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First Order Integrated Current

For simplicity, we use the following abbreviated integration notation,
[dtdt,---dt, Ay (L) A (t,1,)- A, (t,.1) = [dr AA, A, (S1)

A. are general matrices, and they can also be single-variable, A, (ti) . The fold of integration can

be deduced from the number of A,.

We split the response to electric field into two parts, i.e., (1) the sole response to induced bias;

(2) the remaining part. The first part is
19(t) =e [drtr[ G'E[G°E2 +G'E;, +h.c.|. (S2)
Perform Fourier transform from ¢ to w,

eV, (w)

7| [drGrriGor; |- ; o Lcc ©
ry< |- BV, (@) y<
A[[drG zal}z‘;[T“;jdgG@a.

Notations A=A(¢g), A, =A(e+hw), A=A-A, areused ineq S3. Choose V, (t)=E(t)L/2

and V, (t) = —E(t) L/2, we have

w, _CE(®) (L)
;7 (o) = > ;J.detr[gaﬁ (g,a))], <
Gl (0.0)= g (20, -1)(G12;6" ~2I615;6°)+ 3, (612 - 5;6°)]

The second part is



182(t) =e [drtr[ G'AG™ES + G AG®E +G'AG'E; +h.c.|. (S5)
Perform Fourier transform from ¢ to w,

169 (0) = - [de tr[ GIA(0)G L + GIA(0)G L + GIA(0)G'E; +he ] (S6)
2r7h
Set =0 and denote A =Im [EZ], we have

J((xl,z) _ %Idstl’[A(a) — O)(G<AaGr +G*A,G"+FG'AG'-F GaAaGa)] (S7)

=0.

F (&) is the Fermi-Dirac distribution, and G* =—F [G - Ga] is used in the last line of eq S7.

The first order integrated current is

eEa)O

JS o Zjdgtr[ aﬂ ]

68 ()= imGts" (c,0).

w—0

(S8)

Second Order Integrated Current

Following the split scheme used in the first order integrated current, the first part of second

order current is
129 (1) :ejdrtr[GrZEGaEZ +G'Y, +h.C.]. (S9)

Perform Fourier transform from #to @ and set @ =0,



3@ - 4”2;_12 Idgl —& 1 h)E (& h)jdgtr[gj,;” (6‘,81)],
G2 (e,6,)= —37[6'}_:;6322 ~EIG'L;G*+5,,(G'L; _;;Ga)],
1

Notation A=A—A(e+¢,) is used. Plug the relation X (¢)=2i A, F (&) into eq S10, it can be
shown that

@ =, (S11)

a

The second part is
182 (t) =e [ dr tr| G'AG'AG 22 + G"AG"AG L]
+G'AGAG®E? +G'AG'AG'E. +G'AG'E;, (S12)

+G'AG'E;G E +G'E[G"AG L] +h.c.].

Perform Fourier transform from #to w and set =0,

32 47r2h2 '[dgl (-&,/1h)E(e,/ h)jdgtr[gc(;’z) (e, gl)],
G2 (2,6,)=6,,(G" ﬂG r G T + G UG uGE?
+G uG uG L + G uG' uG'E; —2L G'uGX;) (S13)
&

—%(2% -1)(G'uG,E;G"X} +G'E;GuGE:)
1

+h.c..

Notations A, =A(s+¢), A=A-A,, are used.

The second order integrated current is



J 47r2h2 Zjdgl (—&,/h)E (e, /1) Idgtr[ (s 51)]

g§ﬁ>(g ‘91) g(é )(87‘91)'

(S14)

Third Order Integrated Current

Following the split scheme used in the first order integrated current, the first part of third order

current 1S
18 (t) = ejdr tr[ G'E;G 22 +G'E  +h.c.|. (S15)
Perform Fourier transform from #to @ and set @ =0,

Jf’”=%L3ﬁ;jjdgzdgllz(%jlz(%}( jjdetr[ 2 (8.605)),

(311) e3L3
Gop (£:218,) = 16¢,(&,— ¢, )¢,

[(26,,-1)(G'E;G"E ~2[G'E;G*)+5,,(G'E; - £;G°) |.
(S16)

Notation A=A(e+¢)-A(e+¢,) is used. The second part is

199 (t) =e [ dr tr[ G'AG'AG'AG"E! + G"AG*AG*AG L]
+G'AG'AGAG®E? + G'AG AG*AG?E?
+G'AG'AG'AG'E: +G'AG'AG'E:,
+G'AG'AG LG % + G LG AGAG X2
+G'AG'E{G*AG X! +G'AG'E;,
+G'AG'E;G E? +G'E;G AG ! +h.c.].

(S17)

Perform Fourier transform from 7 to @ and set @ =0,



o8 g ot (252 (-5 faen[ot ]

G5 (s,6,8,) =6, (G'uG G, uG L ~ L G uG,uG* uG*)
5 (G uGLuG, uG LS — X/ G' uG' ,uG' uG"

-5,
=5, (G uG ,uG uG E: — X/ G" uG,uG? uG*
~3,,(G'uG UG uG LS —X/G' uG' 4G uG*
-5,

)
)
)
5 (G uG ,uG  uG'E; —£:G*uG?,uG,uG?)

+e75a {l G UG, 4G ES — L E:GH UG 4G
&

1 &

(25, - 1)L1 G'uG  uG E;G L — j X' G'E;G%,uG G }
1 2
+i(25aﬂ 1) EXY X;G%,uG uG L] — 12;GfﬂG§2ﬂG;l;;Ga
2 &, &
eL(25 , -1
+M[G "uG|,L;G%uG L, X/ G G ,E;G%uG" ]
2(6‘2—81)
e’l’s ., [ 1 1
— W | G UG, (- ) - —(Z° + X )G uG?
+8(82—81)_81 ” +2(~a —a) gz(~a+: ) 11“ :|
2 |1 1
= | ZG"WG, (-5 )G - —X G (T G uG?
8(82—81)_81 ” +2(~/i’ —ﬂ) a 82 a (~ ) 1” :|
el [1 1
- | =G'(xz G uG L — =X G uG', (X5 -£5)G? |.
+8(82—6‘1)_€2 (,, ) M A a2 H +2(~ﬁ’ _,5') :|

(S18)

Notations A, =A(c+¢g), A,=A(e+s,), A=A-A

used.

The third order integrated current is



@ _ & E,—& & (3)
g e o ol

gfisﬂ) (8’ 81’82) = go(;l) (51511 52)4‘90(;'2) (5,81,82).



