-bis (p-

methoxyphenyl) cyclohexane (BMPC) and o-terphenyl OTP as well as polymer PVAc, a 

reasonable scenario seems to consist in assuming that the attractive forces contribute to the 

dynamic heterogeneity that involves both spatial and temporal correlations in another way than 

these interactions affect the time scale of the structural relaxation near the glass transition. The 

scaling exponent γ  in the power law ( )T/γρτ  is commonly related
26-33

 to the exponent of the 

repulsive part of the short range effective intermolecular potential, ( ) BrArU ILJm
−=

−σ/)( , 

where B is a small constant or linear attractive background and γ3≈IPLm . As can be seen in 

Fig. S.2, if we replace a small attractive background B with a small attractive term that is 

proportional to ( ) 1
/

−σr  in the approximated Lennard-Jones potential, i.e., if we change the 

effective contribution of the attractive forces to the approximated potential, the value of the 

exponent of the repulsive IPL term, 16=IPLm , is smaller than that ( 18=IPLm ) estimated in 

the case of the effective potential with a constant small attractive term B. 

It should be stressed that both the small effective contributions of attractive interactions to 

the effective intermolecular potential should not weaken the tendency to the density scaling 

related to the repulsive part of the approximate potential, because they result in almost the same 

approximations in the short-range limit. However, they imply in general different values  IPLm  of 

the exponent of the repulsive IPL term, and consequently the scaling exponents predicted by 

3/IPLm  are also different. In this way, one can rationalize the discrepancy, γγ χ < , obtained for 

real glass formers, making the assumption that the effective short-range intermolecular potential 

valid for the characteristic correlation volume is more affected by the attractive forces than that 



4 

 

proper for the characteristic time scale. Then, IPLm  is expected to be smaller for max

4χ  than that 

for τ, and consequently γγ χ < . 

0.8 1.0 1.2 1.4 1.6 1.8 2.0

-1

0

1

2

3

  repulsive LJ term (m
LJ

=12)

  attractive LJ term (n
LJ

 = 6)

  12-6 LJ potential 

  IPL approximation 

          with a constant small attractive background B 

          Ar
-m

IPL - B   (where B=A/3, then m
IPL

=18)

  IPL approximation 

          with a small attractive term ~ r
-1

          Ar
-m

IPL - Cr
-1
   (where C = 1.2B, then m

IPL
=16)

U
(r

/σ
)

r/σ
 

Fig. S.2. Illustration of the Lennard-Jones potential and its short range effective approximations 

 

The suggested different sensitivities of τ and max

4χ to intermolecular interactions seem to 

be reasonable, because the two point correlation function, which enables to determine the 

structural relaxation time τ, and the four point correlation function, the maximal value of which, 

max

4χ , is analyzed in isochronal conditions, can be characterized by effectively different 

correlation ranges in case of real glass formers. It means that the four point correlation function 

can probe intermolecular interactions over a distance larger than that probed by the two point 

correlation function, whereas this distance is usually the same in the case of the four and two 

point correlation functions calculated from simulation data, because it is determined by the 

cutoff of the interactions assumed to perform the simulations.   
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S.3 Relation between τ and max

4χ in the KABLJ model 

After analyzing the relation between τ and max

4χ for real glass formers, the next intriguing 

question arises as to whether the proposed formalism is valid for the simple models of supercooled 

liquids, which are widely exploited to investigate heterogeneous molecular dynamics by using direct 

measures of the dynamic heterogeneity that are naturally available in simulation studies, but are 

almost not applied to studies based on experimental data due to already mentioned large difficulties 

in measuring the four-point dynamic susceptibility. To answer the question we analyze our 

simulation data for the Kob-Andersen binary Lennard-Jones (KABLJ)  model in the NVT ensemble.  

It is already known that the structural relaxation times of the KABLJ liquid do not obey the 

power law density scaling in the exact sense,
30

 but one can find an effective value of the scaling 

exponent γ that enables the scaling in terms of the function ( )T/γρτ  to a good approximation at 

least in limited ranges of T and ρ, which are, however, quite wide.
35

 By using the Avramov 

scaling model (eq. 3), we find here (Fig. S.3(a)) the value γ=4.59±0.05 for the KABLJ system of 

8000 particles, which enables us to scale τ in LJ units vs T/γρ  to a good approximation. 

However, an attempt at applying the function (eq. 4) previously used to scale the degree of the 

dynamic heterogeneity of real glass formers to determine a corresponding value γχ has ended with 

an insufficiently satisfactory fit of the dependence ),(max

4 ρχ T . The result of the preliminary test 

can be understood in the context of earlier reports,
14-17 

according to which one can rather expect as 

already mentioned that ( )max

4lnln ξτ f=  for simple binary fluid models and kinetically 

constrained models. In fact, a high quality of the fit has been found (Fig. S.3(b)) for the T-ρ 

dependence of max

4χ  by means of the following scaling function,  

 
( )





=

χχγ

χ ρχχ
D

TA /exp)( 0

max

4

max

4 , (S.1) 

which morphologically corresponds to the Avramov scaling equation for the structural relaxation 

n time (eq. 3), but it has in general different parameters. Consequently, for the KABLJ model and 

other simple binary fluid models, and presumably for kinetically constrained models, eq. (1) can 

be interpreted as ( ))(ln max

4χρτ γ fg ∆=  if the power law density scaling is valid at least to a good 
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approximation. By analogy, ( )( ))(ln max

4χρτ fg ℜ=  with )(/)()( ρρρ χτ ℑℑ=ℜ , is a version of 

eq. 2 for simple models based on the Lennard-Jones potential and presumably for kinetically 

constrained models, which is the generalization about eq. 1 not limited to a single power law 

density scaling. Invoking the Avramov scaling model for τ and max

4χ , eqs. 3 and S.1, we can 

express eq. 1 for the KABLJ model as follows  

 
( )( )( )





= ∆

DD
AA χ

γ χχχρττ /)/(lnexp
/1

0

max

4

max

40 .  (S.2a) 

Then,  

 ( )( )




= ∆− χ

χ
γ ττρχχ

DD
AA /)/ln(exp)(

/1

00

max

4

max

4 .  (S.2b) 

The above equations are postulated to be valid for the KABLJ model instead of eqs. 5a and 

5b, which have been successfully verified by experimental data for BMPC and OTP.  

It is interesting that the scaling ( )T/max

4
χγ

ρχ  for the KABLJ system examined in LJ 

units is achieved in terms of eq. S.1 with the value γχ=4.70±0.02, which is slightly greater 

than γ. Thus, in contrast to the tested real glass formers, 0 ~ <∆γ , which causes that max

4χ  

slightly increases with density (or pressure) at const=τ  (see squares in Fig. S.3(c)). This 

behavior resembles an isochronal increase in the fragility parameter 

pgp TTm )/(/)(log10 ∂∂= τ  with density reported by Sastry
59

 for the KABLJ model of 256 

particles, which does not also match the usually decreasing
26-28

 dependence of mp on pressure 

established from experimental data at the glass transition temperature Tg defined at const=τ , 

e.g., s100=τ . It should be emphasized that the suggested formalism that links the density 

scaling and the dynamic heterogeneity predicts an opposite effect of changes in temperature 

and density on the dynamic heterogeneity in the case of the negative value of γ∆  determined 

for the tested KABLJ liquid than that found for real glass formers. Very recently, we have 

evaluated
12,13

 that the isochoric changes of T more strongly exert on the dynamic 

heterogeneity than the isothermal changes of ρ if we transform a real glass former from a state 

(T,ρ) characterized by a structural relaxation time to another state at a different τ. A thorough 
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inspection of the degrees of the dynamic heterogeneity max

4χ of the KABLJ liquid in 

isothermal and isochoric conditions as functions of the structural relaxation times τ confirms 

(the left panel of Fig. S.3(d)) the predicted opposite behavior of the dynamic heterogeneity in 

this model on varying ρ and T.   

However, the theory of isomorphs
44

 recently formulated for viscous liquids clarifies that 

a hidden scale invariance
33,34

 in such liquids can be revealed if the already mentioned reduced 

units are applied. Therefore, we investigate the molecular dynamics of the KABLJ liquid and 

its scaling properties also by using the reduced units (see Materials and Methods). As a result 

(Fig. S.3(e)), we find a slightly better scaling ( )T/~ γρτ  in the reduced units than ( )T/γρτ , 

especially in the short-time limit, which is in accord with previously reported results
34,35

 for 

the KABLJ system of 1000 particles. What is more, the value of γ obtained from fitting τ
~
 to 

the Avramov scaling model matches the value γχ that enables us to scale max

4χ  vs T/χγ
ρ  in 

terms of eq. S.1. This finding expected within the theory of isomorphs
44

 and also established
36

 

for the KABLJ system of 1000 particles in a narrower density range is meaningful. Since 

0=∆γ , eq. 1 represents a single variable function of max

4χ  (see Fig. S.3(f)), and consequently 

an isochronal state is also characterized by a constant value of max

4χ , which is independent of 

thermodynamic conditions and only depends on the structural relaxation time, e.g., 

  ( ) 












=

χ

χττχχ
D

D
AA /)/ln(exp)(

~/1~

0

~

0

max

4

max

4 ,  (S.3) 

which straightforwardly results from eq. S.2b if 0=∆γ  and the reduced units are used. Equation 

S.3 is exploited to generate points at const=~τ  (circles in Fig. S.3(c)). Moreover, in this case, the 

transition from one isochronal state to another one at different τ
~
 should be independent of the 

thermodynamic path toured between these two dynamic states. In the right panel of Fig. S.3(d), 

one can see that the isochoric and isothermal paths indeed superimpose. It means that the isochoric 

changes of T and the isothermal changes of ρ equivalently affect the dynamic heterogeneity in the 

KABLJ model examined in the reduced units. 
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Fig. S.3. The combined power law density scaling of τ and 
max

4χ for the KABLJ model with 8000 particles. (a) Plot of the 

structural relaxation time in LJ units vs the particle number density in the left panel and the scaling ( )T/γρτ  in the right panel 

with the value of γ found from the fitting shown in the left panel. (b) Plot of the degree of the dynamic heterogeneity vs the 

particle number density in the left panel and the scaling ( )T/max

4
χγ

ρχ  in the right panel with the values of χγ found from the 

fitting shown in the left panel. (c) Isochronal density dependences of the degree of the dynamic heterogeneity at long and 

(presented in the inset) short time scales expressed in LJ units (τ) and the reduced units (τ
~
). (d) Isothermal and isochoric changes 

of the degree of the dynamic heterogeneity between two dynamic states characterized by log
10
τ≈0.3 and log

10
τ≈5.9 vs structural 

relaxation times expressed in LJ units (the left panel) and the reduced units (the right panel). (e) Plot of the structural relaxation 

time in the reduced units vs the particle number density in the left panel and the scaling ( )T/
~ γρτ  in the right panel with the 

value of γ found from the fitting shown in the left panel. (f) Plot of the degree of the dynamic heterogeneity vs the structural 

relaxation time in the reduced units. Its double logarithmic representation is shown in the inset.
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List of equations 
(referred in the SI according to their numbering in the main text) 

 

 ( ))( max

4χρτ γ fg ∆=  with χγγγ −=∆  (1) 

 ( )( ))( max

4χρτ fg ℜ=  with )(/)()( ρρρ χτ ℑℑ=ℜ   (2) 

 ( )[ ]D

TA /exp0

γρττ =    (3) 

 ( ) χχγ

χ ρχχ
D

TA /)( 0

max

4

max

4 =   (4) 

 
( )( )





= ∆

DD
AA χ

γ χχχρττ /)/(exp
/1

0

max

4

max

40   (5a) 

 
( )( ) χ

χ
γ ττρχχ

DD
AA /)/ln()(

/1
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max

4
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4

∆−=   (5b) 
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