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1. Coulomb integral with the PAW methodology 

This is a summary of the projector augmented-wave (PAW) method for evaluating the 

Coulomb integral from Kresse and co-workers.1 The one-electron wave functions 𝜑𝜑a, or orbitals, 

are derived from the pseudo-orbitals 𝜑𝜑�𝑎𝑎 with following linear transformation:2 

|𝜑𝜑𝑎𝑎⟩ = |𝜑𝜑�𝑎𝑎⟩ + �(|𝜙𝜙𝑖𝑖⟩ − |𝜙𝜙�𝑖𝑖⟩)⟨
𝑖𝑖

𝑝𝑝�𝑖𝑖|𝜑𝜑�𝑎𝑎⟩ (1) 

where a is band index. 𝜑𝜑�𝑎𝑎 are expanded in the reciprocal space using plane waves, 

⟨𝐫𝐫|𝜑𝜑�𝑎𝑎⟩ =
1

𝛺𝛺1/2�𝐶𝐶𝑎𝑎𝐆𝐆(𝐫𝐫)𝑒𝑒𝑖𝑖𝐆𝐆∙𝐫𝐫
𝐆𝐆

(2) 

where Ω is the volume of the Qigner-Seitz cell. 𝜙𝜙𝑖𝑖 are the all-electron (AE) partial waves, which 

are the solutions of the radial Schrödinger equation for a non-spin-polarized reference atom at a 

specific energy εi and for a specific angular momentum li: 

⟨𝐫𝐫|𝜙𝜙𝑖𝑖⟩ =
1

|𝐫𝐫 − 𝐑𝐑𝑖𝑖|
𝑢𝑢𝑖𝑖(|𝐫𝐫 − 𝐑𝐑𝑖𝑖|)𝑌𝑌𝑖𝑖(𝐫𝐫 − 𝐑𝐑𝑖𝑖) (3) 

where Y are the spherical harmonics which depend on the orientation of 𝐫𝐫 − 𝐑𝐑𝑖𝑖. 𝜙𝜙�𝑖𝑖 are the pseudo-

partial waves. They are equivalent to 𝜙𝜙𝑖𝑖 outside the core radius rc and match continuously onto 𝜙𝜙𝑖𝑖 

inside the core radius: 

�𝐫𝐫�𝜙𝜙�𝑖𝑖� =
1

|𝐫𝐫 − 𝐑𝐑𝑖𝑖|
𝑢𝑢�𝑖𝑖(|𝐫𝐫 − 𝐑𝐑𝑖𝑖|)𝑌𝑌𝑖𝑖(𝐫𝐫 − 𝐑𝐑𝑖𝑖) (4) 
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𝑝𝑝�𝑖𝑖 are the projector functions and are dual to 𝜙𝜙�𝑖𝑖: ⟨𝑝𝑝�𝑖𝑖|𝜙𝜙�𝑗𝑗⟩ = 𝛿𝛿𝑖𝑖𝑗𝑗. Based on Eq. (1), the total charge 

density related to orbitals a and b, 𝑛𝑛𝑎𝑎𝑎𝑎(𝐫𝐫) =  𝜑𝜑𝑎𝑎∗(𝐫𝐫)𝜑𝜑𝑎𝑎(𝐫𝐫), can be written as: 

𝑛𝑛𝑎𝑎𝑎𝑎(𝐫𝐫) = 𝑛𝑛�𝑎𝑎𝑎𝑎(𝐫𝐫) − 𝑛𝑛�𝑎𝑎𝑎𝑎1 (𝐫𝐫) + 𝑛𝑛𝑎𝑎𝑎𝑎1 (𝐫𝐫) (5) 

The terms on the right side are defined as: 

𝑛𝑛�𝑎𝑎𝑎𝑎(𝐫𝐫) = ⟨𝜑𝜑�𝑎𝑎|𝐫𝐫⟩⟨𝐫𝐫|𝜑𝜑�𝑎𝑎⟩ (9) 

𝑛𝑛�𝑎𝑎𝑎𝑎1 (𝐫𝐫) = ��𝜙𝜙�𝑖𝑖�𝐫𝐫��𝐫𝐫�𝜙𝜙�𝑗𝑗�⟨𝜑𝜑�𝑎𝑎|𝑝𝑝�𝑖𝑖⟩�𝑝𝑝�𝑗𝑗�𝜑𝜑�𝑎𝑎�
𝑖𝑖,𝑗𝑗

(10) 

𝑛𝑛𝑎𝑎𝑎𝑎1 (𝐫𝐫) = �⟨𝜙𝜙𝑖𝑖|𝐫𝐫⟩�𝐫𝐫�𝜙𝜙𝑗𝑗�⟨𝜑𝜑�𝑎𝑎|𝑝𝑝�𝑖𝑖⟩�𝑝𝑝�𝑗𝑗�𝜑𝜑�𝑎𝑎�
𝑖𝑖,𝑗𝑗

(11) 

As such, the Coulomb integral is evaluated as: 

⟨𝑚𝑚𝑛𝑛|𝑝𝑝𝑝𝑝⟩ =
𝑒𝑒2

2
�𝑑𝑑𝐫𝐫1𝑑𝑑𝐫𝐫2𝜑𝜑𝑚𝑚∗ (𝐫𝐫1)𝜑𝜑𝑛𝑛∗(𝐫𝐫2)𝑟𝑟12−1𝜑𝜑𝑝𝑝(𝐫𝐫1)𝜑𝜑𝑞𝑞(𝐫𝐫2)

=
𝑒𝑒2

2
�𝑑𝑑𝒓𝒓1𝑑𝑑𝒓𝒓2𝑛𝑛𝑚𝑚𝑝𝑝(𝐫𝐫𝟏𝟏)𝑛𝑛𝑛𝑛𝑞𝑞(𝐫𝐫𝟐𝟐)r12−1

(12) 

 

2. Nonadiabatic coupling  

The nonadiabatic coupling (NAC) is defined as  

𝑑𝑑𝑖𝑖𝑗𝑗 = −𝑖𝑖ℏ < Φ𝑖𝑖 �
𝜕𝜕
𝜕𝜕𝜕𝜕
�Φ𝑗𝑗 > (13) 

With the Slater determinant representation |Φ𝑖𝑖⟩ = |𝜑𝜑1. . .𝜑𝜑𝑁𝑁⟩ ≡ �∏ 𝜑𝜑𝑖𝑖𝑘𝑘
𝑁𝑁
𝑘𝑘 � , Eq.(13) can be 

expressed as: 

 

𝑑𝑑𝑖𝑖𝑗𝑗 = −𝑖𝑖ℏ �∏ 𝜑𝜑𝑖𝑖𝑘𝑘
𝑁𝑁
𝑘𝑘 � 𝜕𝜕𝜕𝜕𝜕𝜕 �∏ 𝜑𝜑𝑗𝑗𝑙𝑙 

𝑁𝑁
𝑙𝑙 � (14) 

= −𝑖𝑖ℏ �∏ 𝜑𝜑𝑖𝑖𝑘𝑘
𝑁𝑁
𝑘𝑘 � ∑ 𝜕𝜕

𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗𝑙𝑙 ∏ 𝜑𝜑𝑗𝑗𝑚𝑚 
𝑁𝑁
𝑚𝑚,𝑚𝑚≠𝑙𝑙

𝑁𝑁
𝑙𝑙 � 

= � −𝑖𝑖ℏ
𝑁𝑁

𝑙𝑙
�𝜑𝜑𝑖𝑖𝑙𝑙�

𝜕𝜕
𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗𝑙𝑙 � �∏ 𝜑𝜑𝑖𝑖𝑘𝑘

𝑁𝑁
𝑘𝑘,𝑘𝑘≠𝑙𝑙 � ∏ 𝜑𝜑𝑗𝑗𝑘𝑘 

𝑁𝑁
𝑘𝑘,𝑘𝑘≠𝑙𝑙 � 

= � 𝑑𝑑𝑖𝑖𝑙𝑙,𝑗𝑗𝑙𝑙 
𝑁𝑁

𝑙𝑙
� 𝛿𝛿𝑖𝑖𝑘𝑘,𝑗𝑗𝑘𝑘 

𝑁𝑁

𝑘𝑘,𝑘𝑘≠𝑙𝑙 

 

where 𝑑𝑑𝑖𝑖𝑙𝑙,𝑗𝑗𝑙𝑙 = −𝑖𝑖ℏ �𝜑𝜑𝑖𝑖𝑙𝑙�
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜑𝜑𝑗𝑗𝑙𝑙 � is the NAC between orbitals 𝜑𝜑𝑖𝑖𝑙𝑙 and 𝜑𝜑𝑗𝑗𝑙𝑙 . Based on Eq. (14), the 

NAC are non-zero only for pairs of configurations that differ by no more than one orbital. 
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3. Time-dependent Kohn-Sham equations and nonadiabatic molecular dynamics 

An explicit consideration of a Slater determinant basis is not needed for solving time-

dependent (TD) Kohn-Sham (KS) equations. They can be solved numerically on a grid in the 

position or momentum space.3, 4 KS orbitals are used in the TDKS theory as an auxiliary construct 

to make sure that the electron density, which is the key quantity of DFT, corresponds to a 

wavefunction, and to construct the kinetic energy and other orbital dependent functionals. 

Adiabatic KS orbitals provide an alternative to the grid representation for solving the TDKS 

equations. The adiabatic KS representation allows a great reduction of dimensionality, since a 

small set of relevant adiabatic KS orbitals can be selected by energy.5-8 The KS representation of 

the TDKS equations shifts the computational cost to solving the time-independent density 

functional theory (DFT) problem. The main challenge resides in computing the NAC matrix 

elements, which can diverge at trivial energy crossings.9, 10 

A grid representation of the TDKS equations allows one to couple quantum mechanical 

electrons to classical nuclei in a mean-field manner, leading to the quantum-classical Ehrenfest 

approximation.3, 11 The advantages and limitations of the Ehrenfest approximation are well 

documented.12-14 In particular, the Ehrenfest approach works well for short-time dynamics. 

Simulating long-time dynamics of charge carriers in nanoscale systems requires inclusion of 

detailed balance between transitions upward and downward in energy. Detailed balance is needed 

for proper description of energy relaxation that leads to thermal equilibrium. Phonon-induced 

decoherence in the electronic subsystem should be included as well, since it can strongly influence 

transition times.  Incorporation of the detailed balance and decoherence effects requires a choice 

of a basis, which is provided in our multi-particle simulations by the Slater determinants. While 

these effects can be incorporated into the Ehrenfest method,13, 14 we focus on the surface hopping 

framework, which is commonly used for simulating NAMD. 

 

4. Simulation details 

10 Å of vacuum is added along each direction to remove spurious interactions between QD 

images under periodical boundary conditions. Only the Γ-point is used, because QD is a finite 

system. After heating and equilibrating the system at 300 K for 5 ps, a 2 ps MD trajectory is 

generated with a 1 fs timestep using the microcanonical ensemble. The NAC and Coulomb 

couplings are computed along the trajectory. The 2 ps trajectory is sufficient for simulating the 
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Auger process, which occurs on a sub-picosecond timescale. For comparison, we performed 

simulations with just the NAC, turning off the Coulomb interaction. In such case, the electron 

energy can only be transferred to phonons, and the dynamics involving transition across a large 

energy gap are slow. We also simulated intraband electron and hole relaxation, and electron-hole 

recombination. In the absence of a third charge carrier, the nonradiative recombination is slow and 

occurs by transfer of electronic energy to phonons. In order to simulate the slower processes, we 

replicated the 2 ps Hamiltonian multiple times under the classical path approximation. 15, 16  

 

5. Comparison of the Coulomb and nonadiabatic coupling matrix elements 

Further insights into the mechanism of the Auger process and electron-hole relaxation are 

provided by Fig. S1 and Table S1, which report the NAC values dij and the Coulomb matrix 

elements Vij. Fig. S1 shows the NAC values between orbitals that may get populated in the NAMD 

simulation. Notably, the NACs between the HOMO, 1Se, and 1Pe are 1-2 orders of magnitude 

smaller than the NAC between states in the dense manifolds of the valence and conduction bands. 

The NAC for adjacent states is around 20 meV in the VB, and around 10 meV in the CB, 

rationalizing the fast hot-hole relaxation, and a slower hot electron relaxation, Fig. S4 and S5. The 

NACs between the valence and conduction band edges are 100-fold smaller, less than 0.1 meV, as 

shown in Table S1 for the NAC between the ground state Φ0 and excited states ΦH
L  and ΦH

L1. This 

is usually the case for wide gap systems and results in slow charge recombination. Here, the CdSe 

QD has a gap of 1.4 eV between HOMO and LUMO, and 0.43 eV between LUMO and LUMO+1.  

The NAC between 1Se and 1Pe, i.e. between ΦH
L  and ΦH

L1, is around 1 meV, much smaller than the 

value for the intra-band states. This weak phonon-electron scattering leads to the phonon-

bottleneck that is expected to slow down the hot electron relaxation, and enhance its lifetime and 

the optoelectronic performance of QDs. However, the Coulomb matrix elements responsible for 

the electron-hole interactions are quite large, 20-40 meV between  ΦH
L1 and ΦHn

L  (n=1, …, 14), 

Table S1. The Coulomb coupling provides an additional fast channel for the hot electron relaxation. 

The Coulomb matrix elements are on the same order or even larger than the NAC in the VB, 

rationalizing why the Auger process, Fig. 2(a),(b), is faster the intraband hole relaxation, Figs. S4, 

S5. 
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Figure S1. NAC between valence and conduction band orbitals. The orbital index is 0 for HOMO, 

-5 for HOMO-5, 1 for LUMO, 2 for LUMO+1, etc. The color and size of the squares show the 

magnitude of NAC between the corresponding orbitals. 

 

State I State J Coulomb Vij (meV) 

ΦH
L1 ΦH1

L  40 ± 30 

ΦH
L1 ΦH14

L ~ΦH2
L  (10~20) ± (10~20) 

State I State J NAC dij (meV) 

Φ0 ΦH
L  0.08 ± 0.06 

ΦH
L  ΦH

L1 1.5 ± 1.4 

Φ0 ΦH
L1 0.06 ± 0.04 

 

Table S1. Canonically averaged Coulomb matrix elements and absolute values of NAC matrix 

elements between selected states. Φ0 is the ground state, ΦHp
Lq  is the excitation from HOMO-p to 

LUMO+q.  
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6. Energy flow between electronic and vibrational subsystems in the CdSe quantum dot 

Fig. S2 shows decay of the total electronic energy with and without the Coulomb scattering 

starting from the HOMO → LUMO+1 initial excitation. The electronic energy decay exhibits a 

fast initial component with the Coulomb interaction turned on, Fig. S2(a). The electron exchanges 

energy with the hole, and the hole rapidly deposits the energy into phonons. Subsequently, a slow 

charge recombination follows. The Auger-assisted decay of the electron from 1Pe to 1Se occurs on 

a 0.15 ps timescale. The electron-hole energy exchange is fast because of the strong quantum 

confinement in the studied small QD. The Auger energy exchange is slower in larger QDs.17 The 

energy transferred to the hole relaxes into phonons within 0.2-0.3 ps. Supported further by the 

charge-phonon relaxation data shown in Figs. S4 and S5, this timescale is typical of intraband 

charge-phonon relaxation in nanoscale materials.18-20  The simulation without the Coulomb 

coupling does not exhibit the fast initial energy decay, Fig. S2(b). Instead, the 1Pe → 1Se transition 

of the electron requires 210 ps, representing the phonon bottleneck, characteristic of decoupled 

electron and hole.21, 22  The electron-hole recombination occurs on a nanosecond timescale by 

coupling to phonons. An Auger-assisted electron-hole recombination requires another charge 

carrier that can accommodate the energy released during the recombination. This process in not 

considered in the present simulation. 

 
 

Figure S2. Decay of the total electronic energy starting from the HOMO → LUMO+1 excitation 

(a) with and (b) without Coulomb scattering. The color strip shows the energy distribution during 

the NAMD simulation, and the dashed blue line shows the average energy. The ground state is 

used as the energy reference. 
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Further insights into the Auger process are provided in Fig. S3 that shows the evolution of 

the electron and hole energies, part (a), and the phonon influence spectrum for the intraband hole 

relaxation, part (b). In the first 0.1 ps, most of the energy lost by the hot electron is transferred to 

the hole, Fig. S3(a). However, a small fraction of the energy, several tens of meV, is already taken 

out of the electronic system, because the hot hole immediately starts transferring the energy to 

phonons. In general, the Auger and phonon driven processes proceed on similar timescales and 

compete with each other.23-25  The maximum energy reached by the hot hole is less than 1/3 of the 

energy released by the electron. The phonon influence spectrum shown in Fig. S3(b) indicates that 

the hole relaxes by coupling to optical phonons in the 20-40 meV frequency range (150-300 cm-

1). The spectrum is computed by Fourier transforming the phonon-induced fluctuations of the 

energy gaps between HOMO and HOMO-n, where n=1…14, and averaging these fourteen Fourier 

transforms.  

 
Figure S3. (a) Energy transfer from hot electron to hole during the Auger process. The red dashed 

curve shows the energy lost by the electron. The blue line shows the energy of the hole, which 

gains energy from the electron and then loses it to phonons. (b) Phonon influence spectrum for hot 

hole relaxation, averaged over transitions between ΦH
L1 and ΦHn

L : (HOMO-n → HOMO, n=14, 

13, …, 1). 

 

 In the CdSe QD, the conduction band above the 1Pe state and the valence band near the 

band edge have dense energy spectra, and electron-phonon scattering dominates the carrier 

relaxation. Therefore, fewest switch surface hopping (FSSH) implemented in PYXAID is used to 

model hot electron and hole relaxation in these energy ranges.26, 27 Fig. S4 shows the decay of the 
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energy of hot electrons initially excited above 1Pe. The curves are fitted with the exponential 

function Aexp(-t/τ), where τ is the timescale parameter from fitting. The hot electron relaxation to 

the edge state 1Pe (LUMO+1) shows an average timescale of around 0.3 ps. Fig. S5 presents the 

decay of the energy of hot holes excited below HOMO. The hole relaxation timescale is within the 

0.2~0.3 ps range. 

 
Figure S4. Energy decay of electrons from states LUMO+(2,3,4,5) to 1Pe (LUMO+1). The 

reference zero energy is the energy of LUMO. The timescales are obtained by exponential fits. 

 
Figure S5. Energy decay of holes from states HOMO-(1, 2,…,14) to HOMO. The reference zero 

energy is the energy of HOMO. The timescales are obtained by exponential fits. 
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