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Metallic Oblate Spheroid: Geometry and Modes

We consider an oblate spheroid, which in the Cartesian coordinate system is described by

the following equation
4y oz
L (S.1)

where a and ¢ are semi-axes, € = /1 — ;—z is the eccentricity of the spheroid.

It is convenient to introduce the spheroidal coordinates, &, n and ¢, which are related to
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the Cartesian coordinates, z, y and z through the following expressio:?

m:f\/52+1\/1—772 cos(¢p), (S.2)
y:f\/52+1\/1—772 sin(yp), (S.3)
z = f&n, (S.4)

where 0 < ¢ <oo, —1<n<1, 0<p<2rand f=c¢a.
Then the surface plasmon eigenmodes of the metal spheroid are described by the qua-

sistatic equation?

V[0(r) V] = 55V, (S.5)

where sg, is the eigenvalue of the corresponding mode ¢,,. Here 6(r) is the characteristic
function that is 1 inside the metal and 0 elsewhere. For oblate spheroid, the eigenmodes are
characterized by multipole quantum number [ and magnetic quantum number m. For the
relevant modes of topological nanospaser, the multipole quantum number is 1, [ = 1. Then

the corresponding eigenmodes are described by the following expressions

le(lf) 0< 5 < 50
b = Ox P ()e ™ 4 11 (S.6)

QT (i)
Sy G <6

where P"(x) and Q"(x) are the Legendre functions of the first and second kind, respectively,

and & = 7”6_52 The constant Cy is determined by normalization condition,

213,
/A RGOS, (S.7)

Due to axial symmetry of the nanospheroid, the corresponding eigenvalues, sg,, do not
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depend on m. They can be also found from the following expression®*

2 33
— ~/All Space 8(r>|v¢m(r)| d r' (88)
| Vo)
All Space

Sp

Using explicit expression (S.6) for ¢,,, we derive the final equation for the eigenvalue

dPg”(:c)
S0 = WP @mare| (S.9)
dz Q7 (x) dx

r=1&o

To find the plasmon frequency, wsp, and the plasmon relaxation rate, 7,, we use the following

relations: *

ssp = Re[s(wsp)], (S.10)
Imlswy)] |, _ dRefs(w)]
Tsp = Sép s Ssp = dw w:wsp’ (Sll)

where the Bergman spectral parameter is defined as

s(w) = p— (S.12)

Here ¢, is the dielectric constant of surrounding medium, and €,,(w) is the dielectric function

of the metal (silver). In our computations, for silver, we use the dielectric function from Ref.®

TMDC Parameters

In our calculations the TMDC (MoS;) monolayer is characterized by its bandgap and the
dipole matrix elements between the conduction and valence bands at the K and K’ points.
To find these parameters we have used a three-band tight binding model.® The calculated

values of the transition dipole matrix elements and the bandgap are given in Table S1. The
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Fig. S1: Absolute value of the left-rotating chiral dipole component, d_ = e, d, in MoS,
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dipole matrix elements at the K and K’ points are purely chiral. They are proportional
to ey = 271/2 (e, £ie,), where e, and e, are the Cartesian unit vectors. The plot of the

absolute value of the chiral dipole, |d.|, where dy = e’ d, is shown in Fig. S1.

Table S1: Parameters employed in the calculations: Semi-principal axes of the spheroids,
and the dipole matrix elements and band gaps of the TMDCs.

Semi-principal axis  Dipole elements (D) ‘ Band gap

TMDC ¢ (nm) dk dk (eV)
MoS, 1.20 17.68e;  17.68e_ 1.66
MoSes 1.45 19.23e;  19.23e_ 1.79
WSey 0.85 18.38e;  18.38e_ 1.43
MoTes 1 20.08e4  20.08e_ 1.53

Stationary solution

For the large radius of TMDC nanopatch and for the gain rate larger than the critical value,
in the stationary regime, two types of plasmons, co-rotating (m = —1) and counter-rotating
(m = 1), are generated. Although the co-rotating mode is more strongly coupled to the K
valley of TMDC then the counter-rotating one, the number of generated counter-rotating
plasmons is larger then the number of co-rotating ones, N_; > N;. To understand this
relation we consider the following approximation for the Rabi frequency dependence on the
position within the TMDC nanopatch: (i) the m = 1 plasmon mode is coupled to the K
valley of TMDC at r < 19 &~ 12 nm and to the K’ valley of TMDC at r > r > rq; (ii)
the m = —1 plasmon mode is coupled to the K’ valley of TMDC at r < rg and to the K
valley of TMDC at ry > r > ry. Here r; is the radius of TMDC nanopatch. Under this
approximation, there two uncoupled systems: system "1": m = 1 plasmons, K valley of
TMDC at r < rg, and K’ valley of TMDC at r; > r > r¢; system "2": m = —1 plasmons,
K’ valley of TMDC at r < 1, and K valley of TMDC at r; > r > 7rq.

Then the stationary equations for system "1" become (see Egs. (10)-(12) of the main
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text)

T = v [ drpi ) +iv [ Prpio)D ).
4Im {PK(I‘)QLK(F)M] =gk [1 — nk(r)] — 7or [1 + nk(r)],
[iopr(r) = mK(I‘)QT,KaT )

AIm [prer (r), 10 (r)ar | = —yarc [1+ mger(x)]

*

[iopg(r) = mK’(r)Ql,K'aik .

Here Sy and S; are defined by the conditions r < rg and rq < r < rq, respectively. We also
take into account that only the K valley is pumped by a circularly polarized light. Similar

system of equations can be written for the system "2"

Yooy =i [ i) ) v [ drpia )07 o)
4Tm [pge (1)1 e (1)a1] = gic [1— ng ()] = 7r [+ g (x)],
[iopx(r) = inK(r)Qil,Kail )

4Im [PK'(r)Q—l,K'(r)a—l] = =72k [L+ 1 (r)]

Lioprer(r) = ing: (r)$ goa”

From the above systems of equation, assuming that |Q,, x|?a?, > gx['12, we obtain

14

Ny = |‘11|2 =1 [9xSo — Y2 (So + S1)] (S.13)
Vsp
and
v
Noy = laal = =[98 = 72(So + S, (S.14)
Ysp

where Sy and S; are the areas of the corresponding regions. Thus, above the threshold,

the number of generated plasmons is proportional to Sy = 7r2 for co-rotating plasmons and
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to Sy = w(r? — T%) for counter-rotating plasmons. If r; > V2rg ~ 16 nm, ie., S; > So,
then the number of counter-rotating plasmons is larger than the number of co-rotating ones,

N_; > Ny.

Far-field radiation

The total dipole moment of the spaser can be expressed in the following form

dtotal - dmetal + dtdea (815)

where dyetar is the dipole moment of the metal nanospheroid and d¢mgc is the dipole moment

of the TMDC nanoflake.

Dipole moment of the metal nanospheroid

The electric field inside the metal, which is produced by generated plasmon modes, both

m =1 and m = —1, is uniform and is given by the following expression
Fo(r,t)=— Y Ap(Voname ™ + Vorase™), (S.16)
m=1,—1
where
4mhs(w)
Agp = | ——— 1
P €qs'(w) (8.17)
and
€d
s(w) = ——, S.18
W)= -— (S.18)
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Then the dipole moment of the metal nanospheroid can be found from the following expres-
sion
dinetal = / uFm(r, t) dv (S.19)
v
where

Re [Emetal - ed]

= (S.20)

M:

Taking into account that the electric field inside the metal is a constant, Fy = |Vo,,|, we

derive the following expressions for the dipole moment of the metal nanospheroid

dmetalx = —HAGEV | (a1e™™" + aje™’) + (a_e ™" +a* 1&“)) (S.21)

dmetaly = —AHEV <i(&1e_m —ate™) —i(a_e ™ — d*_lei“t)> (S.22)

Dipole moment of TMDC monolayer

The density matrix of TMDC nanoflake has the following structure

(c) iwt
~ P (I‘,t) p’C(r7t)e
P (I', t) = ) ) : (823)
Pic(r,t)e™™ pre(r, 1)

where IC is the valley index, K or K’. The off-diagonal elements, i.e., coherences, determine

the dipole moment of TMDC system

dimde = Z Z (p;c(r)d;cei”t + p;‘c(r)d;‘ce_i“t) + h.c., (S.24)
S K=K,K’'

where Y g is the sum (integral) over all points r of TMDC nanoflake.
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The coherences satisfy the following stationary equation (see Eq. (12) of the main text)

[—i(w — war) — Do) pic(r) + inac(r) > Qr =0, (S.25)

m=1,—1

where I'15 is the polarization relaxation rate, nx is the population inversion defined as

nic = o — px (8.26)
and
~ 1
Qm,;((r) = —ﬁASqubm(I‘)d;c . (827)

From Eq. (S.25) we can find the stationary coherences of TMDC monolayer

inge(r) Xm=1,1 Q:n,i(:(r>a:n
—(w —way) + il

pic(r) = — (S.28)

We substitute Eq. (S.28) into Eq. (S.24) and obtain the following expression for the dipole
moment of TMDC

dimde = fxdxe™ + frdge™ + h.c., (S.29)

where the following notations were introduced

ink (r) > =1 IQmKa’
= —p E S.30
w—A)+zF12 ( )

ZTLK/ m 1 1QmK/a
fror = — . 31
Y —A,) +ils (5.31)

Taking into account that dg = do(1,7) and dg: = do(1, —7) we obtain the z and y compo-
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nents of the dipole moment

demacx = fxdoe™’ + firdoe™” + h.c. (S.32)

dtmdc,y = Z.deoeth — Z.fK/doeiwt + h.c. (833)

Far field dipole radiation

The total dipole moment of the spaser system is the sum of the dipole moment of the metal

nanospheroid and TMDC nanoflake. Its x and y components can be expressed as

dtotal,x = _,UAspEOv (ale_th + d_le_m + hC)
+ (fredoe™" + frrdoe™” + h.c.) (S.34)
dtotal,y = _,UAspEUv ((iale_th - i&,le_m + hC)

+ (ificdoe™ — ifgrdoe™ + h.c.) (S.35)

These expressions have the following structure

dtotal,x = 2Re [Bzeiwt} s (836)
deotary = 2Re | B,e™], (S.37)
where,
Bw = —/VLASI)]'__‘}()V(CAL}< + di1> + deo + ledo, (838)
By = Z/LASPE()V(CALT - CALil) + lde(] - ifK/do. (839)

The total dipole moment of the system determines the far-field radiation of the spaser.

The polarization of radiation is characterized by the  and y components of the far electric
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field, which are proportional to the corresponding components of the dipole moment, i.e.,

dtotalx and diotary, While the total radiation power is given by the following expression

(1B:]* + 1B, %) (S.40)

where (...) means the time average.
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