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Section 1. Synthesis of pentaethylenehexamine-terminated polystyrene (PS-PEHA) 
ligands 

Chemicals. Styrene (≥ 99%), ethyl -bromoisobutyrate (EBIB, 98%), copper(II) bromide (99%), 

tris[2-(dimethylamino)ethyl]amine (Me6TREN, 97%), tin(II) 2-ethylhexanoate (Sn(EH)2, 
92.5-100.0%), pentaethylenehexamine (PEHA, technical grade), triethylamine (NEt3, ≥ 99.5%), 
N,N-dimethylformamide (DMF, anhydrous, 99.8%), and toluene (anhydrous, 99.8%) were 
purchased from Sigma Aldrich. Calcium hydride (90-95%, 2 mm and down) was purchased from 
Alfa Aesar. Unless otherwise specified, reagents were used as received without further 
purification. Styrene was extracted with 10 wt% sodium hydroxide solution to remove inhibitors 
and distilled with CaH2 under vacuum. 

Synthesis of PS-PEHA. PS-PEHA was synthesized by using a two-step reaction (Scheme S1). In 
the first step, bromine-terminated polystyrene (PS-Br) was synthesized by using activators 
regenerated by electron transfer atom transfer radical polymerization (ARGET ATRP).1 In the 
second step, the bromine end group was converted to pentaethylenehexamine, a multidentate 
nitrogen-containing ligand. 

 
Scheme S1. Synthesis of PS-PEHA. 

Step 1. Synthesis of PS-Br. In a typical reaction for PS-Br with molecular weight greater than 
5 kDa, styrene (100-400 eq, 43.6 mmol), EBIB (1.0 eq), CuBr2 (0.01 eq) and Me6TREN (0.1 eq) 
were added to a round-bottom flask (Table S1). After purging with N2 for 30 min, Sn(EH)2 (0.1 
eq) was injected and the reaction solution was heated to 90 ºC under stirring. The reaction was 
terminated after 17-22 h by exposure to air while cooling the reaction flask with an ice bath.  

In a typical reaction for PS-Br with molecular weight less than 5 kDa, styrene (20-50 eq, 
43.6 mmol), anhydrous toluene, EBIB (1.0 eq), CuBr2 (0.01 eq) and Me6TREN (0.1 eq) were 
added to a round-bottom flask (Table S2). After purging with N2 for 30 min, Sn(EH)2 (0.1 eq) was 
injected and the reaction solution was heated to 90 ºC under stirring. The reaction was terminated 
after 14-20 h by exposure to air while cooling the reaction flask with an ice bath.  

The reaction mixture was diluted with THF and precipitated using methanol. Afterwards, 
polystyrene was collected via vacuum filtration followed by re-dissolution in THF. To remove 
residual copper-based catalysts, the THF solution of polystyrene was mixed with neutral Al2O3 
and stirred overnight followed by removing the Al2O3 powder using vacuum filtration. Polystyrene 



  

3 

was precipitated again with methanol, vacuum filtered and dried inside a vacuum oven at 40 °C 
overnight. 

Step 2. Conversion of the bromine end group to PEHA. PS-PEHA was synthesized according 
to the method recently reported by our group.2 In a typical reaction, PS-Br (0.2 mmol), PEHA (10 
mmol) and triethylamine (20 mmol) were dissolved into DMF. The reaction mixture was stirred 
for 72 h at room temperature. Afterwards, PS-PEHA was precipitated with methanol and collected 
by vacuum filtration. PS-PEHA was purified three more times by dissolution in THF and 
precipitation in methanol before dried inside a vacuum oven at 40 °C overnight. 

Section 2. Nanocrystal synthesis and characterization 

Chemicals. Gd2O3 (99.999%) was purchased from Alfa Aesar. LiOH･H2O (99.95%, trace metals 

basis), tetrachloroauric acid trihydrate (HAuCl4･3H2O, 99%), tert-butylamine borane (TBAB, 

97%), oleylamine (OLAM_SA, technical grade, 70%), oleic acid (OA, technical grade, 90%), 
1-octadecene (ODE, technical grade, 90%), acetic acid (> 99%), toluene, ethanol, and methanol 
were purchased from Sigma Aldrich. Oleylamine (OLAM_TCI) was purchased from TCI 
America. OLAM_SA was used as received while OLAM_TCI was pre-dried at 100 °C under 
vacuum for four hours and stored inside a N2-filled glovebox. All nanocrystal syntheses were 
carried out using standard Schlenk techniques under N2 atmosphere. 

Synthesis of gadolinium acetate. Typically, 250 mL of DI water, 50 mL of ethanol and 40 g of 
Gd2O3 powder were added into a 500 mL flask and the mixture was heated to 85 °C. Next, 50 mL 
of acetic acid was added dropwise to the mixture under stirring until a clear solution was formed. 
After heating at 85 °C for additional 30 min, solvents were removed by using a rotary evaporator 
and the solids were further dried inside a vacuum oven at 50 °C for 24 h. 

Synthesis of Gd2O3 triangular nanoprisms. Gd2O3 nanoprisms were synthesized according to a 

previously reported method with modifications.3 In a typical reaction, 6 mmol of LiOH･H2O, 

12 mL of OA, 18 mL of OLAM_SA and 30 mL of ODE were added to a 125-mL three-neck flask 
at room temperature. The mixture was then heated under vacuum at 110 °C for 60 min to form a 
clear solution. After refilling the reaction flask with N2, 3 mmol of gadolinium acetate was added, 
followed by vacuum degassing at 110 °C for another 60 min. After refilling with N2, the reaction 
mixture was heated to 300 °C for 17.0 nm prisms or 320 °C for 23.5 nm prisms at 20 °C/min and 
kept at that temperature for 60 min under N2 flow. The reaction mixture was air-cooled to 
approximately 150 °C when 10 mL of toluene was added. Nanoprisms were isolated by 
precipitation with methanol and centrifugation at 3000 rpm for 2 min. After re-dispersing the 
nanoprisms in 20 mL of toluene, 10 mL of methanol was added, and the resulting mixture was 
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centrifuged at 3000 rpm for 2 min to remove excess ligands and reaction byproducts such as 
lithium oleate. Nanoprisms were finally dispersed in 20 mL of toluene.      

Synthesis of Au nanocrystals (NCs). In a typical reaction, 10 mL of pre-dried OLAM_TCI was 
loaded into a 100 mL three-neck flask. After degassing under vacuum for 20 min at room 
temperature, 10 mL of anhydrous toluene was injected into the flask followed by flushing with N2 

for 10 min. Afterward, 0.25 mmol (98 mg) of HAuCl4･3H2O was added into the mixture followed 

by purging with N2 for another 20 min. Subsequently, a solution mixture of 0.25 mmol (22 mg) of 
TBAB, 1 mL of OLAM_TCI, and 1 mL of anhydrous toluene was swiftly injected. The resulting 
mixture was kept under stirring for another 60 min at room temperature. Au NCs were isolated via 
precipitation with 60 mL of acetone followed by centrifugation at 6000 rpm for 5 min and re-
dispersed in toluene (5 mg/mL). 

Materials characterization. Low-magnification TEM images were acquired on a JEOL JEM 
1400 plus microscope equipped with a LaB6 filament operating at 120 kV. Aberration-corrected 
STEM (AC-STEM) images were recorded on a 200 kV JEOL JEM-ARM200F STEM equipped 
with spherical aberration correctors. Fourier transform infrared (FTIR) spectra were collected in 
transmission mode on a Bruker VERTEX 70v FTIR spectrometer at spectral resolution 4 cm-1. 
FTIR transmittance of different samples was normalized with the mass per unit area of NC 
inorganic cores of the deposited film assuming a uniform film thickness. Scanning electron 
microscopy (SEM) images were taken on a Carl Zeiss Auriga 60 FIB-SEM operating at 1.5 kV. 
Powder X-ray diffraction (XRD) patterns were collected on a PANalytical Empyrean X-ray 
diffractometer operating at 40 kV and 45 mA. XRD samples were prepared by drop-casting NC 
solutions onto single-crystalline Si substrates. Thermogravimetric analysis (TGA) was performed 
by using a TA Instruments Q5000 system. Nanocrystals (~2 mg) were loaded into a platinum pan 
that was first heated at 120 °C for 30 min before raising to 700 °C at constant heating rate of 
10 °C/min under N2. Data analysis was carried out using the TA Universal Analysis software 
package. Atomic force microscopy (AFM) images were acquired by using an MFP-3D AFM 
(Asylum Research) operated in tapping mode. Average molecular weight and polydispersity index 
of PS-Br were determined using a Waters Breeze GPC system equipped with a Waters 1525 binary 
HPLC pump, a 2414 refractive index detector, and two connected Styragel high resolution columns 
(HR4 and HR4E, 7.8×300 mm). THF was used as the eluent at flow rate 1 mL/min during GPC 
measurements. The instrument was calibrated using commercial polystyrene standards. 1H NMR 
spectra were recorded in deuterated chloroform at 298 K using a Varian 600 MHz Inova 
spectrometer. 

Section 3. Synthesis of polymer-grafted nanocrystals and their assembly into ordered 
superstructures 
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Grafting PS-PEHA onto NCs through a direct ligand-exchange protocol. In a typical process, 
Gd2O3 triangular nanoprisms were dispersed in THF at concentration 10 mg/mL. A certain amount 
of PS-PEHA (Table S3 for details) was dissolved separately into 0.8 mL of THF. Afterward, 200 
µL of the Gd2O3 nanoprism solution was added into the PS-PEHA solution. Following sonication 
for 10 s, the solution mixture was left undisturbed for 12 h. PS-grafted Gd2O3 nanoprisms were 
purified through precipitation with heptane followed by centrifugation at 2000 rpm for 2 min. The 
pellet was re-dispersed in THF. This cleaning procedure was repeated one to three times to remove 
unbound PS-PEHA. Gd2O3 nanoprisms were finally dispersed in 1 mL of toluene. The feeding 
grafting density of PS-PEHA, which is defined as the number of PS-PEHA ligands per unit area 
based on the mass of nanoprisms and the amount of PS-PEHA used for ligand-exchange, is 
calculated as 

√

2 √ 3
	 	 	 	 	 	 	 	  

where l and h are the average edge length and height of Gd2O3 triangular nanoprisms, respectively. 

ρ is the bulk density of Gd2O3 (7.41 g/cm3)4-6 and A is the Avogadro constant.  and  

are the mass and average molecular weight of PS-PEHA used for ligand-exchange, respectively. 

 is the mass of the inorganic cores of nanoprisms based on TGA. 

To graft PS-PEHA onto spherical Au NCs, a certain amount of PS-PEHA (Table S5 for details) 
was dissolved in 1 mL of THF, to which 0.2 mL of Au NC solution (5 mg/mL in toluene) was 
added. After sonication for 10 seconds, the solution was left undisturbed for 12 h. PS-grafted Au 
NCs were purified through precipitation with heptane followed by centrifugation at 3000 rpm for 
2 min. The pellet was re-dispersed in THF and this cleaning process was repeated one to three 
times to remove unbound PS-PEHA. 

The feeding grafting density of PS-PEHA, which is defined as the number of PS-PEHA ligands 
per unit area based on the mass of Au NCs and the amount of PS-PEHA used for ligand-exchange 
is calculated as  

NC

3
 

where NC is the radius of Au NCs. ρ 19.3 g/cm3 is the bulk density of Au7-9 and NA is the 

Avogadro constant.  and  are the mass and average molecular weight of PS-PEHA 

used for ligand-exchange, respectively.  is the mass of the Au NC cores based on TGA. 

Grafting PS-PEHA onto NCs through a two-step ligand-exchange protocol. The two-step 
ligand-exchange process includes stripping of native alkyl ligands of NCs followed by grafting 
with PS-PEHA. In the first step, performed inside a N2-purged glovebox using anhydrous solvents, 
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2 mL of Gd2O3 nanoprisms dissolved in hexane (5 mg/mL) was added to a 1 mL acetonitrile 
solution of Et3OBF4 (0.5 M). The biphasic mixture was stirred 12 h at room temperature, after 
which nanoprisms were transferred from the upper hexane layer to the bottom acetonitrile layer. 
After removing the hexane phase using a glass pipette, Gd2O3 nanoprisms were precipitated by 
adding toluene to the acetonitrile solution and centrifuged at 3000 rpm for 2 min. Nanoprisms were 
re-dispersed into DMF forming a stable, transparent solution at the concentration of 10 mg/mL. 

In the second step, a certain amount of PS-PEHA (Table S6 for details) was dissolved in a mixture 
of 1.0 mL of THF and 0.4 mL of DMF, to which 0.2 mL of DMF solution (10 mg/mL) of ligand-
stripped Gd2O3 nanoprisms was added. Following sonication for 10 s, this mixture was left 
undisturbed for 24 h. PS-grafted Gd2O3 prisms were recovered through precipitation with heptane 
followed by centrifugation at 2000 rpm for 2 min. The pellet was re-dispersed in THF. This 
cleaning procedure was repeated one more time to remove unbound PS-PEHA. Gd2O3 nanoprisms 

were finally dispersed in 1 mL of toluene. The feeding grafting density  of PS-PEHA can be 

calculated using equation (1). Because the amount of residual alkyl ligands is negligibly small for 
the ligand-stripped nanoprisms, the actual grafting density of PS-grafted nanoprisms is calculated 
based on TGA results as 

√

2 	√ 3 1
	 	 	 	 	 	 	 	 1  

where  and  are the edge length and height of the Gd2O3 triangular nanoprism, respectively. 

ρ is the bulk density of Gd2O3 (7.41 g/cm3)4-6 and A is the Avogadro constant.  is the 

average molecular weight of PS-PEHA ligands and  is the mass percentage of PS-PEHA ligands 

determined from TGA. 

Self-assembly of PS-grafted Gd2O3 prisms into ordered superstructures. Ordered NC 
superstructures were prepared by using two deposition methods. 

Deposition method 1. The liquid-air interfacial assembly method involves drying a solution of 
nanoprisms on top of an immiscible EG liquid subphase. Typically, 20 μL toluene solution of PS-
grafted Gd2O3 nanoprisms (2 mg/mL estimated based on the inorganic content) was drop-cast onto 
the surface of EG inside a Teflon well (1.5 × 1.5 × 1.5 cm3). The well was subsequently covered 
with a glass slide to slow down solvent evaporation. After 5 h, the resulting NC film was 
transferred onto a carbon-coated Cu TEM grid, which was further dried inside a vacuum oven to 
remove residual EG.  

Deposition method 2. Ordered superstructures were also prepared by drying PS-grafted Gd2O3 
nanoprisms directly onto Si substrates. Typically, a Si substrate (0.7 × 0.7 cm2) was placed on top 
of a piece of copper ferrule insides a Teflon well (1.5 × 1.5 × 1.5 cm3) prefilled with 40 μL of 
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toluene. Next, 30 μL of PS-grafted Gd2O3 nanoprisms (2 mg/mL in toluene) was drop-cast onto 
the Si substrate. The Teflon well was covered with a glass slide to slow down solvent evaporation. 
Samples were usually fully dried after 24 h. To prepare samples suitable for TEM imaging, a 
carbon-coated Cu TEM grid was placed on top of the Si substrate before drop-casting NC solution. 

Section 4. FTIR peak assignments and spectral analysis for as-synthesized and PS-
grafted Gd2O3 nanoprisms 

We used FTIR spectroscopy to qualitatively evaluate the ligand composition for both as-
synthesized and PS-grafted nanoprisms. For PS-grafted Gd2O3 nanoprisms made by direct ligand-
exchange with PS-PEHA, we mainly focus on two spectral regions, namely 3200-2800 cm−1 
(region I) and 1600-1400 cm−1 (region II). Relevant data are presented in Fig. 1h in the main text.  

In region I, peaks in the range 3000-2800 cm-1 arise from saturated aliphatic C−H stretching 
vibrations,10,11 and were present in both as-synthesized nanoprisms (e.g., from methylene units of 
alkyl chains) and PS-grafted nanoprisms (e.g., from the (CH)x moieties of polymer backbone).12 
We attribute the peak at 3006 cm-1 to C−H stretching of the alkene moiety (=C−H) from OA or 
OLAM.13-15 Peaks in the range of 3200-3020 cm-1 are attributed to the aromatic C−H stretching 
vibrations.12 

In region II, peak assignments are listed below: 

 1600 cm−1: N−H bending from OLAM or PEHA,11,16 or C=C stretching from the aromatic 
ring.12 

 1570 cm−1: asymmetric stretching vibration of bridging bidentate (O−C−O).17-19 

 1496 cm−1: asymmetric stretching vibration of chelating bidentate (O−C−O)18 or C=C 
stretching from the aromatic ring.12 

 1452 cm−1: C=C stretching vibration from the aromatic ring12 or the CH2 in-plane scissoring 
vibration.11,17,20-23 

 1433 cm−1: symmetric stretching vibration of O−C−O.18,21,22  

Discussion: 
 The peak at 1600 cm-1 is present in all three spectra of Fig. 1h. For as-synthesized Gd2O3 

nanoprisms, this peak arises from the N-H bending absorption of the OLAM ligands.11 
With PS-PEHA, this peak can be attributed to C=C stretching of the aromatic ring or N−H 
bending from the PEHA moiety.12,16  

 The peak at 1452 cm-1 is present in pure PS-PEHA and PS-grafted nanoprisms, but not in 
as-synthesized nanoprisms. We attribute it to the C=C stretching of the aromatic ring of 
PS12 or the CH2 in-plane scissoring vibration.11,17,20-23 
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 The peak at 1433 cm-1 is present is as-synthesized and PS-grafted nanoprisms but absent 
in pure PS-PEHA. We attribute it to symmetric stretch of O−C−O.10,21,22  

 The peaks at 1570 cm-1 and 1496 cm-1 correspond to the asymmetric stretching vibration 
of O−C−O.17-19 The energy difference between the symmetric and asymmetric O−C−O 
stretches, Δ, is diagnostic of the carboxylate’s binding motif.24-26 Δ is 137 cm−1 between 
peaks of 1570 and 1433 cm−1, corresponding to a bridging bidentate motif.13,27 By contrast, 
Δ is 63 cm−1 between peaks of 1496 and 1433 cm−1, corresponding to a chelating bidentate 
motif.13,27 

For PS-grafted Gd2O3 nanoprisms prepared via the two-step ligand-exchange protocol, we mainly 
focus on three spectral regions, namely 3200-2800 cm−1 (region I), 1750-1400 cm−1 (region II) and 
1100-1000 cm-1 (Region III). Relevant data are shown in Figure S30. 

In Region I, peaks in the range of 3000-2800 cm-1 result from C-H stretching vibrations, and were 
present in both as-synthesized alkyl-capped nanoprisms (e.g., methylene units)10,11 and PS-grafted 
nanoprisms (e.g., (CH)x moieties of the polymer backbone).12 The broad feature centered at around 
3300 cm-1 likely arises from adsorbed water molecules.28 Peaks in the range of 3200-3020 cm-1 are 
attributed to the aromatic C-H stretching vibrations.12 

In regions II and III, the peak assignments are listed below: 

 1726 cm-1 (#1) and 1674 cm−1 (#2): aromatic combination bands.12 

 1658 cm-1 (#3): C=O stretching vibration from residual DMF molecules.28 

 1600 cm-1 (#4): N−H bending from OLAM or PEHA,11,16 or C=C stretching from the aromatic 

ring.12 

 1583 cm-1 (#5), 1492 cm-1 (#8), and 1452 cm-1 (#9): C=C stretching vibrations from the 
aromatic ring. The peak at 1452 cm-1 could also arise from the CH2 in-plane scissoring 
vibration.11,12,23 

 1570 cm−1 (#6): asymmetric stretching vibration of bridging bidentate (O−C−O).17-19 

 1496 cm−1 (#7): asymmetric stretching vibration of chelating bidentate (O−C−O).17-19 

 1433 cm−1 (#10): symmetric stretching vibration of O−C−O.18,21,22 

 1084 cm-1 (#11): BF4  ions.28,29 

 1066 cm-1 (#12) and 1028 cm-1 (#13): in-plane C-H bending vibrations of the aromatic ring.12 

Discussion: 
 As shown in Figure S30, peak intensities in region I for Et3OBF4-treated nanoprisms nearly 

diminished, indicating that most native alkyl ligands were removed.   
 Peaks #1 and #2 assigned to aromatic combination bands were present for pure PS-PEHA and 

PS-grafted nanoprisms.12 Peak #3 was detected only for Et3OBF4-treated nanoprisms.   
 Peaks #4 was present in all four spectra. For as-synthesized Gd2O3 nanoprisms, it results from 

the N-H bending absorption of OLAM ligands.11 This peak intensity decreased significantly 
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for Et3OBF4-treated nanoprisms. For pure PS-PEHA and PS-grafted nanoprisms, this peak 
can be attributed to C=C stretching of the aromatic ring and the N-H bending from the PEHA 
moiety.12,16  

 Peaks #6 and #7 were still present for Et3OBF4-treated nanoprisms, even though the weak 
peak intensities of region I indicate nearly complete removal of native alkyl ligands. We 

attribute these peaks in Et3OBF4-treated nanoprisms to carbonate species (CO2
3 ) that resulted 

from adsorption of ambient CO2.10 
 Peak #11 was detected only for Et3OBF4-treated nanoprisms. 

Section 5. Calculations of pairwise van der Waals (vdW) interaction between Gd2O3 

triangular nanoprisms using a coarse-grained model 

To calculate the pairwise vdW interaction between the inorganic cores of Gd2O3 nanoprisms, we 
develop a coarse-grained model30,31 where individual prisms are discretized into small cubic 
meshes with edge length d = 0.4 nm. The pairwise vdW interaction between two meshes is30,31 

 

where  is the center-to-center distance between two meshes and A is the Hamaker constant of 

Gd2O3 interacting in a hydrocarbon medium. The parameter A can be estimated as32 

3.5 10 	 J 

where A121 = 6.8 × 10-20 J is the Hamaker constant of Gd2O3 in water,33 and A22 = 3.4 × 10-20 J and 
A33 = 7.1 × 10-20 J are the Hamaker constants of water and hydrocarbon in vacuum.32 vdW 
interactions between discretized mesh elements are assumed to be additive, and thus the total 
pairwise vdW interaction between two Gd2O3 nanoprisms of different configurations is 

 

where  is the number of meshes for one prism and  is the distance between the meshes 

i and j. The sums over i and j run over all meshes of the two triangular nanoprisms. We verified 
that using a mesh size of 0.4 nm is sufficient to ensure convergence of the summation while being 
computationally efficient. For instance, the difference between calculated vdW interaction values 
for a pair of face-to-face aligned nanoprisms is less than 3% when using a mesh size of 0.4 nm 
versus 0.2 nm. As shown in Figure S5, the vdW interactions of edge-to-edge, edge-to-vertex and 
vertex-to-vertex configurations are negligibly small compared with the face-to-face configuration. 
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Section 6. Calculations of ligand-ligand interactions between Gd2O3 triangular 
nanoprisms 

We also examine the ligand interaction energies for as-made (OA-capped) and PS-grafted Gd2O3 
nanoprisms in the dry state. The vdW dispersion interactions between two parallel interdigitated 
ligands can be calculated as34-36 

	
3
8

2
 

where  is the coefficient of the dispersion interaction between two basic units (the London 

constant),  is the contour length of the repeating unit, L is the ligand length in the solvated state, 

d is the surface-to-surface distance between adjacent nanoprisms of close-packed arrays, and D is 
the inter-chain spacing between two interdigitated ligands. In this model, the vdW dispersion 
interaction between two non-overlapping ligand chains is negligible. 

The elastic repulsion energy between two compressed ligands is given by35 

1
2

2  

where E is the elastic modulus of ligand molecules.  is the cross-sectional area upon which the 

compressive force is applied.  

(1) For oleic acid, 1.33 10 	 J ∙m ,  = 0.127 nm , L = 2 nm, D = 0.49 nm, E = 1 GPa, 

A0 = 0.25 nm2.34,35,37 The calculated ligand interaction energies as a function of NC surface-to-

surface distance are shown in Figure S6b. An energy minimum of 0.83 kBT is found at 3.8 nm. 

This result is in good agreement with our experimental results (Figure S9).  

(2) For PS,  = 0.25 nm , D = 0.4 nm, E = 3 GPa, A0 = 0.64 nm2.36,37  is calculated based on 

the Hamaker constant of PS, the Hamaker constant of PS ( 6.50 10 	 J ), using the 

relationship .32 Here, ρ is the number density of the repeating unit, which is 

calculated as 	 ⁄ 	 6.07 10 	 m . M0 = 104.15 g/mol is the molar mass of 

PS repeating units, ρ  = 1.05 g/cm3 is the density of PS and A is Avogadro's number. The length 

L of PS ligands is estimated based on dynamic light scattering (DLS) measurement results of 
spherical 4.5 nm Au NCs densely grafted with the same PS ligands: L = 2.5 nm for 1.8 kDa PS, L 
= 2.9 nm for 2.6 kDa PS and L = 3.4 nm for 3.4 kDa PS. The calculated interaction energies for 
different PS ligands as a function of NC surface-to-surface distance are shown in Figure S6c-e. 
The energy minima are found at 4.6 nm, 5.3 nm, and 6.2 nm for 1.8 kDa, 2.6 kDa, and 3.4 kDa PS 
ligands, respectively. In the solid state, vdW attractions between the Gd2O3 cores are basically 
negligible compared with interactions from the ligands. 
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Section 7. Density functional theory (DFT) calculations of ligand binding on Gd2O3 

triangular nanoprisms 

We performed DFT calculations to assess the binding energies of oleic acid (or oleylamine) on the 
(001) (or (100)) surface of Gd2O3 triangular nanoprisms. Our DFT calculations were based on the 
projector augmented wave (PAW) method38 implemented using the Vienna ab initio simulation 
package (VASP).39 The Perdew-Burke-Ernzerhof (PBE) approximation was used to describe the 
exchange and correlation functionals.40 The plane-wave cutoff energy was set to 400 eV, the 
Hellmann-Feynman force on each atom was smaller than 0.01 eV Å−1, and the total energy 

converged to 10  eV for structural optimization. Gd2O3 was modelled by a 2 × 2 supercell and a 

vacuum space of 20 Å was added between adjacent supercells. Gd2O3 (001) and (100) surfaces 
were modelled by a five-atomic-layer slab and a six-atomic-layer slab, respectively. Atoms of the 
upper two layers were allowed to relax while those of the lower layers were fixed at their bulk 
positions. The 12 × 12 × 1 gamma-centered Monkhorst-Pack k-point mesh was used. 

To increase computational efficiency, methylamine, formate, or formic acid was substituted for 
oleylamine, oleate, or oleic acid, because ligands coordinate to NCs only through the end 

functional group.41-43 The binding energy of an adsorbate ads is given by 

	 	 	 	 	 	 	 	 4  

where , , and  represent the relaxed total energy of the whole 

system (i.e., adsorbate plus Gd2O3 slab), the energy of the (001) (or (100)) surface of Gd2O3, and 
the energy of the adsorbate, respectively. As a result, more strongly bound adsorbates correspond 
to more negative binding energies. Both chelating and bridging bidentate motifs were considered 
for formate adsorbate. 

Results of DFT calculations are presented in Table S4. It is found that the binding energy of 
different adsorbates on the Gd2O3 (001) surface is generally higher than that on the (100) surface, 
indicating that ligands bind more strongly to the basal planes of the triangular prism than its side 
planes. Specifically, methylamine has lower binding energies compared with formate or formic 
acid, suggesting that for as-synthesized Gd2O3 nanoprisms, OLAM binds weaker to Gd2O3 
compared to OA as ligands. Furthermore, formate on Gd2O3 (001) surface has the highest binding 
energy among different combinations of adsorbate and Gd2O3 surfaces examined, being 

1.647 eV for the bridging bidentate mode and 1.338	eV for the chelating bidentate mode. By 

contrast, the chelating bidentate mode is unstable for formate adsorbed on the Gd2O3 (100) surface. 
Upon relaxation, formate on the Gd2O3 (100) surface adopts a bridging bidentate binding mode 

with the binding energy of 1.173  eV. Taken together, DFT calculations suggest that (1) 

compared with oleate, the oleylamine ligands of Gd2O3 nanoprisms can be more easily displaced 
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during ligand-exchange with PS-PEHA, and (2) oleate binds more strongly to the (001) basal 
planes than the (100) side planes of nanoprisms. 

Section 8. TEM image processing and analysis to quantify translational and 
orientational order of nanoprism superstructures 

A simplified flowchart of the image processing and analysis procedure is presented in Figure S18. 
Raw TEM images were processed by using the open-source software ImageJ (Figure S19).44 First, 
a low-pass filter was applied to reduce image noise by using the Gaussian Blur tool. Next, a 
threshold value was carefully selected to ensure that the contours of individual NCs were identified 
accurately. The image was then binarized and the Analyze Particles tool was used to determine the 
size and the coordinates of the centroid of each NC. Lastly, the retrieved centroid locations were 
overlaid with the original TEM image using a custom written MATLAB script to check the 
accuracy of particle centroid detection.      

The spatial distribution of NCs for each superstructure was quantified by calculating the radial 
distribution function g(r) using customized MATLAB codes. g(r) gives the probability of finding 
another particle at a given distance r from the reference particle and is defined as45  

	  

where  is the particle number density at the distance  and ρ  is the average particle 

number density (Figure S20). A periodic boundary correction was applied to account for the 

limited field-of-view of TEM images.46 Peak linewidths and the spatial decay of  were 

correlated with the degree of translational order. We set the first minimum after the first peak of 

 as the threshold of the first nearest-neighbor distance.30,47 Likewise, the second and the third 

nearest-neighbor bond lengths were defined by locating the second and third peaks of g(r). For 

cases where peaks of  were strongly overlapping and bond length alone became inadequate 

to differentiate different neighboring NCs, dual criteria of bond length and bond angle was used. 
The bond networks of the p6m-type superstructure based on different types of nearest neighbors 
(i.e., first, second and third nearest neighbors) are shown in Figure S20. 

To quantify the local translational order of nanoprism superstructures, bond-orientational order 

parameters were used. The six-fold bond-orientational order parameter  for a two-

dimensional system is given by30,48-50 

1
exp 6  



  

13 

where i is the imaginary unit,  is the angle between the bond connecting particle j and its 

nearest neighbor particle k and an arbitrary reference axis, and N is the number of nearest neighbors 

of particle j. Likewise,  was used to characterize the four-fold symmetry of the 

superstructures. | | 1 (| | 1) indicates perfect hexagonal (tetragonal) order, whereas 

| | 0  ( | | 0 ) corresponds to the lack of 6-fold (4-fold) bond-orientational order.. 

Representative TEM images of the p6m-type superstructure color-coded according to the value of 

| | (and | |) indicate a high (low) six-fold (four-fold) bond-orientational order (Figure S20h-

i). Furthermore, the global bond-orientational order parameters can be calculated as51-53 

〈 〉 	 	 	 and	 	 	 〈 〉  

where the angled brackets represent averaging over all particles on the TEM image. The pmg-type 
structure is characterized by intermediate values of six-fold (four-fold) bond-orientational order 

parameter  ( ), which are higher than that of the p2 phase (Fig. S21). The p6m phase has 

an essentially unity   and a close-to-zero  , corresponding to nearly perfect hexagonal 

order. Considering the three-fold symmetry of triangles, not all neighbors can be aligned anti-
parallel when the coordination number exceeds three (e.g., the pmg-type structure in Fig. 2k).   

To quantify the orientational order of nanoprism superstructures, we define the angle  as the 

angle between the horizontal x-axis and the line connecting the center and one vertex of individual 
triangular nanoprisms (Figure S20m). Only angles that fall into the range of 0° and 120° were 
selected owing to the three-fold rotational symmetry of triangles. Moreover, the three-fold 

orientational correlation function  was calculated as30,53 

〈cos 3 〉 

where  is the angle of the reference particle and  is the angle of an m-th nearest neighbor. 

The angled brackets denote averaging over all pairs of reference particles and its m-th nearest 

neighbors. 1 1 ( 1) indicates that all nearest neighbor triangles are parallel (anti-parallel) 

aligned. Representative TEM image of the p6m-type superstructures with individual nanoprisms 

color-coded according to their  values clearly show the antiparallel alignment between 

nearest neighbors (Figure S20n). Furthermore, the global m-fold orientational order parameter can 
be calculated as53,54 

〈exp	 〉  

where  is the angle of particle j with 0° ≤  ≤ 120°. We used the combination of  and  

to characterize the orientational order of superstructures. 0  indicates a fully 

orientationally amorphous or an ideal plastic phase, whereas 0 and 1 is expected 

for perfectly orientationally ordered superstructures with wallpaper groups p6m, pmg, and p2. 
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Section 9. Calculation of densest packings   

Spherotriangles are defined mathematically as the Minkowski sum of a triangle and a disk. They 

have two geometric parameters, triangle edge length ℓ and disk radius . The dimensionless 

rounding parameter is then defined as / ℓ  with 0 corresponding to a triangle 

and 1 corresponding to a disk. Additionally, we will commonly use the height ℓ√3/2, 

the area of the triangle ℓ ℓ √3/4 , and the area of the spherotriangle ℓ,
ℓ 3ℓ . Details of the geometric construction in this Section are shown in Figure 

S23. We consider each symmetry separately. 

p6m. The particle centers form a regular hexagon with side length ℓ, 2 2/3 . Its 

area is ℓ, 6 . Each spherotriangle contributes one third of its area to the 

hexagon, thus the highest packing of p6m is 

p6m ℓ,
2 ℓ,

ℓ,
. 

pmg. A shaded rectangle in Figure S23 characterizes the unit cell area of the pmg phase. In a flat 

configuration, the particles centers are displaced vertically by /3. The height is the same as that 

of the spherotriangle, 2 . The width is the sum of the half-triangle width ℓ/2 and 

the spacing added due to the disk, 2 / cos /6 . Due to the tilt of the spherotriangle sides, we 

have the additional factor 1/ cos π/6 . Thus ℓ/2 2 / cos /6 . So far, the highest 

packing is 

flat pmg ℓ,
ℓ,

. 

In the non-flipped configuration, this equation remains valid as long as the spherotriangle sides 

within a row are in touch, or ℓ . 

In the flipped configuration, the equation remains valid as long as the spherotriangle sides between 

rows remain in touch, or ℓ/2 4 /√3. With 4 /√3 ℓ/2 the sideways spacing between 

spherotriangles of different rows requires a correction. Let / tan /3  and 2 . 

With the law of cosines, we get √3 /2 3 4 4 /2. If we move every other 

column of spherotriangles upwards by √3/2, the width can be reduced to ′

ℓ/2 / tan /6 . The resulting packing fraction is 

rounded pmg ℓ,
ℓ,

′
. 
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p2. With a bit of sliding, non-flipped pmg can be compressed further. As a first step, we slide the 
rows along each other. We gain some space to move columns in the 30° direction and compress 
the structure. In the compressed structure, spherotriangles that start in vertex-to-vertex contact will 
also be in contact with a triangle neighboring their first contact. From the geometry (Figure S23), 

we learn that the vertical shift is 2 2 2/3 , the length of the second shift is 

/ sin /3 , and the length of the horizontal shift is 4 2 2/3 /√3 . In the first step, 

we shear lines without changing the area of the unit cell. In the second step, we translate the plane 

flat	pmg , 	 flat	pmg  by sin /3 , 	cos /3 . The area is reduced by the 

enclosed parallelogram, ∆ | |. The packing fraction is 

p2 ℓ,
ℓ,

∆
. 

Section 10. Determination of the hard spherotriangle phase diagram 

Local order characterization. To identify wallpaper group symmetry and structure in 
simulations, we look at local order. With the shortest observed particle center-to-particle center 

distance , we consider all bonds that are shorter than 1.3 . These bonds form a polygonal 

network. Polygons are easily distinguished if their numbers of vertices are different (Figure S24). 
Hexagons dominate in both the p6m phase and the p2 phase. To distinguish these hexagons, we 

analyze rotational symmetry. For every rotation /3 with 0,1,… ,5, we calculate the 

mean squared distance  from the point it should coincide with. If /4 

(respectively 0.06 ℓ  for hard particle systems), a rotation is considered to match 

sufficiently well. 

In the pmg phase, particle centers form triangles and parallelograms, in the plastic phase mainly 
triangles. If the orientations match well enough, the polygon is assigned the pmg phase, otherwise 
it is assigned the plastic phase. Ordered structures of triangles contain two orientations. In 
combination with the three-fold symmetry of triangles, orientation angles are considered up to a 

modulo of 60○. To decide whether orientations match well enough, we pick one orientation as 

reference. Orientations are rotated according to six-fold symmetry such that they are closest to the 

reference. From these, the mean and variance  are calculated. If / /3 0.25 /6 

(respectively / /3 0.2 /6 for hard particle systems), the fluctuations of orientations 

are low enough to exclude the plastic phase. Note that  is well-defined only if the orientations 

fluctuate weakly, which is the only case we are interested in here. 

Once all possible triangles, parallelograms, and hexagons have been analyzed in each 
configuration of particles under investigation, we count all polygon types. If more than 25% 
matches are found compared to the number expected in a reference configuration (among the 
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phases p6m, pmg, p2, plastic), the configuration is considered as detected. If no reference reaches 
that threshold, the system is considered as disordered. 

Monte Carlo simulations with the hard spherotriangle model. We perform hard particle Monte 
Carlo simulations using the HPMC55 package in HOOMD-blue.56 Particles have the shape of 
spherotriangles. All simulations are initialized in the pmg phase and performed in the isochoric 
ensemble with flexible shear and aspect ratio changes enabled using the boxMC updater to 
minimize finite-size effects. Phase diagrams are generated by analyzing the local symmetry of all 
particles at the end of each simulation. Examples of the analysis are shown in Figure S25. 

Section 11. Coarse-grained simulations of attractive triangles 

The literature discusses several models for interacting polymer ligand brushes with two main 
trends: exclusively repulsive57,58 and attractive.58-61 Attraction can be the result of van der Waals 
forces and has also been attributed to entropic effects, possibly mediated by the solvent, for 
example in simulations of nanoparticles with oleic acid ligands59,60 and between nanowires.60 
Attraction is particularly common for short ligand chains and at high ligand grafting density with 
the length scale of attraction comparable to the contour length of the ligand molecule, although 
ligands need not remain straight at low grafting density. In any case, the strength of interactions 
between nanoparticles, both attractive and repulsive, grows to good approximation linearly with 
the contact area between the ligand shells. 

We model the interaction between two triangular nanoprisms using the Derjaguin approximation62, 

which evaluates the interaction of two bodies using an isotropic pair potential pair. The Derjaguin 

approximation approximates the interacting areas by a set of parallel plates, for which the 

interaction is known. The approximation assumes that the effective interaction energy  is the 

integral over the interacting area, 

pair , , 

with ,  as a function of spacing at point , . 

For all given literature examples, symmetries define the plane of the integral. For arbitrarily rotated 
triangles no such symmetries exist. To avoid an influence from an arbitrary choice of plane, we 
modify the integral. Inspired by van der Waals interaction, the integral is computed over the 
surface of both shapes A and B, 

pair | | .	 	 	 	 	 	 	 	 5  
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We can also define an energy per surface area of the ligand brush on one of the shapes (here chosen 

is shape ) as ∮ pair | | . This energy per surface area is shown in Fig. 3d. 

The exact form of the pair potential  is not essential for our results. But we know that short 

ligands and brushes with high grafting densities are typically attractive in the absence of NC 
charging,59,60 and that the softness of a polymer brush varies with length of the chains.58 We can 
thus assume repulsion at short distances, moderate attraction at intermediate distances, and need a 
parameter to control the width of the attractive well. All these conditions are fulfilled by the Morse 
potential, which is our potential of choice in this work. The Morse potential has been used in 
previous works successfully63. It is given by 

pair 2 . 

The Morse potential has three parameters: 

(1) The minimum distance  should be close to 2  when considering the interaction of 

two nearly hard spherotriangles. Instead of , we use the dimensionless brush parameter 

rounding / 2ℓ  in the main text. Rounding  was introduced already in 

Section 9 for hard spherotriangles. It is a function of ligand brush thickness, which is 
affected in experiment by the chain parameters ligand length and grafting density. For high 
grafting density, brush thickness is expected to be comparable to ligand length. But for mid 
to low grafting density, ligands may bend, and the effective brush thickness can become 
smaller than ligand length. Chain dispersity and chain distribution may also affect the 
rounding parameter. 

(2) The parameter  is an inverse potential well width. Instead of , we use the 

dimensionless brush parameter ℓ  in the main text. We term  the softness of 
the ligand brush in the attractive triangle model. In the interaction potential, softness 
describes the sharpness of the transition from steric repulsion to vdW attraction. Mapped 

to experiment,  is a function of all four chain parameters ligand length, grafting density, 

chain dispersity, and chain distribution. 

(3) The attraction strength  introduces an energy scale. It is only relevant when considering 

thermal motion. Attraction strength can change as a function of ligand chain parameters, 
in particular ligand length and grafting density. We expect attraction strength to change, 
possibly by orders of magnitude, during the drying process as the solvent leaves the system. 
From the observation that NCs are well dispersed during the early stage of drying but 
eventually form ordered films and free-standing supracrystals during the drying process, 
we know that attraction strength must increase significantly during our drying experiments. 
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We solve the integral in Eq. (5) numerically in preparation of the molecular dynamics simulation 
with Monte Carlo integration. For this, we create a precomputed table to store the interaction 
potential. The force is calculated using linear interpolation between tabulated energy values. The 
tables contain 400 entries for the center-to-center distance and 180 entries for the orientation of 
each triangle, where we do consider the three-fold symmetry of the particles. A visualization of 
the tabulated interaction in form of a pair potential map is shown in Figure S26 with a particular 
choice of relative orientation included in the main text as Fig. 3c. 

An equivalent interaction potential may be constructed with a multi-sphere approach in DEM. 
Instead of solving the integral numerically, the outline of the triangle would then be approximated 
by discrete interaction points. Every pair of points on the two interacting triangles interacts with 

the potential . The DEM approach is superior for small systems, or to consider many 

different parameters. For large systems and when considering many thermodynamic conditions 
(i.e., temperature, pressure) the overhead of precomputing all possible interactions as conducted 
by our tabulation approach is negligible compared to the time needed to evaluate interactions 
during the simulation. 

Simulations of the attractive triangle model were performed with an in-house molecular dynamics 
code. Simulations were initialized in the pmg phase and ran at fixed simulation box volume. The 
aspect ratio of the simulation box was kept variable by including Monte Carlo box update moves. 
The system was slowly thermalized to the desired temperature with a Bussi-Donadio-Parrinello 
thermostat64 to allow sufficient time for melting and recrystallization with a different wallpaper 
group.  
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Figure S1. Statistical analysis of nanoprism size based on particle tracking of TEM images. Representative 
TEM image and size distribution histograms for (a,b) small and (c,d) large triangular nanoprisms. (e,f) 
Representative TEM image and thickness distribution histogram of large nanoprisms. The black curves 
represent a Gaussian fit to the corresponding distribution histogram. Scale bars: (a,c) 100 nm; (e) 50 nm. 
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Figure S2. (a) Powder XRD pattern of as-made Gd2O3 triangular nanoprisms. The vertical sticks at the 
bottom indicate the simulated XRD pattern of hexagonal phase Gd2O3. (b) (upper left) Unit cell of the 
hexagonal phase Gd2O3 and crystal structure models viewed along the [001] and [120] zone axes with the 

unit cell indicated (black lines). The (100), (210) and (001) crystal planes are highlighted using red, blue 

and purple dashed lines, respectively.  

 
Figure S3. Comparison of crystal structures of the cubic phase and the hexagonal phase of Gd2O3. Unit cell 
and structure models viewed along the (top row) [111] and the (bottom row) [001] zone axes. 
Representative AC-STEM image (bottom right) acquired from a single nanoprism with electron beam 
orthogonal to its basal planes reveals a honeycomb arrangement of the cation lattice. Edge-view TEM 
images revealed that individual nanoprisms comprise of four layers of cations in thickness (not shown), 
which contradicts the cubic crystal structure but supports the hexagonal crystal structure. Of note, the 
hexagonal crystal structure was previously reported for La2O3,65 Nd2O3,66 and Gd2O3.67  
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Figure S4. (a,c) Low-magnification and (b,d) high-magnification TEM images of linear stacks of as-made 
Gd2O3 triangular nanoprisms (edge length: 23.5 nm) formed via self-assembly on top of an EG sub-phase 
(a,b) and by drop-casting of nanoprism solution onto a carbon-coated copper TEM grid. Scale bars: (a) 200 
nm, (b, c) 50 nm, and (d) 20 nm.  
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Figure S5. Distance-dependent pairwise vdW interactions calculated for (a) small (17.0-nm edge length) 
and (b) large (23.5-nm edge length) Gd2O3 triangle nanoprisms at four distinct configurations. 
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Figure S6. (a) Schematic illustration of interpenetrating polymeric ligands tethered to a pair of opposing 
flat surfaces. (b-e) Attractive vdW interaction energy (blue dashed line), repulsive elastic energy (red 
dashed line) and their sum (black line) for a pair of surface-bound OA ligands (b), 1.8 kDa PS (c), 2.6 kDa 
PS (d) and 3.4 kDa PS at different distances. The location and depth of total energy minima are denoted 
using black dashed arrows.  
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Figure S7. TGA results of as-made and PS-grafted Gd2O3 nanoprisms (edge length: 23.5 nm) obtained 
using the direct ligand-exchange method. 

 
Figure S8. FTIR spectra of several rare-earth metal oxide nanocrystals synthesized using similar protocols 
as the Gd2O3 triangular nanoprisms in this work. All spectra share the following set of peaks: 3010-2800 
cm-1 (C–H stretch), 1600 cm-1 (N–H bending), 1570 cm-1 (asymmetric stretching vibration of bridging O–
C–O), 1465 cm-1 (CH2 in-plane scissoring vibration), and 1433 cm-1 (symmetric stretch of O–C–O). 
However, the FTIR spectrum of Gd2O3 nanoprisms showed an additional peak centered at 1496 cm-1, which 
we attribute to the asymmetric stretching vibration of chelating O–C–O.  
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Figure S9. (a) Nearest-neighbor distances measured from vertically standing linear stacks of as-made (i.e., 
OA-capped and OLAM-capped) and PS-grafted Gd2O3 nanoprisms (edge length: 23.5 nm) obtained using 
the direct ligand-exchange method. (b) An example of the measurement of the nearest-neighbor face-to-
face distance from self-assembled PS-grafted nanoprism superstructures with co-existing horizontally lying 
and vertically standing domains and (c) corresponding line profile along the red dashed line indicated in 
(b). Scale bar: 50 nm. 

 
Figure S10. (a) Tapping-mode AFM image of ordered superstructures comprised of PS (8.2 kDa)-grafted 
Gd2O3 nanoprisms (edge length: 23.5 nm) obtained using direct ligand-exchange method. (b) 
Corresponding height profile across four nanoprism layers near the edge of a superstructure domain. The 
average layer spacing is determined to be 5.4 nm.  
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Figure S11. (a) Schematic illustration of distinct planar wallpaper symmetries using triangular prisms as 
tiles, as well as the unit cell and symmetry operations of each superstructure. (b) Schematic illustration of 
the structural relationship of p6m-type, p2-type, and pmg-type superstructures.  
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Figure S12. (a-e) Low-magnification TEM images of ordered superstructures self-assembled from PS-
grafted Gd2O3 nanoprisms (edge length: 23.5 nm) with different ligand length prepared by using the direct 
ligand-exchange method. (f) TEM image of co-existing pmg-type (majority phase) and p2-type (minority 
phase) ordered superstructures comprised of 8.2 kDa PS-grafted nanoprisms.  
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Figure S13. (a-e) TEM images of superstructures self-assembled from PS-grafted Gd2O3 nanoprisms (edge 
length: 17.0 nm) with different ligand length prepared by using the direct ligand-exchange method. (f) TEM 
image of co-existing pmg-type and p2-type ordered superstructures comprised of 2.6 kDa PS-grafted 
nanoprisms. Scale bars: 100 nm.  
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Figure S14. Low-magnification TEM image of pmg-type superstructures self-assembled from PS (2.6 
kDa)-grafted Gd2O3 nanoprisms (edge length: 17.0 nm) prepared by using the direct ligand-exchange 
method.  
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Figure S15. Representative TEM images of assemblies of PS-grafted Gd2O3 nanoprisms (edge length: 23.5 
nm) made with the direct ligand-exchange method using suboptimal feeding grafting densities of PS-PEHA 
ligands. The feeding grafting densities of PS-PEHA are: (a) 9.0 nm-2, (b) 9.2 nm-2, (c) 9.0 nm-2, (d) 4.1 nm-

2, (e) 2.1 nm-2, (f) 2.1 nm-2, (g) 2.1 nm-2 and (h) 1.5 nm-2. Scale bars: 100 nm. 

 

 

 
Figure S16. TEM images of (a) two-dimensional and (b) three-dimensional assemblies of OLAM-capped 
Au nanocrystals and (c) size distribution histogram. The inset of panel (b) is the corresponding FFT pattern. 
Scale bars: (a) 20 nm, (b) 50 nm, and inset of (b) 2 nm-1.  
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Figure S17. (a-g) Representative TEM images, corresponding FFT patterns (insets), and calculated (g) 
radial distribution functions of two-dimensional assemblies of 4.5-nm Au nanocrystals grafted with PS-
PEHA ligands of different Mn. Scale bars: 30 nm (main image), 0.2 nm-1 (insets).  



  

32 

 

Figure S18. Flowchart of general image processing and analysis procedure. 

 

 

 
Figure S19. Flowchart and exemplary data illustrating the particle contour-finding and centroid-detection 
process.  
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Figure S20. Analysis of translational and orientational order of the p6m-type superstructure. (a) Original 
TEM image and (b) plot of triangle centroids obtained from image-analysis procedure outlined in Figure 
S19. (c) Radial distribution function g(r) computed based on the positions of particle centroids. (d-f) TEM 
images and overlaid bond networks of the first (d), the second (e) and the third (f) nearest neighbors for the 
p6m-type superstructures self-assembled from PS-grafted nanoprisms (edge length: 23.5 nm). Notably, two 
thirds of the bonds in (e) and (f) are omitted for clarity. (g) Plots of the distribution of the first three nearest 
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neighbors around a reference particle. (h-i) TEM images color-coded according to the modulus of four-fold 

and six-fold local bond orientational order parameters  and , respectively. The global bond 

orientational order was determined to be 0.009  and 0.892 . (j) TEM image color-coded 

according to the number of first nearest neighbors. (k) Polar histogram of bond orientation between nearest 
neighbors. (l) Contour-finding (red dashed lines) and determination of the orientation of individual triangles 
defined as the angle between the cyan line and the horizontal x-axis. (m) TEM image color-coded according 
to the orientation of individual triangles. (n) TEM image color-coded according to the three-fold 

orientational correlation function 1  of individual triangles which shows the perfect antiparallel 

alignment between nearest neighbors for the p6m-type superstructure. (o) Polar histogram of triangle 
orientations. The three-fold and six-fold global orientational order parameters of the p6m-type 

superstructure were determined to be 0.001 and 0.976. Scale bars: (a) 100 nm, (d) 20 nm, 

(h) 100 nm, (l) 20 nm.  
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Figure S21. Analysis results of translational and orientational order of different nanoprism superstructures. 
The first and the second columns show TEM images color-coded according to the modulus of four-fold and 

six-fold local bond orientational order parameters  and , respectively. TEM images in the third 

column are color-coded based on the angle  of individual triangles, which is defined as the angle 

between the horizontal x-axis and the line connecting the triangle center to one of its vertices 

(0° ≤  ≤ 120°). TEM images in the fourth column are color-coded according to the three-fold orientational 

correlation function 1  of individual triangles. Scale bars: 30 nm.  
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Figure S22. (a) Definition of geometric parameters for the pmg-type superstructure. (b) Exemplary polar 

histograms of bond orientation as well as orientation of individual triangles edge-to-edge α

√3/3L and √3/2 	 , where d1 and d2 are the bond lengths of first and second 

nearest neighbors derived from radial distribution function g(r). L is the edge length of nanoprisms, and  

is the average of angles 1 and 2, which were derived from the bond angles and triangle orientational 

angles. The calculated distances are shown in Figure 2m. (c-h) TEM images and overlaid bond networks 
for pmg-type superstructures self-assembled from PS-grafted nanoprisms (edge length: 23.5 nm). The 
nanoprism building blocks were prepared through direct ligand-exchange with PS-PEHA of different Mn 
as indicated on the images. The bonds between first and second nearest neighbors are colored in yellow and 
cyan, respectively. Below each TEM image are the corresponding polar histograms of bond orientation 
(blue) and triangle orientation (red). Scale bars: 50 nm.  
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Figure S23. Geometric constructions used in the analytic densest packing calculations. The spherotriangle 
centers in the p6m phase forms regular hexagons. The calculation of pmg and p2 starts from a 
parallelogram. The structure can be compressed further by including small lattice shifts. The densest 
packing of pmg (rounded) and p2 is calculated as deviation from pmg (flat) due to small lattice shifts. 

 
Figure S24. The coordinate polygons obtained by connecting nearest-neighbor spherotriangle centers are 
analyzed to automatically identify the local structure of spherotriangles found in computer simulations. The 
characteristic coordination polygon of the p6m phase is a regular hexagon. The characteristic coordination 
polygon of the p2 phase is a deformed hexagon with inversion symmetry. The characteristic coordination 
polygon of the pmg phase can be parallelograms (as shown) and triangles (not shown) based on the choice 
of nearest-neighbor distance cutoff. Because plastic crystals also form triangles, we also consider 
spherotriangle orientations in a second step.  

D
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Figure S25. Examples of local environments and their analysis for the hard spherotriangle model. The first 
row contains one selected example from the hard spherotriangle simulations for each structure (p6m, p2, 
pmg, plastic). Connection of nearest-neighbor particle centers describe polygons (second row). The third 
row contains polygons colored by the local structure as described in Figure S24: blue for p6m, green for 
p2, orange, and red for pmg. All other polygons are colored by shades of gray. The same shade of gray 
corresponds to polygons with the same number of vertices. Polygons with eight or more vertices are not 

colored. Rows show simulations at the parameter sets , 	 0.1, 0.9 , 0.2, 0.9 , 0.3, 0.9 , and 

0.4, 0.8 .  



  

39 

 
Figure S26. Pair potential maps of triangles with attractive ligand brushes described by the Derjaguin 
approximation are precomputed and tabulated in three-parameter tables. The parameters are relative 

orientation 	 and relative translation by the vector ,  as shown in the left column, where we fix in 

each row the parameter  and vary the other two parameters  and . The coordinate system was chosen 

by fixing the first triangle and moving the second triangle, which affects the interaction area (middle 
column). In the potential maps (right column), red color denotes repulsive potential and blue marks 
attraction. Relative translations with intersecting triangles are blank. The attractive triangle model captures 
the rounding effect of ligand brushes and a varying interaction strength depending on the amount of ligand 

brush contact fully automatically. Potential parameters: rounding 0.2, softness 0.1. 
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Figure S27. (a) Phase diagram of the attractive triangle model varying the ligand brush parameter softness 

ℓ  and the ligand brush shape parameter rounding  at density 0.9 . Each data point 

originates from a simulation cooled down to B 10 . The phases p2 and p6m are separated by a 

line with constant . Thus, for short-range attractive forces, ≪ ℓ, the phase diagram collapses to a 

line varying in . We also include the derived parameter 2 2 ℓ as the right axis and the derived 

parameter ℓ / 1  as the top axis for nanoprisms with edge length ℓ 23.5	 nm . When 

mapped to the experiment, these parameters can be interpreted as the thickness of the ligand brush 

(responsible for the rounding of the spherotriangle shape with a disk of radius D) and the ligand brush 

boundary width (i.e., related to the steepness of the pairwise interaction potential between two attractive 
triangles in opposite orientation). (b) Sketch of the ligand brush around a triangular nanoprism (gray) 
together with the expected ligand brush density. The ligand brush density is drawn as half of a sigmoid 

function decaying to zero near the ligand brush thickness D within the distance 2 . 
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Figure S28. Examples of local environments and their analysis for the attractive triangle model with focus 
on the appearance of the energetically favored p2 phase. The first row contains one selected example each 
from the attractive triangle simulations for (a) the energetically favored p2 phase and (b) the p6m phase. 
The second row and the third row follow the conventions of Figure S25. The included cuts (right columns) 
highlight the local arrangement. The triangle vertices are packed more densely for the energetically favored 
p2 phase and a deviation from six-fold symmetry can be observed. This deviation is weak for the example 

shown here because it is the endpoint of the simulation at very low temperature (or high ), however is 

more pronounced in other regions of parameter space. Shown are the parameter sets , , / B

0.025, 	0.01, 200  in (a) and 0.050, 	0.01, 200  in (b).  
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Figure S29. Examples of local environments and their analysis for the attractive triangle model with focus 
on the appearance of the entropically favored p2 phase. The first row contains one selected example each 
from the attractive triangle simulations for (a) the p6m phase and (b) the entropically favored p2 phase. The 
second row and the third row follow the conventions of Figure S25. The included cuts (right columns) 
highlight the local arrangement. More fluctuations are possible in the p6m phase. The deviation from six-
fold symmetry in the entropically favored p2 phase is larger than that of the energetically favored p2 phase 

shown in Figure S28. Shown are the parameter sets , , / B 0.05, 	0.01, 0.5  in (a) and 

0.15, 	0.01, 0.5  in (b).  
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Figure S30. (a) FTIR spectra of as-made nanoprisms, Et3OBF4-treated nanoprisms, pure PS-PEHA ligands 
and PS-grafted nanoprisms obtained using the two-step ligand-exchange method. The yellow band 
highlights aromatic C–H stretches from PS-PEHA. (b) Expanded view of the spectral region 1750-1000 
cm-1 shown in (a).  
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Figure S31. Plot of grafting efficiency versus feeding grafting density for three PS-PEHA ligands used for 
two-step ligand-exchange. The grafting efficiency of PS-PEHA is quantified as the ratio between the actual 
grafting density determined from TGA and the feeding grafting density. The dashed line on the graph is 
provided as a guide to the eyes. Raw data are shown in Table S6. The halide end-functionality of PS-Br 
quantified by using NMR (90% for 1.8 kDa PS-Br, 93% for 2.6 kDa PS-Br and 93% for 3.4 kDa PS-Br) 
has been taken into account for calculations of grafting efficiency.  

 
Figure S32. (a) Nearest-neighbor distances measured from vertically standing linear stacks of PS-grafted 
Gd2O3 nanoprisms (edge length: 23.5 nm) prepared using the two-step ligand-exchange method. (b) An 
example of measurement of face-to-face distance Dsurface for 2.6 kDa PS-grafted nanoprism stacks and (c) 
corresponding line profile along the red dotted line indicated in (b). Scale bar: 20 nm.  
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Figure S33. Low-magnification TEM image of p2-type superstructures self-assembled from 1.8 kDa PS-
grafted Gd2O3 nanoprisms (edge length: 23.5 nm) prepared using the two-step ligand-exchange method. 
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Figure S34. Low-magnification TEM image of p6m-type superstructures self-assembled from 2.6 kDa PS-
grafted Gd2O3 nanoprisms (edge length: 23.5 nm) prepared using the two-step ligand-exchange method. 
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Figure S35. (a) Exemplary TEM image and (b) corresponding FFT pattern of p6m-type superstructures. 
The set of planes in (a) and the corresponding spots (solid circles) on the FFT pattern in (b) are color 
matched. (c) Definition of interplanar spacing D1 and D2 and (d) calculation of edge-to-edge distance 
between nearest-neighbor triangles d1. Scale bars: (a) 50 nm, (b) 0.05 nm-1.  
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Figure S36. (a) Exemplary TEM image and (b) corresponding FFT pattern of p2-type superstructures. The 
set of planes in (a) and the corresponding spots (solid circles) on the FFT pattern in (b) are color matched. 
α denotes the acute angle between the red and blue lines. (c) Schematic illustration of the p2-type 
superstructure and an individual parallelogram (pink) from which the edge-to-edge distance between 
adjacent nanoprisms can be calculated. Of note, the triangles can rotate slightly within the confines of the 
parallelogram without altering the peak positions in the FFT pattern. (d-f) Schematic illustration of the three 
different orientations of the nanoprism pair with respect to the parallelogram. α1 denotes the angle between 
the height of the upper triangle and the red line. (d) α1 = αmax = α – 30°, (e) α1 = αmin = 30° and 
(f) 30° < α1 < α – 30°. The edge-to-edge distance d can be calculated once properties of the parallelogram 
(from FFT) and the value of α1 (from TEM image) are known. Scale bars: (a) 30 nm, (b) 0.25 nm-1. 
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Figure S37. (a-c) Exemplary TEM images and (d-f) corresponding FFT patterns of p2-type superstructures 
formed with large Gd2O3 nanoprisms grafted with (a) 1.8 kDa, (b) 2.6 kDa and (c) 3.4kDa PS-PEHA ligands. 
Arrows on the TEM images and the corresponding spots (solid circles) on the FFT patterns are color 
matched. The red dashed arrows indicate the layering direction, which is normal to the largest periodicity 
based on FFT analysis. In contrast to the p6m-type superstructure, an angular offset is found between the 
triangle edge and the layering direction for p2-type superstructures. This offset increases with PS-PEHA 
chain length. (g) Starting from the experimentally observed configuration in (c,f), we estimate that nearly 
6% loss in edge-to-edge overlap area will result after synchronous anti-clockwise rotation of all four 
triangles such that their edges become parallel to the layering direction as indicated by the red arrow. Scale 
bars: (a-c) 20 nm, (d-f) 0.04 nm-1.  
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Figure S38. (a-c) Additional SEM images of hexagonal disk-shape supercrystals self-assembled from 2.6 
kDa PS-grafted Gd2O3 nanoprisms (edge length: 23.5 nm) prepared using the two-step ligand-exchange 
method. (d) Distribution histogram of the edge length of hexagonal disk-shape supercrystals measured from 
SEM images. (e, f) Cross-sectional SEM images of hexagonal disk-shape supercrystals. Inset of (f) is a 
side-view illustration of the p6m superstructure. The width of individual stacks (i.e., 23.5 nm) measured 
from (e) is consistent with the edge length of individual triangular nanoprisms. Scale bars: (a) 10 μm, (b) 1 
μm, (c) 100 nm, (e) 50 nm, (f) 500 nm.  
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Figure S39. Comparison of TEM images of assemblies of 2.6 kDa PS-grafted Gd2O3 nanoprisms (edge 
length: 23.5 nm) prepared via the direct and the two-step ligand-exchange method. Assemblies were formed 
by drying a nanoprism solution on top of the EG subphase (upper row) or directly on Si substrates (bottom 
row). Scale bars: (a-c) 100 nm, (d) 500 nm.  
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Figure S40. (a-d) Representative TEM images of assemblies of PS-grafted Gd2O3 nanoprisms (edge length: 
23.5 nm) prepared using the two-step ligand-exchange method with high-molecular-weight PS-PEHA 
ligands (Mn ≥ 6.0 kDa). Scale bars: 100 nm.  
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Table S1. Synthetic parameters of PS-Br (Mn > 5 kDa). The amount of styrene was kept at 43.6 mmol for 
all syntheses. The molar ratios of EBIB : CuBr2 : Me6TREN : Sn(EH)2 = 1 : 0.01 : 0.1 : 0.1. Reactions were 
conducted at 90 °C in the absence of any additional solvent. 

Mn of 

PS-PEHA 

(kDa) 

Molar ratio 
Time 
(h) 

Monomer 
conversion 

(%) 

Mn of 
PS-Br 

(Da) 

Mw / Mn of 
PS-Br Styrene EBIB CuBr2 Me6TREN Sn(EH)2 

6.0 100 1 0.01 0.1 0.1 17 56 5,810 1.12 

8.2 100 1 0.01 0.1 0.1 20 72 8,050 1.05 

13.4 200 1 0.01 0.1 0.1 22 66 13,263 1.07 

16.1 300 1 0.01 0.1 0.1 18 50 15,974 1.07 

18.1 400 1 0.01 0.1 0.1 17 44 17,964 1.06 

 

Table S2. Synthetic parameters for PS-Br (Mn < 5 kDa). The amount of styrene was kept at 43.6 mmol for 
all syntheses. The molar ratios of EBIB : CuBr2 : Me6TREN : Sn(EH)2 = 1 : 0.01 : 0.1 : 0.1. Reactions were 
conducted at 90 °C in toluene. 

Mn of 

PS-PEHA 

(kDa) 

Molar ratio 
Time 
(h) 

Monomer 
conversion 

(%) 

Mn of PS-Br 

(Da) 

Mw / Mn of 
PS-Br Styrene EBIB CuBr2 Me6TREN Sn(EH)2 

1.8 20 1 0.01 0.1 0.1 14 71 1,644 1.09 

2.6 30 1 0.01 0.1 0.1 20 73 2,485 1.15 

3.4 50 1 0.01 0.1 0.1 17 59 3,241 1.15 

Note: The volume ratios of styrene to toluene during syntheses were 1:1, 1:1, and 2:1 for 1.8 kDa, 2.6 kDa 
and 3.4 kDa PS, respectively.  
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Table S3. Summary of experimental parameters used for direct ligand-exchange between as-made Gd2O3 
nanoprisms and PS-PEHA ligands. 

 

Gd2O3 nanoprisms  PS-PEHA 
feeding grafting density 

(chains per nm2) edge length 
(nm) 

mass (mg) Mn (kDa) mass (mg) 

Figure 2c 23.5 2.0 1.8 16.0 16.9 

Figure 2d 23.5 2.0 2.6 24.0 17.3 

Figure 2e 23.5 2.0 6.0 24.0 7.6 

Figure 2f 23.5 2.0 8.2 21.5 5.0 

Figure 2g 17.0 2.0 8.2 21.5 4.7 

Figure 2h 17.0 2.0 13.4 34.0 4.5 
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Table S4. Summary of binding energies per adsorbates on the (001) and (100) surfaces of hexagonal phase 
Gd2O3 obtained from DFT calculations. 

adsorbates (001) surface  (100) surface 

methylamine 

 
-0.931 eV 

 
-0.621 eV 

formate (bridging 
bidentate) 

 
-1.647 eV 

 
-1.170 eV 

formate (chelating 

bidentate) 

 
-1.338 eV 

 
-1.173 eVa 

formic acid 
(monodentate) 

 
-1.246 eV 

 
-0.746 eV 

aOur DFT calculations indicate that the chelating bidentate binding mode is unstable for formate adsorbate 
on the Gd2O3 (100) surface. Instead, formate adopts a bridging bidentate binding mode upon relaxation even 
if the initial binding motif was set to be chelating bidentate.    
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Table S5. Summary of experimental parameters used for direct ligand-exchange between OLAM-capped 
Au nanocrystals and PS-PEHA ligands. 

 

Au nanocrystals PS-PEHA feeding grafting 
density 

(chains per nm2) 

NC center-to-
center distance 

from TEM (nm) 
diameter 

(nm) 
mass 
(mg) 

Mn (kDa) mass (mg) 

Figure S17a 4.5 1.0 1.8 2.9 20.1 8.2 

Figure S17b 4.5 1.0 2.6 4.2 19.8 9.1 

Figure S17c 4.5 1.0 6.0 9.6 20.0 9.8 

Figure S17d 4.5 1.0 8.2 13.1 19.9 10.8 

Figure S17e 4.5 1.0 13.4 21.4 19.9 13.2 

Figure S17f 4.5 1.0 16.1 25.8 19.9 14.9 

Figure S17g 4.5 1.0 18.1 29.0 19.9 15.5 

 

Table S6. Summary of experimental parameters used for two-step ligand-exchange between as-made 
Gd2O3 nanoprisms (edge length: 23.5 nm) and PS-PEHA ligands.   

 
Mn of 

PS-PEHA 
(kDa) 

Mass of 
PS-PEHA 

(mg) 

Feeding grafting 
density 

(chains per nm2) 

Grafting density 
estimated from TGA 

(chains per nm2) 

Figure 4e 

1.8 

2.5 1.8 0.52 

Figure 4d 5.0 3.6 0.76 

Figure 4c 10.0 7.2 1.11 

Figure 4b 20.0 14.4 1.68 

Figure 4i 

2.6 

3.0 1.5 0.60 

Figure 4h 6.0 3.0 1.02 

Figure 4g 12.0 5.9 1.37 

Figure 4f 24.0 12.0 1.92 

Figure 4m 

3.4 

4.0 1.5 0.57 

Figure 4l 8.0 3.1 0.91 

Figure 4k 16.0 6.1 1.25 

Figure 4j 32.0 12.2 1.69 

Note: The mass of Gd2O3 nanoprisms was kept at 2 mg for all experiments described in this Table. 
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