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Abstract: A drawback of membrane distillation is the excessive use of heat, which is neither costly- nor 

environmental-effective considering the water-energy nexus. The present paper reports on the analysis 

and optimization of a bench-scale membrane distillation unit regarding thermal efficiency and 

transmembrane flux. The research work was developed using a phenomenological mathematical model 

which was validated against the experimental data. With the optimized process, the heat lost by 

conduction through the membrane from the retentate side is minimized by a proper design of the 

membrane properties. With the optimal set of membrane thickness, porosity, and thermal conductivity, 

the heat conduction across the membrane skeleton was null but remaining the heat transferred by water 
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vapor flux (about 30 %), which is intrinsically associated with the membrane distillation phenomenon. 

Additionally, the transmembrane flux increased by 2-fold using the optimal design to the cell confirming 

that thermal efficiency is not in contradiction to water productivity.      

Keywords: membrane distillation, thermal efficiency, optimization, modeling, membrane properties.
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Mathematical modeling

Transmembrane flux

Transmembrane flux is evaluated by Equation (S1), in which the vapor flow throughout the membrane 

pores is assumed to occur throughout a stagnant medium, that is, Stefan’s flow.1,2
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where: JA is the transmembrane flux (kg m-2 s-1), c is the total concentration of the system (kg m-3), yA,f is 

the molar fraction of water vapor in the feed side (retentate), and yA,p is the molar fraction of water vapor 

in the permeate side (distillate).

The term Rt (s m-1) in Equation (S1) is the resistance imposed by the medium on the solute transport, 

which is the summation of that imposed by the membrane (Rm) and by the eventual fouling (Rf), as given 

in Equation (S2). 
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where: Rt is the total resistance imposed on the transport (s m-1), Rm is the resistance imposed by the 

membrane (s m-1), Rf is the resistance imposed by fouling (s m-1), z is the membrane thickness (m), and 

DA,m is the diffusion coefficient (m2 s-1) which is assessed as given in Equations (S3)-(S8). 

The mass flux throughout a microporous membrane is an association of advective and diffusive 

mechanisms. The diffusion is dependent on the material morphology, mainly on its porosity and 

tortuosity1, as described in Equation (S3).
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Where: DA,m is the effective diffusion coefficient,  is the material porosity, and  is the pore tortuosity. 

DA is the ordinary or Knudsen, or even an association of both, diffusion coefficient, which depends on 

the average pore size of the material by definition.

The Knudsen diffusion features a higher collision probability of diffusants with the pore walls than 

intramolecular collisions as the molecule mean free path (I) is longer than the average pore size (dp).2 

Thereby, the Knudsen number, which is defined in Equation (S4), is used to evaluate the implication of 

the average pore size on the diffusion mechanism.1 
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where: NKn is the Knudsen number (dimensionless), i is the mean free path of molecule i (cm), T is the 

temperature (K), i is the collision diameter (Å), dp is the average pore size (cm), and P is the absolute 

pressure (atm).

If Nkn < 0.1, the ordinary diffusion dominates the transport mechanism, which considers the diffusion of 

water vapor through the air confined inside the pores2,  as given in Equation (S6).

 (S6)
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where: DAB is the ordinary diffusion coefficient (m2 s-1), T is the temperature (K), and P is the absolute 

pressure (atm). 

If NKn > 10, Knudsen diffusion dominates the transport mechanism. The diffusion coefficient is 

estimated as given in Equation (S7),
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where: is the Knudsen diffusion coefficient (m2 s-1), T is the temperature (K), dp is the average ,A knD

pore size (cm), and MA is the molar mass of the diffusant A (g mol-1).

Now, if 0.1 < Nkn < 10, an associative mechanism dominates the transport. In such a case, the effective 

diffusion coefficient (DA,m) is an average between the ordinary (DAB) and Knudsen (DA,kn) diffusion 

coefficients, as given in Equation (S8). 

(S8)
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where: DA is the diffusion coefficient, DAB is the ordinary diffusion coefficient, and DA,kn is the Knudsen 

diffusion coefficient.

The molar fraction of water vapor in opposite sides of the membrane, yA,f and yA,p, are evaluated 

considering a non-ideal solution model,3 as given in Equations (S9) and (S10), respectively.
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where: yA,f  and yA,p are the molar fractions of water vapor, pv,f  and pv,p are the vapor pressures of water 

(Pa), aw,f  and aw,p are the activities of water, and P is the total pressure (Pa). Sub-indexes f and p mean 

data from feed (retentate) and permeate solution, respectively.

The vapor pressure of water in the retentate and permeate cell side are predicted by Antoine’s equation 

as given in Equations (S11) and (S12), respectively,
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where: pv,f  and pv,p  are the vapor pressure of water (Pa) for retentate and permeate solutions, 

respectively, Tm and tm are the temperature of membrane surface (K) for retentate and permeate sides, 

respectively, A, B, and C are Antoine’s constants for water (A = 231963, B = 3816.44, and C = 

−46.13).3,4

Temperature polarization

The temperature polarization coefficient is assessed by Equation (S13).5,6

(S13)m mT tPTC
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where: PTC is the polarization temperature coefficient, is the logarithmic mean of the bulk T

temperature of retentate solution (K),  is the logarithmic mean of the bulk temperature of permeate t

solution (K), Tm is the temperature of membrane surface of retentate side (K), and tm is the temperature 

of membrane surface of the permeate side (K).

The temperature of the membrane surface of the retentate side (Tm) is calculated by Equation (S14). 
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where: Tm is the temperature of the membrane surface of the retentate side (K),  is the logarithmic T

mean of the bulk temperature of retentate solution (K), Qevap is the heat required for water evaporation 

(W), Qcm is the heat that is transferred from the retentate side for the permeate by conduction through the 
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membrane (W), hf is the convective heat transfer coefficient of retentate side (W m-2 K-1), and A is the 

transversal area of the membrane for heat flux (m2).

The temperature of the membrane surface of the permeate side is calculated by Equation (S15).
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onde: tm is the temperature of membrane surface of the permeate side (K),  is the logarithmic mean of t

the bulk temperature of permeate solution (K), Qevap is the heat required for water evaporation (W), Qcm 

is the heat that is transferred from the retentate side for the permeate by conduction through the 

membrane (W), hp is the convective heat transfer coefficient of permeate side (W m-2 K-1), and A is the 

transversal area of the membrane for heat flux (m2).

The convective heat transfer coefficient of retentate and permeate sides are calculated by Equations 

(S16) and (S17), respectively.
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where: hf and hp are the convective heat transfer coefficient (W m-2 K-1) of retentate and permeate side, 

respectively, kf and kp are the thermal conductivity (W m-1 K-1) of the retentate and permeate solutions, 

respectively, Dh is the hydraulic diameter of the flow channel in the cell (m), and NNu,f and NNu,p are the 

Nusselt number of the retentate and permeate streams, respectively.
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The Nusselt number is calculated by Equations (S18) and (S19) considering an internal flow in non-

circular channels with a correction regarding the cell geometry (fM factor) for reduced Reynolds 

numbers.7
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where: NNu,f and NNu,p are the Nusselt number of the retentate and permeate streams, respectively, NRe,f 

and NRe,p are Reynolds number of retentate and permeate streams, respectively, and NPr,f and NPr,p are the 

Prandtl number of retentate and permeate streams, respectively.

The Reynolds number is assessed by Equations (S20) and (S21), respectively, for retentate and permeate 

streams.
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where: Gf and Gp are the mass flow rate (kg s-1) of retentate and permeate streams, respectively, μf and 

μp are the dynamic viscosity (kg m-1 s-1) of retentate and permeate solutions, respectively, Dh is the 

hydraulic diameter (m), and As is the area (m2).
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Prandtl number is assessed by Equations (S22) and (S23), respectively, for retentate and permeate 

streams.

(S22)
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where: cp,f and cp,p are the specific heat (J kg-1 K-1) of retentate and permeate streams, μf and μp are the 

dynamic viscosity (kg m-1 s-1) of retentate and permeate solutions, respectively, and kf and kp are the 

thermal conductivity (W m-1 K-1) of retentate and permeate solutions, respectively.

The rate of heat due to the water evaporation is dependent on the transmembrane flow, as given in 

Equation (S24).

(S24)evap A evapQ J A H 

where: Qevap is the evaporation heat rate (W), JA is the transmembrane flux (kg m-2 s-1), A is the filtration 

area (m2), and ∆Hevap is the heat of water evaporation (J kg-1).

The rate of heat transferred by conduction through the membrane is calculated by the Equation (S25).

(S25) m
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z
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where: Qcm is the rate of heat conducted through the membrane (W), km is the conductivity of the 

membrane (W m-1 K-1), A is the filtration area (m2), z is the thickness of the membrane (m ), Tm and tm 

are, respectively, the temperature at the membrane surface of the retentate side and permeate (K).
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The rate of heat lost to the environment due to poor insulation (W) is calculated in Equations (S26) and 

(S27) for retentate and permeate cell side, respectively.

(S26)  ,l f f ambQ U A T T 

(S27)  ,l p p ambQ U A t T 

where: (UfA) and (UpA) are, respectively, the global coefficient of heat exchange for the retentate and 

permeate side, and  are, respectively, the mean temperature of the retentate and permeate streams T t

(K), and Tamb is the room temperature (K).

The mean temperature of the retentate and permeate streams is calculated as the logarithmic mean 

between the respective inlet and outlet temperatures of the cell, according to the Equations (S28) and 

(S29), respectively.
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where:  and  are, respectively, the mean temperature of the retentate and permeate streams (K), Ti T t

and ti are, respectively, the inlet temperature of the retentate and permeate streams (K), and To and to are, 

respectively, the outlet temperature of the retentate and permeate streams (K).

The outlet temperature of the retentate and permeate streams is calculated from the energy balance in the 

respective cell sides (Equations (S30) and (S31), respectively).
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where: Ti and ti are, respectively, the inlet temperature of the retentate and permeate streams (K), To and 

to are, respectively, the outlet temperature of the retentate and permeate streams (K), Gf and Gp are, 

respectively, the mass flow rate of the retentate and permeate streams   (kg s-1), cp,f  and cp,p are the 

specific heat of the retentate and permeate streams, respectively (J kg-1 K-1), Qevap is the rate of heat 

required for water evaporation (W), Qcm is the rate of heat conducted through the membrane (W), and 

Ql,f and Ql,p are, respectively, the rate of heat lost to the environment due to poor insulation in the 

retentate and permeate cell side.

Concentration polarization

The concentration polarization coefficient, which is defined as the ratio between the concentration of 

solute in the retentate stream and that on the membrane surface, is calculated according to Equation 

(S32).4,6,8 Diffusion and advection are the main mechanisms for transporting water through the boundary 

layer and were considered for obtaining Equation (S32).
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where: CPC is the concentration polarization coefficient, cm is the concentration of solute on the 

membrane surface (kg m-3), c is the concentration of solute in the retentate streams (kg m-3), J is the 

transmembrane flux (kg m -2 s -1), hmassa is the convective mass transfer coefficient in the boundary layer 
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of the retentate flow over membrane surface (m s-1), and 𝜌f  is the density of the retentate solution (kg m-

3).

Considering the Chilton-Colburn analogy2, the convective mass transfer coefficient in the boundary 

layer (hmassa) can be estimated from the respective convective heat transfer coefficient (hf in Equation 

(S16)), as expressed in Equation (S33).
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where: hmassa is the convective mass transfer coefficient in the boundary layer of the retentate stream (m 

s-1), hf is the convective heat transfer coefficient (W m-2 K-1), ρf is the density of the retentate solution 

(kg m-3), cp,f  is the specific heat of the retentate solution (J kg-1 K-1), NSc,f  is the Schmidt number of the 

retentate stream, and NPr,f  is the Prandtl number of the retentate stream.

The Schmidt number is defined in Equation (S34).
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where: NSc is the Schmidt number, 𝜇f is the viscosity of the retentate solution (kg m-1 s-1), ρf is the 

specific mass of the water (kg m-3) and D is the diffusivity coefficient of the solution of feeding (m2 s-1).

Module dimensions and other physical and physical-chemical properties

The hydraulic diameter of a rectangular duct (Dh) is calculated by Equation (S35).2

(S35)2
h

abD
a b


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where: a and b are the cell height and width, respectively (m).
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The cross-sectional area that is available for the flow of the retentate and permeate streams (As) is 

calculated by Equation (S36).

(S36)sA ab

where: a and b are the cell dimensions (m).

The membrane filtration area (A) is given by Equation (S37).

(S37)A Lb

where: b is the cell width (m) and L is the cell length (m).

The diffusion coefficient of the retentate stream (D) was assessed as that of the self-diffusion of water 

and estimated by the correlation of Equation (S38).9

(S38)
29 11 131,1073 10 3,91 10 4,00 10wD T T 
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where: Dw is the water self-diffusion coefficient (m2 s-1) and  is the arithmetic mean of the T

temperature in the boundary layer (K), that is, . 0,5 mT T T  

The specific heat of the retentate (Cp,f) and permeate (Cp,p) solution can be approximated to that of the 

liquid water and, therefore, it can be estimated as a function of temperature, as given in Equation (S39).2

(S39)2 3 44 2 3 6
, 4,58772 10 4,98678 10 2,23642 4,46118 10 3,34301 10p wc T T T T         

where: cp,w is the specific heat (J kg-1 K-1) and  is the logarithmic mean between the inlet and outlet T

temperatures of the stream (K).

The thermal conductivity of the retentate (kf) and permeate (kp) solutions can be approximated to that of 

liquid water and, therefore, it can be estimated as a function of temperature, as given in Equation (S40).2



14

(S40)
21 3 67,59272 10 7,49429 10 9,76017 10wk T T        

where: kw is the thermal conductivity of liquid water (W m-1 K-1) and is the logarithmic mean between T

the inlet and outlet temperatures of the stream (K).

The viscosity of the retentate (μf) and permeate (μp) solutions can be approximated to that of liquid water 

and, therefore, it can be estimated as a function of temperature, as given in Equation (S41).2

(S41)
22 4 72,70607 10 1,53146 10 2,19785 10w T T        

where: 𝜇w is the dynamic viscosity of liquid water (kg m-1 s-1) and is the logarithmic mean between the T

inlet and outlet temperatures of the stream (K).

The density of the retentate solution (ρf) was approximated as that of liquid water and, therefore, it can 

be estimated as a function of temperature, as given by Equation (S42).10

(S42)2 3 42 3 5 7999,85308 6,32693 10 8,523829 10 6,943248 10 3,821216 10w T T T T               

where: 𝜌w is the density of water (kg m-3) and is the arithmetic mean of the temperature in the T

boundary layer (° C), ), . 0,5 mT T T  

The heat of water evaporation is predicted by Equation (S43).2

(S43)3 61,7535 10 2,0243 10evap mH T    

where: Tm is the temperature at the membrane surface on the retentate side (K) and ∆Hevap is the heat of 

water evaporation (J kg-1).

Implementation of the model
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The model has several parameters that must have their values fixed during the simulation. These 

parameters are listed in Table S1.

Table S1. Model parameters.

Parameter Value Unit Ref.

Membrane porosity 0.8 -

Membrane tortuosity 1.04 -

Membrane thickness 150 μm

Average pore size 0.2 μm

11

Cell thickness 1 cm

Cell length 14 cm

Membrane 

and cell data

Cell height 9.5 cm

This work

Flowrate of retentate 1.69 kg min-1

Flowrate of permeate 0.59 kg min-1

Room temperature 298 (25) K (°C)

This work

Overall heat transfer coefficient for retentate side 2.5 W K-1

Overall heat transfer coefficient for permeate side 3.2 W K-1

This work (try-

and-error adjust)

Process data

Cell factor for Nusselt correction 0.5017 - 7

Water molar mass 18 g mol-1

Collision diameter 2.649 Å

1,2 

Concentration in the membrane pores 40.8969 mol m-3

Antoine constant, A 23.1963 -

Antoine constant, B 3,816.44 -

Antoine constant, C -46.13 -

3,4

Physical-

chemical 

data

Water activity of retentate solution 0.9 - This work

Optimization
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The optimization problem was built to minimize the thermal efficiency and transmembrane flux as 

described in the goal function (Equation (S44)-(S45)). The manipulated variables were membrane 

thermal conductivity (km), thickness (L), and porosity (ϕ) as well as Nusselt numbers for the 

recirculation flows (NNu).

 (S44)J
q

A

wOF w
J 

 (S45)
, , ,
min

m Nuk L N
OF



where: ξq is the thermal efficiency, wξ is the weight, JA is the transmembrane flux, and wJ is the weight.

The optimization was performed in MATLAB using the function fmincon in which sequential quadratic 

programming (SQP) is implemented. 
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