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Derivation of Water Permeability Equation for Membranes with Tortuous
Pores

Mesoporous membranes are commonly modeled as an array of parallel capillaries, with the water
permeability estimated using the Hagen-Poiseuille (H-P) equation. In most cases, the pores are
assumed to be cylindrical and vertical, resulting in the following equation for the water
permeability, A, defined as the volumetric flux of water (J,) normalized to the applied pressure
gradient (AP) with units of L m h-! bar!:
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The water permeability is calculated as a function of selective layer thickness (d,,), pore radius
(), volumetric porosity (¢), and solution viscosity (u). In most cases, pore radius is assumed to
be uniform, although pore size distributions can be incorporated as well.

A Vertical Pores B Tortuous Pores

Figure S1. Schematic showing parallel arrays of (A) vertical pores and (B) tortuous pores, where both systems have
the same selective layer thickness (dy), pore radius (7,,), and porosity (¢). The tortuous pores have a total pore length,
L. Water flows through pores in the two systems at average velocities u and v, respectively. Note that the number of
tortuous pores is fewer than for vertical pores for an equivalent volumetric porosity.

The pores of block polymer membranes (and other membranes) can include significant tortuosity
(7), defined as:

r=L/s,, (S2)

where L is the pore length (Figure S1). Tortuosity values are greater than one in double gyroid and
disordered morphologies, and can be greater than one in all morphologies by discontinuous grain
boundaries or imperfect alignment. The effect of tortuosity can be incorporated directly into the
water permeability equation (1). In the block polymer membrane literature, tortuosity has, we
believe, erroneously been included in a modified H-P equation with a 1/ dependence. As derived
in general fashion for the pressure drop in porous media by Epstein, tortuosity impacts the
permeability in the H-P equation with a 1/z> dependence, which leads to eq.l in the main
manuscript:
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The derivation by Epstein states that the increased pore length stemming from tortuosity has two
effects: (1) decreasing the pressure gradient that drives flow, and (2) increasing the fluid velocity
such that the average velocity in the capillary (v) exceeds that of the average interstitial axial
velocity (1), which is equivalent to the capillary velocity for vertical pores. Combined, these two
effects lead to the 1/72 dependence. A key conceptual difference with the Epstein derivation is that
the two main factors that drive the 1/72 dependence include (1) the decreased pressure gradient and
(2) a decreased number of pores for a constant porosity. This second factor increases velocity at
fixed flux as in the Epstein derivation, but is more physically comprehensible.

Membrane water permeability is determined from the pure water flux, J,,, and the pressure drop,
AP:

Jw

A=7p

(S3)

The water flux is determined relative to the whole membrane surface area (a), including non-
porous regions. For an array of uniform pores, the water flux is simply the product of the
capillary velocity and the cross-sectional area of the pores (a,), as determined in the normal
direction from the pore walls:

Jw=vay (S4)
For an array of cylindrical pores, the cross-sectional area is related to the total number of pores
(np) and the total pore area (a):

2
npryp

ap=—, (S5)

Porosity is similarly defined, but including the relevant lengths, with the total cylindrical pore
volume related to the total membrane volume:

2
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abm
Rearranging eq. S6:
ap, =€/t (S7)
Plugging eq. S7 into eq. S4 relates the water flux to capillary velocity, porosity, and tortuosity:
Jw ="Vt (S8)

The H-P equation for fully-developed, laminar flow through a cylinder relates the pressure drop
to the average fluid velocity and the cylinder dimensions:
8uvl  8uvdy
AP =2 =2 (S9)

Tp Tp

Finally, plugging eqs. S8 and S9 into eq. S3 yields eq. 1:
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Conceptually, eq. S7 shows that increasing tortuosity will decrease the active pore area (and the
corresponding number of pores) for a given volumetric porosity. By rearranging eq. S8, for a given
water flux, the capillarity velocity v increases by a factor  when compared to the axial velocity u,
corresponding to the Epstein derivation. In other words, due to the decreased number of tortuous
pores compared to vertical pores for a given porosity and pore radius, if the total water flux is
equivalent, then the average capillary velocity in tortuous pores will be greater than that of vertical
pores by a factor 7 (i.e., v = ur).

The above analysis ignores curvature, which is physically true for a straight cylindrical pore that
is not vertically aligned, but does not accurately depict most other occurrences of tortuosity.
Curvature has a complex impact on fluid flow, as reviewed by Berger ef al. We can estimate the
impact of curvature on fluid flow using the following series approximation:

K
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where Qcurve 18 the flow rate through a coiled pipe, Ojiraighe 15 the flow rate under the same pressure
gradient through a straight pipe with the same radius, and K is the Dean number:

1/22y
Tp pVP
K=(3) =~ (S11)

where R is the radius of curvature, v is again the mean capillary velocity, and p is the fluid density.
The Dean number relates inertial and centrifugal forces to the viscous force. Larger Dean numbers
increase the impact of curvature on the flow rate, with K = 576 resulting in ~2% decreased flux.

To get a sense for the impact of curvature in block-polymer membranes, we can consider upper
limits of water flow through block polymer membranes, with 7, = 50 nm, R = 250 nm, and v =
1000 um/s. These values correspond to K = 0.00005, and essentially no change to the flow rate by
eq. S10. In other words, the effects of curvature on fluid flow through tortuous pores in block
polymer membranes should be negligible, and eq. 1 should be valid for the idealized model of
tortuous capillaries of constant pore radius.
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Table S1. Experimental water permeabilities and parameters used to calculate theoretical
water permeability using the Hagen-Poiseuille equation
Average Active

Pore Experimental . Theoretical
. - Pore Porosity Layer o
Formation Permeability Diameter (%) Thickness Permeability Ref.
Mechanism (Lm2h-'bar) 0 (Lm2hbar)
(nm) (nm)
Etching 114 12.5 20 200 1975 1
Etching 1.2 24.2 27 4000 500 2
Etching 200 15 37 100 10,520 3
Etching 10 8 42 150 2265 4
Etching 153 13.2 38 1000 840
Etching 4 12 45 800 1020 5
Etching 165 20 25 80 15,800 6
Etching 200 17 32 160 7300 7
Etching 97 15 24 100 6830 8
Etching 9 14 40 25,000 40 9
Etching 5 20 40 100,000 6830 10
2000 35 11.7 85 2820
8600 37 14 71
Swelling 21,310 11
13,000 48.6 17.5 61 34,120
15,000 48.2 19.9 53 85,650
Swelling 128 17.5 17.7 240 110,260 12
) 5000 27 46 239 17,740
Swelling : 13
2000 20 43 213 10,210
Swelling 30 26 52 60,000 74 14
SNIPS 90.8 6.6 3.5 50 1540 15
SNIPS 60 12.5 12.7 1200 210 16
SNIPS 32 60.0 24.5 40 5570 17
24 8.0 7.4 100 600
154 14.0 100
SNIPS 8.0 1980 13
196 14.0 7.6 100 1880
850 20.0 14.0 100 7080
SNIPS 380 22.6 16.3 110 9400 19
SNIPS 750 20.0 10.0 100 5060 20
7.2 13.1 5.8 100 400
SNIPS 21

310 16.2 14.3 100 4690




SNIPS 13.4 13.1 11.2 100 2430 22
20.1 9.0 4.0 100 410
189 18.0 22.0 1400 640
SNIPS 968 21.0 27.0 1400 1080 23
4650 28.0 33.0 800 4090
SNIPS 262 25.6 10.6 106 7800 24
55 17.0 13.6 174 2890
SNIPS 101 23.0 18.7 220 5680 25
1465 34.0 31.5 91 51,140
SNIPS 150 21.0 5.0 2500 110 26
SNIPS 153 15.9 10.3 120 2740 27
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Table S2. Experimental water permeabilities, BSA or PEO rejections, and ratio of BSA Ry, to 7,

for block polymer membranes

Pore Experimental BSA or
Formation Permeability Rel')fcgon Ref.
Mechanism (Lm=2hbar?) J(% )
Etching 165 22 0.37 28
Etching 1.2 20 0.31
Etching 196 22 0.73
Etching 150 80 0.61
Swelling 1686 45 0.27 29
104 38.4 0.36
300 28.1 0.3
700 14.7 0.26
750 11.2 0.24
Swelling 860 i 0.22 30
35 52 0.53
89 41 0.43
153 34 0.40
200 26 0.35
300 26 0.34
320 93 *
840 81 *
Swelling 960 78 * 31
1000 66 *
1100 50 *
1250 75 *
Swelling 1800 58 * 13
2100 35
SNIPS 2.6 86 1.01 21
SNIPS 850 67 0.37 20
SNIPS 380 95 0.32 19
SNIPS 275 50 0.33 27
196 15 0.52
SNIPS 18
24 85 0.9
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400 0.35

SNIPS 23
200 0.41

SNIPS 650 50 0.74 32

SNIPS 91 28 0.21 15
1150 12 0.42

SNIPS 33
1100 20 0.42

SNIPS 40 82 0.93 34
50 90 0.32

SNIPS 240 17 0.17 35
390 5 0.11

* Denotes that average pore size was not reported for these

membranes.
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Table S3. Average pore diameters and standard deviations used to calculate the pore size
coefficient of variation for block polymer membranes

Pore Average Pore Standard Deviation Coefficient of
Formation  Diameter Variation Ref.
Mechanism (nm) (nm)

Etching 25.0 3.0 0.12 28
Etching 20.3 3 0.15 36
Etching 20.0 3.0 0.15 2
Etching 15.0 2.6 0.17 8
Etching 12.0 1.3 0.11 5
Etching 17.0 24 0.14 7
13.9 3.2 0.23
18.4 3.8 0.207
. 21.2 4.3 0.203
Swelling 30
24.4 5.0 0.205
27.7 6.8 0.245
334 8.2 0.246
20.0 4.0 0.2
Swelling 14.0 3.0 0.214 13
17.0 3.0 0.176
15.8 1.8 0.114
19.5 2.0 0.103
Swelling 22.1 33 0.149 37
22.8 2.6 0.114
23.4 2.0 0.085
8.0 2.0 0.25
11.6 2.1 0.18
11.8 1.8 0.15
Swelling 13.8 2.1 0.152 12
14.6 1.9 0.13
17.0 1.8 0.106
17.7 2.8 0.158
18.8 3.5 0.186
Swelling 25.3 3.1 0.123 38

35.8 5.6 0.156




40.0 4.4 0.11
44.1 4.4 0.11
52.9 2.7 0.05
SNIPS 24.7 2.5 0.101 39
SNIPS 27.0 5.0 0.185 40
16.0 4.5 0.28
SNIPS 21.0 4.5 0.21 41
20.0 7.5 0.38
SNIPS 12.5 3.3 0.26 16
SNIPS 60.0 21 0.35 17
SNIPS 31.9 10.9 0.34 42
10.4 2.8 0.27
SNIPS 18.0 4.0 0.22 43
15.8 5.0 0.32
SNIPS 38.7 6.6 0.17 3
32.1 7.1 0.22
18.0 4.0 0.22
SNIPS 28.0 12.0 0.43 23
41.0 14.0 0.34
SNIPS 25.6 6.1 0.24 24
42.6 17.9 0.42
SNIPS 25.6 6.5 0.25 25
17.0 2.0 0.12
SNIPS 23.0 2.0 0.09 44
53.0 5.0 0.1
38.8 18.4 0.47
38.5 14.1 0.37
22.7 10.7 0.47
NIPS 20.3 7.0 0.35 45
22.1 9.1 0.41
28.4 12.3 0.43
39.6 15.6 0.39
35.7 16.8 0.47
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Table S4. PEO-100k rejection (R, ~ 10 nm) for block polymer membranes

Pore Experimental PEO-100k
Formation Permeability Rejection Ref.
Mechanism (LmZ2hbar?) (%)

SNIPS 850 82 20
SNIPS 380 80 19
275 71
SNIPS 153 05 27
850 50
SNIPS 196 90 18
154 95
200 100
400 80
SNIPS 23
1000 50
4500 40
SNIPS 91 95 15
Etching 196 80 6
Etching 150 99
Etching 165 99 28
Etching 1.2 93 2
_ 100 83
Swelling 60 25 46
| 460 90
Swelling 1200 70 47
Swelling 750 99 48
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