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Colloid Filtration Theory  

Colloid Filtration Theory has been employed to design water treatment plant filtration 

processes [1, 2] and in modeling colloid transport in natural granular porous media [3, 4]. A 

body of physical/chemical theory for the interactions of particles, collectors, and fluid flow 

supports CFT [5-8]. The deposition of colloidal particles is often represented as a first-order, 

steady-state process [6]: 

C
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where C is particle concentration, x is the longitudinal coordinate (flow direction), and λ is the 

filtration coefficient [1/L]. Equation (1) can be expressed using α and η as follows [8]:  
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where ε is the porosity of the bed and dc is the collector (grain) diameter. The exponent 1/3 is 

used since η term is multiplied by 3/2)1( ε− [9].
 
Then the filtration coefficient can be defined as: 
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Integrating equation (2) yields: 
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where C0 and L are the initial particle concentration and the bed depth, respectively. In this 

study, η is estimated using equations in Table S1.  C. parvum breakthrough curve data are then 

used to calculate α from (3). The filtration coefficient, λ, can be employed in the advection-

dispersion equation to describe the temporal and spatial distribution of particle concentration 

within the porous medium as follows: 
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where D is the dispersion coefficient, and ν is the interstitial fluid velocity. 
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Collector Efficiency (η) 

The approach mechanisms of colloid particles from the bulk of the fluid to the porous 

medium (collector) surface are divided into three separate processes, diffusion, interception, 

and sedimentation [8]: 

GID ηηηη ++=                                                                                         (6) 

where ηD,  ηI,  are ηG represent single collector efficiencies by diffusion, interception, and 

gravity respectively. These three mechanisms have been modeled by Rajagopalan and Tien[10], 

Tufenkji and Elimelech [11], and Nelson and Ginn [12], referred to as RT, TE, and NG models in 

this paper. 

 Rajagopalan and Tien [10] enhanced the accuracy of the collector efficiency model 

initially developed by Yao et al. [8] by incorporating effects of London van der Waals forces and 

hydrodynamic retardation on interception and sedimentation processes. The RT model also 

modified the impact of neighboring grains and the effect of porosity in a packed bed, which was 

not accounted for in the model by Yao et al. [8].  The original analysis was performed for an 

isolated spherical single collector. Tufenkji and Elimelech [11] developed a new collector 

efficiency model by also evaluating effects of London van der Waals forces and hydrodynamic 

retardation on the diffusion process, not only on the interception and sedimentation process. 

They incorporated the mechanisms related to colloid particle approach to collectors in a 

multiple linear regression analysis where constants of power functions of multiple 

dimensionless parameters were estimated (e.g., ,d

vdW

c

Pe

b

RI NNaN=η
 
where a-d are constants). 

Regression input data were developed using a fully Eulerian solution of the ADE (equation 5) 

and a wide range of parameter values relevant to most applications in aquatic systems [11]. 

Nelson and Ginn [12] later found that the RT and TE equations may underestimate colloid 

approach in saturated porous media due to the use of improper boundary conditions (RT and 

TE models), i.e., imposing power law dependence of collector efficiency on the Peclet and 

gravity numbers, and due to the differences in the numerical treatment of the hydrodynamic 

retardation effect. The NG model introduced correction factors for the diffusion and 

sedimentation terms to provide an appropriate asymptotic approach to unity for the collector 

efficiency, otherwise η values calculated from the RT and TE models become larger than one as 

the Peclet number decreases and the gravity number increases. They employed a fully 

Lagrangian scheme to solve the ADE and then applied nonlinear regression analysis to estimate 

the correlation between η and the multiple dimensionless numbers.  
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Table S1. The RT, TE, and NG models for estimating single collector efficiency, η, expressed in 

terms of dimensionless parameters for collisions by diffusion, interception, and gravitational 

mechanisms. 
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where ηD, ηI, and ηG represent single collector efficiencies by diffusion, interception, and gravity, respectively,
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numbers for interception, Peclet, London force, Van der Waals, gravitation, and modified gravitation respectively. 
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− , γ  is 3/1)1( ε− , dp is particle diameter, U is the fluid approach velocity, Dp is particle 

diffusion coefficient, 
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= , g is the gravitational acceleration, ρp is the particle density, and ρf 

is the fluid density. Each ηD, ηI, and ηG term is multiplied by 2γ  to calculate total collector efficiencies.

  

 

Collision (Attachment) Efficiency (α) 

Once a particle approaches a collector and if there is no repulsive interaction between 

the particle and collector, deposition (attachment) occurs [13]. The kinetics of colloid 

attachment are controlled by solution chemistry and the chemical characteristics such as 

surface charge of particles or collectors[13]. Changes in solution chemistry - modifying 

concentration of salts or pH of the solution - determine surface charge characteristics of 

particles. These changes in electrical potential are correlated with colloid stability and can be 

measured by the zeta potential of the colloid surface [13].  

The interaction of colloid particles with collectors that lead to attachment can be 

classified into DLVO and non-DLVO interactions [13]. DLVO theory quantifies colloidal surface-

surface interaction caused by van der Waals attraction and electrical double layer repulsion [13]. 

It has been extensively used to explain colloid stability [13, 14].  In an electrolyte solution, the 

distribution of ions around a charged particle is balanced by an equivalent number of 

oppositely charged counterions. The surface charge on a particle and the associated counterion 
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charge together constitute the electrical double layer, which greatly depends on the solution 

chemistry and surface potentials of the colloids and collectors [13]. The attractive force that 

always exists between colloidal particles is generally called the London-van der Waals force 

which arises from spontaneous electrical and magnetic polarizations. The Hamaker approach 

[15] is based on the assumption of pairwise additivity of intermolecular forces. It has been used 

to evaluate the London-van der Waals force in practical applications. 

Colloidal interaction involves non-DLVO forces such as hydrophobic effects that provide 

additional attraction between particles and collectors, or steric repulsion that arises from the 

presence of adsorbed polymers on the particle surface [13]. These additional processes affect 

attachment in ways that may result in large discrepancies between DLVO theory-based values 

of attachment efficiency and experimental data [16, 17]. The presence of an adsorbed layer can 

alter the electrical double layer force or interparticle van der Waals attraction [13]. The non-

DLVO influence on the colloid stability has yet to be mathematically and systematically 

established [13]. Further, the chemical heterogeneities of colloid and mineral grain surfaces 

give rise to unfavorable chemical conditions in natural sediments, which makes the prediction 

of colloid deposition pattern more intractable [14]. Therefore, α is typically determined 

empirically with calculated η and observed Cmax/C0 from experimental breakthrough curve data.  

 

Calculation of α using DLVO theory 

The DLVO interactions involve two forces, electrical double layer (EDL) repulsion and van der 

Waals (VDW) attraction. The total energy of interaction can be calculated by summing of these 

two energies. Most particles in water are charged and carry an electrical double layer. As two 

charged particles approach each other in water, the diffuse parts of their double layers begin to 

overlap and this causes an interaction. The interaction between charged particles depends on 

the zeta potential which is commonly used to calculate EDL interaction between two spheres as 

follows [18]: 

1 2
1 2

1 2

2 exp( )
E

d d
V h

d d
πεζ ζ κ= −

+  

where ε is the permittivity of water, ζ1 and ζ2 are zeta potentials of a collector and a colloid 

particle at pH 7 respectively, d1 and d2 are diameters of a collector and a colloid particle, κ is 

Debye-Huckel length, and h is separation distance. For zeta potentials of the same sign, VE is 

positive, so the interaction is always repulsive, which is the case in our experiment. When the 

salt concentration or ionic strength in water varies, both the zeta potential and the Debye-

Huckel length (κ) are affected. It is customary to refer to 1/κ as the “thickness” of the diffuse 
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double layer (range of repulsion) [19]. Addition of inert electrolyte increases κ and decreases 

the thickness of the diffuse double layer. 

 Between all atoms and molecules there are attractive forces referred to as van der 

Waals force. Van der Waals force includes dipole-dipole forces which occur in molecules that 

have an unequal sharing of electrons and dispersion forces which exist between nonpolar 

molecules, but induced dipoles [18]. The van der Waals energy of attraction between two 

spheres per unit area can be estimated as follows [18]: 

12 1 2

1 212 ( )
A

A d d
V

h d d
= −

+  

where A12 is Hamaker constant which depends on the properties of different materials, 1 and 2. 

Calculated van der Waals, electrical, and total interaction energy at 3mM NaCl and pH 7 is 

shown in Figure S1.  

It appeared that non-DLVO forces existed in our experiment with the water at high ionic 

strength (100mM NaCl). However, our analysis with existing experimental data from the 

literature demonstrated that α has strong linear relationship with ionic strength and pH as long 

as DLVO theory holds (where non-DLVO forces do not exist). Ionic strength and pH are directly 

related to zeta potential change, which will affect the total interaction energy. Therefore, α can 

be estimated by easily obtainable solution chemistry, ionic strength and pH if no other chemical 

treatment on colloids and collectors is involved. Ionic strength is represented by Debye-Huckel 

length (κ) in this study as follows [20]: 
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where NA is Avogadro’s number, e0 is elementary charge, I is ionic strength, ε0 is permittivity of 

free space, εr is dielectric constant of water, k is Boltzmann constant, and T is absolute 

temperature.  
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Figure S1. (a) Calculated DLVO interaction energy between C. parvum oocyst and Accusand with 

respect to separation distance at ionic strength of 3mM NaCl and pH 7. (b) Estimated DLVO 

interaction energy at different ionic strengths. Secondary minimum exists where separation 

distance is larger than 280nm, 29nm, 10nm, and 2nm at ionic strength of 0.075mM, 3mM, 

15mM, and 100mM respectively. Hamaker constant of 10
-20

 J was used. Zeta potential of 

Accusand was obtained from Attinti et al. [21] and zeta potential of C. parvum oocyst was 

measured.  

 

 

(a) (b) 
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(b) 

(c) (d) 

(a) 

(e) 

(h) (g) 

(f) 
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Figure S2. (a) Calculated collector efficiency involved with diffusion, interception, and 

sedimentation processes (ηD + ηI + ηG), (b) diffusion process (ηD), (c) interception process (ηI), 

and (d) sedimentation process (ηG) with respect to particle diameter. (e) η = ηD + ηI + ηG, (f) ηD, 

(g) ηI, and (h) ηG with respect to particle density. Approach velocity is 8.22x10
-5

, collector 

diameter is 4.25x10
-4

, and porosity is 0.31. Other parameter values in Table S3 are used. Dashed 

vertical line indicates the size of C. parvum oocyst in (a)~(d) and the density of C. parvum oocyst 

in (e) ~ (h). 

 

Table S2. Hypothesis testing (two-sided t test) results of the significance in difference between 

αRT and αNG (largest numerical difference). Note: Two-tail t test with two independent samples 

(αRT and αNG) was conducted. Null hypothesis is that αRT and αNG have equal means. This test 

assumes that the variances of αRT and αNG are the same. The threshold chosen for statistical 

significance was 0.05 level. 

exp 

# 
Feature t value p value df 

Mean 

difference 

Standard 

deviation 
CV* 

Confidence 

interval 
Reject? 

1 3mM - 0.99 0.33 20 -0.059 0.14 -2.37 -0.18, 0.065 no 

2 0.075mM -0.54 0.59 24 -0.017 0.079 -4.72 -0.08, 0.047 no 

3 15mM -6.24 1.32x10
-6

 26 -0.17 0.074 -0.42 -0.23, -0.12 yes 

4 100mM -0.48 0.64 22 -0.018 0.094 -5.09 -0.098, 0.061 no 

5 9mM (MgCl2) -0.65 0.52 18 -0.027 0.093 -3.42 -0.11, 0.06 no 

6 pH 5.5 -3.34 0.0018 40 -0.1 0.1 -0.97 -0.17, -0.041 yes 

7 pH 8.5 -0.89 0.39 18 -0.045 0.12 -2.52 -0.15, 0.062 no 

8 Iron coating -1.11 0.28 22 -0.079 0.17 -2.2 -0.23, 0.068 no 

9 illite -2.55 0.02 18 -0.072 0.063 -0.88 -0.13, -0.013 yes 

*Coefficient of Variation  

 

Verification of multiple regression model, α      

In an effort to verify the regression model, experimental data from Harter et al. [22], Hsu et al. 

[23], Tufenkji et al. [24], Tufenkji and Elimelich [25], Bradford and Bettahar  [26], Kim et al. [27], 

and our experiments were used for multiple regression analysis and the three data from Dai and 

Hozalski  [28], Abudalo et al. [29], and Abudalo et al. [30] were selected to check if the regression 

model can be implemented with these three experimental data. The resulted equations for the multiple 

regression are presented in Figure S3. Verification results (in Figure S3) demonstrate that the 

multiple regression model can predict α sufficiently well with other experimental data. 
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Figure S3. Verification of multiple regression equation with three experimental data. 
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Table S3. Parameter values employed to calculate collector efficiencies and attachment efficiencies. If not specified in papers, 

educated guesses or calculated values based on other information are assigned.  

Citation  

Particle 

diameter  

[m]  

Column 

length 

[m] 

Hamaker 

constant  

[kg m
2
/s

2
] 

Viscosity of 

water 

[kg m/s] 

Temperature  

[  ̊K] 

Particle 

density 

[kg/m
3
] 

Water 

density 

[kg/m
3
] 

Brush et al. 1999 [31] 5 x 10
-6

   0.109 1 x 10
-20

   1 x 10
-3

   293 1070 999 

Harter et al. 2000 [22] 5 x 10
-6

   0.1 1 x 10
-20

   9.4 x 10
-4

   296 1080 999 

glassbeads 1.2 x 10
-21

   Hsu et al. 

2001 [23] polystyrene 
5 x 10

-6
   0.1 

1.15 x 10
-21

   
8.94 x 10

-4
   298 1080 998 

Logan et al. 2001 [4] 5 x 10
-6

   0.6 1 x 10
-20

   1.25 x 10
-3

   288 1050 999 

Dai and Hozalski 2002 [28] 5 x 10
-6

   0.25 1 x 10
-20

   8.94 x 10
-4

   296 1080 998 

Tufenkji et al. 2004 [24] 3.6 x 10
-6

   0.071 6.5 x 10
-21

   1.01 x 10
-3

   295 1047 1000 

Tufenkji and Elimelech 2005 [25] 4.3 x 10
-6

   0.126 6.5 x 10
-21

   1.01 x 10
-3

   293 1047 1000 

Abudalo et al. 2005 [29] 3.6 x 10
-6

   0.1 6.5 x 10
-21

   1 x 10
-3

   293 1075 998 

Sand 710 μm 0.13 

Sand 360 μm 0.126 

Bradford and 

Bettahar 

2005 [26] Sand 150 μm 

4 x 10
-6

   

0.127 

6.5 x 10
-21

   1.01 x 10
-3

   293 1050 1000 

Hijnen et al. 2005 [32, 33] 4.9 x 10
-6

   0.5 6.2 x 10
-21

   1.11 x 10
-3

   286 1045 999.703 

Hijnen et al. 2007 [34] 4.9 x 10
-6

   1.5 6.2 x 10
-21

   1.25 x 10
-3

   295 1045 999.703 

Abudalo et al. 2010 [30] 3.6 x 10
-6

   0.1 6.5 x 10
-21

   9.8 x 10
-4

   293 1075 998 

This study 5 x 10
-6

   0.2 1 x 10
-20

   9.4 x 10
-4

   296 1050 999 
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