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Mathematical Deduction of Model Proposed 

Let us assume that we have a column of height h and a solute is starting to flow at time t 

= 0, with a linear flow v. To model the adsorption process in the column, the adsorbate 

molecule is considered to be adsorbed by the adsorbent at height x at time t, with a 

cumulative probability distribution  𝐹௔(𝑥, 𝑡)  and density fa(x, t). The distribution fa(x, t) 

is modeled as a combination of two processes: the displacement of the adsorption zone 

and the trajectory of the solute through the unsaturated zone. The displacement of the 

front of the adsorption zone is modeled through a probability density fd(x, t) that 

represents the probability that the adsorption front is at the height x at time t. The solute 

path is modeled through a density fr(x) that represents the probability that the solute 

travels a distance x, from an available adsorption zone until it is adsorbed. Taking into 

account these processes fa(x, t) can be calculated as a convolution: 

𝑓௔(𝑥, 𝑡) = ∫ 𝑓ௗ
௫

଴
ቀ𝑥 − 𝑦, 𝑡 −

௬

௩
ቁ 𝑓௥ (𝑦)𝑑𝑦                                                                      (a1) 

representing the multiplication of the two probabilities. The probability that the 

adsorbate exceeds the adsorption front at the height x - y, at time t – (y / v), by the 

probability that then, moving at speed v, it travels a height y until it is absorbed at the 

height x at time t. 

For a given time t, the complement of the cumulative probability  1 − 𝐹௔(𝑥, 𝑡)  

represents the concentration profile in the fluid, that is the relative concentration Ct/C0 

at a height x, when x varies between 0 and h. Then 𝐶(𝑡) = 1 − 𝐹௔(ℎ, 𝑡) is the function 

that represents the breakthrough curve, and the breakthrough time of the model is t = tb 

such that C(tb) = 0.1. 
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Normal Model  

As a first simplification we will assume that the column extends between −∞ and +∞ 

beyond the region occupied by adsorbent between 0 and h. The probability distributions 

are modeled with normal densities fN (x|μ, σ) having mean μ and standard deviation σ 

that depend on certain parameters to be estimated. Specifically, for the displacement of 

the adsorption zone it will be considered a normal density with mean 𝑣ௗ𝑡  and standard 

deviation σd,   fd(x, t) = fN(x|vdt, σd), where vd corresponds to the linear velocity of the 

adsorption zone displacement and vdt is the average height of the adsorption front. For 

the distance of the adsorbate displacement, until it is absorbed, a normal density with 

mean μr and standard deviation σr, fr(x) = fN (x|μr, σr) can be considered.  

We remark that by assuming normal distributions we allows negative values with no 

null probability density, this implies the possibility of negative distances and that the 

adsorbate could travel backwards in the column rather than forwards. This has no 

physical meaning and is only a theoretical simplification that allows us to deduce simple 

approximate formulas. 

With these considerations, and integrating Eq. (a1) from −∞ to x, fa(x, t) has a normal 

distribution: fa(x, t) = fN(x|μa, σa), with a mean: 

𝜇௔(𝑡) = 𝑣ௗ𝑡 + 𝜇௥ ቀ1 −
௩೏

௩
ቁ                                                                                          (a2) 

and standard deviation 

𝜎௔ = ට𝜎ௗ
ଶ + 𝜎௥

ଶ ቀ1 −
௩೏

௩
ቁ

ଶ
                                                                                           (a3) 

Since σa
2 is a linear combination of σd

2 and σr
2 these two variances cannot be estimated 

independently (that is, deviations for each particular process cannot be obtained from 

experimental data). A single parameter σa is then considered to describe the standard 

deviation associated with both processes. Therefore, the breakthrough curve projected 
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by this model is given by the function 

𝐶(𝑡|𝑣ௗ, 𝜇௥, 𝜎௔) = 1 − 𝑓ே(𝑥|𝜇௔(𝑡), 𝜎௔)  

                           =
ଵ

ଶ
+

ଵ

ଶ
 erf ቀ

ఓೌ(௧)ି௛

√ଶఙೌ
ቁ      

                           =
ଵ

ଶ
+

ଵ

ଶ
 erf ቆ

௩೏௧ାఓೝቀଵି
௩೏

௩ൗ ቁି௛

√ଶఙೌ
ቇ                                                            (a4) 

where erf is the error function.  

Considering s > 0 and a change of variables in Eq. (a4), given by  

𝑣෤ௗ = 𝑠𝑣ௗ 

𝜇෤௥ =
௦ቀఓೝቀଵି

௩೏
௩ൗ ቁି௛ቁ

ቀଵି௦
ೡ೏
ೡ

ቁି௛
                                                                                                     (a5) 

𝜎෤௔ = 𝑠𝜎௔ 

it follows that  𝐶(𝑡|𝑣ௗ , 𝜇௥, 𝜎௔) = 𝐶(𝑡|𝑣෤ௗ , 𝜇෤௥, 𝜎෤௔).   

Therefore there are infinite combinations of the parameters that produce the same 

function C(t), and as a consequence 𝑣ௗ ,  𝜇௥, and 𝜎௔ cannot be simultaneously estimated 

from the data of the experimental breakthrough curve. Then assuming μr = 0 (since it is 

considered that the adsorption kinetics of the solute is instantaneous when it meets the 

available adsorbent), a model with two independent parameters is obtained. The 

breakthrough curve corresponding to the proposed normal model is then: 

஼௧

஼బ
= 𝐶(𝑡|𝑣ௗ , 𝜎௔) = 1 − 𝐹ே(ℎ|𝑣ௗ . 𝑡, 𝜎௔) =

ଵ

ଶ
+

ଵ

ଶ
 erf ቀ

௩೏௧ି௛

√ଶఙೌ
ቁ                                       (a6) 

The parameters of the model are: vd the speed of movement of the adsorption zone and 

σa the standard deviation of the position of the adsorption zone front. 

Likewise, the breakthrough point of this model can be calculated by solving                                        

𝐶(𝑡𝑏|𝑣ௗ , 𝜎௔) = 1 − 𝐹ே(ℎ|𝑣ௗ. 𝑡𝑏, 𝜎௔) = 0.1, that is, 𝐹ே(ℎ|𝑣ௗ . 𝑡𝑏, 𝜎௔) = 0.9, resulting: 

𝑡𝑏 =
ଵ

௩೏
൫ℎ − 𝜎௔Φିଵ(0.9)൯                                                                                (a7) 

where Φ-1 is the Probit function.      
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 We remark that the normal model proposed assumes that the adsorption kinetics of the 

adsorbate is instantaneous when it meets the available adsorbent (μr = 0). This 

assumption is consistent with the observed results for chromium – chitosan system in 

batch studies (Dima et al., 2015). On the other hand, if a positive value of μr is 

considered this would correspond to a displacement of the breakthrough curve (Eq. a4), 

and will only produce a proportional increase in vd and σa parameters (Eq. a5) (without 

changes in the general parameters performance). 
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