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1. Equations (3) of the main text 

Let us first comment Eqs. (3) of the main text:  

𝑑𝐿

𝑑𝑡
= 𝑣3 (

2

1+𝑐𝑜𝑠𝛽
+

2𝜆3

𝑅
) (1 − 𝑒𝜇3−𝜇3

𝑣
),                                                                                      (3a)                                                                                                             

𝑑𝐿

𝑑𝑡
=

4𝑣5(2)

1+𝑐𝑜𝑠𝛽
(1 − 𝑒2𝜇5−𝜇5(2)

𝑣

),                                                                                                  (3b) 

𝑑𝐿

𝑑𝑡
= ℎ𝜋𝑅2𝜂𝐽(Δ𝜇).                                                                                                                  (3c)   

These equations are valid under the steady state regime of VLS growth where the atomic 

influxes of group III and group V atoms into the droplet are exactly equalized by their reverse 

diffusion onto the NW sidewalls and desorption (for group III adatoms) or only desorption (for 

group V atoms), and the sinks due to NW growth.  Equation (3b) is clear – it assumes that that 

group V atoms arrive to and desorb from the droplet in the form of dimers such as As2, and that 

thermodynamic equilibrium for group V atoms in vapor and liquid occurs when 2𝜇5 = 𝜇5(2)
𝑣 , as 

in Refs. [S1] and [S2]. Equation (3c) gives the nucleation-mediated NW growth rate in the 

mononuclear mode [S1,S2], with Δ𝜇 = 𝜇3 + 𝜇5 − 𝜇35
𝑃  as the chemical potential difference per 

III-V pair in liquid and solid.  
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Figure 1. Schematics of the VLS growth process with surface diffusion of group III adatoms. 

 

Let us now derive Eq. (3a). We consider a simplified form of the diffusion flux on the 

NW sidewalls such that the group III adatom concentration 𝑛3 equals 𝑛𝑙 at the liquid-solid 

boundary below the droplet and 𝑛𝑓 at distance 𝜆3 from the droplet (see Fig. 1). We now solve the 

simple diffusion equation with these boundary conditions: 

𝑑2𝑛3

𝑑𝑧2 = 0,  𝑛3(𝑧 = 𝐿) = 𝑛𝑙,  𝑛3(𝑧 = 𝐿 − 𝜆3) = 𝑛𝑓,                                                                    (S1) 

and use the standard expression for the diffusion-induced NW growth rate [S3] 

(
𝑑𝐿

𝑑𝑡
)
𝑑𝑖𝑓𝑓

= −2
𝐷3

𝑅
Ω35 (

𝑑𝑛3

𝑑𝑧
)
𝑧=𝐿

,                                                                                                  (S2) 

with 𝐷3 as the diffusion coefficient of group III adatoms on the NW sidewalls and Ω35 as the 

elementary volume per III-V pair in solid. The result is given by: 

(
𝑑𝐿

𝑑𝑡
)
𝑑𝑖𝑓𝑓

= 2
𝐷3

𝑅
Ω35

(𝑛𝑓−𝑛𝑙)

𝜆3
.                                                                                                         (S3) 

 We note that in the steady state regime 𝑛𝑓 = 𝜑3𝐼3𝜏3, with 𝜑3 as a geometrical coefficient 

which depends on the epitaxy technique, 𝐼3 as the arrival rate of group III atoms per unit area of 

the surface (measured in nm-2s-1) and 𝜏3 as their mean lifetime on the NW sidewalls. Using 

Ω35𝐼3 = 𝑣3 and 𝐷3𝜏3 = 𝜆3
2
, we have  
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(
𝑑𝐿

𝑑𝑡
)
𝑑𝑖𝑓𝑓

=
2𝜆3

𝑅
𝜑3𝑣3 (1 −

𝑛𝑙

𝑛𝑓
).                                                                                                   (S4) 

The ratio 𝑛𝑙 𝑛𝑓⁄  can equivalently be presented as 𝑛𝑙 𝑛𝑓⁄ = exp (𝜇3 − 𝜇𝑓), where 𝜇3is the 

chemical potential of group III atoms in liquid and 𝜇𝑓 is the chemical potential of group III 

adatoms at distance 𝜆3 from the droplet. Without radial growth on the sidewalls, the latter should 

equal chemical potential of group III atoms in vapor: 𝜇𝑓 = 𝜇3
𝑣. In VPE deposition techniques, 

𝜑3 = 1. Therefore, we obtain 

(
𝑑𝐿

𝑑𝑡
)
𝑑𝑖𝑓𝑓

=
2𝜆3

𝑅
𝑣3(1 − 𝑒𝜇3−𝜇3

𝑣
).                                                                                                (S5) 

Combining it with the contribution to the NW growth rate due to the direct exchange with vapor 

(in VPE technique),  

(
𝑑𝐿

𝑑𝑡
)
𝑣
=

2𝑣3

(1+𝑐𝑜𝑠𝛽)
(1 − 𝑒𝜇3−𝜇3

𝑣
),                                                                                                (S6) 

we arrive at Eq. (3a). Note that this NW growth rate cancels at 𝜇3 = 𝜇3
𝑣 corresponding to 

equilibrium for group III species in vapor and liquid.  

 

2. Derivation of Eq. (4) for the NW growth rate 

According to Ref. [S2], solution to Eqs. (3a) to (3c) have the form 

𝜇3 = 𝜇3
𝑣 + 𝑙𝑛 (1 −

1

𝑉3

𝑑𝐿

𝑑𝑡
),  𝜇5 =

1

2
𝜇5(2)

𝑣 +
1

2
𝑙𝑛 (1 −

1

𝑉5

𝑑𝐿

𝑑𝑡
),                                                   (S7) 

and 

𝑑𝐿

𝑑𝑡
=

𝑉5

1+𝑉5 𝑉3⁄

1

1+𝑖𝑐/𝑊(𝑦)
,  𝑦 =

(1+𝑉5 𝑉3)⁄

𝑉5
𝑉35𝑖𝑐.                                                                          (S8) 

Here, 𝑉3, 𝑉5, 𝑉35 and 𝑖𝑐 are given by the corresponding expressions of the main text. 𝑊(𝑦) is the 

Lambert function such that 𝑊𝑒𝑥𝑝(𝑊) = 𝑦. To further simplify Eq. (S8), we note that the term 

with 𝑖𝑐/𝑊(𝑦) limits the VLS growth only if it is large compared to unity, which occurs 

when 𝑊(𝑦) ≪ 1. In this case, 𝑊(𝑦) ≅ 𝑦 and we can use the simple approximation  

𝑖𝑐
𝑊(𝑦)

≅
𝑖𝑐
𝑦

=
𝑉5

(1+𝑉5 𝑉3)𝑉35⁄
.                                                                                                         (S9) 

Using this in Eq. (S8), we arrive at Eq. (4) of the main text.  
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3. Derivation of Eq. (8) for 𝑽𝟑𝟓    

The nucleation-limited NW growth rate is generally given by Eq. (3c) at Δ𝜇 = Δ𝜇𝑣 [S2]: 

𝑉35 = ℎ𝜋𝑅2𝜂𝐽∗(Δ𝜇𝑣)𝑒𝑥𝑝 (−
𝑎2

4Δ𝜇𝑣
),                                                                                     (S10) 

where 𝑎 is a constant related to the surface (edge) energy of 2D island and pre-exponential factor 

𝐽∗ weakly depends on Δ𝜇𝑣. Chemical potential of vapor Δ𝜇𝑣 depends on the material fluxes 

according to 

Δ𝜇𝑣 = Δ𝜇𝑣
0 + ln(𝑣3 𝑣3

0⁄ ) +
1

2
ln (𝑣5(2)/𝑣5(2)

0 ).                                                                    (S11) 

Using this in Eq. (S10) and assuming that the chemical potential variation ln(𝑣3 𝑣3
0⁄ ) +

1

2
ln (𝑣5(2)/𝑣5(2)

0 is much smaller than Δ𝜇𝑣
0
, we can write approximately: 

  𝑉35 = ℎ𝜋𝑅2𝜂𝐽∗ (Δ𝜇𝑣
0)𝑒𝑥𝑝

[
 
 
 
−

𝑎2

4Δ𝜇𝑣
0(1+

ln(𝑣3 𝑣3
0⁄ )+(1/2)ln (𝑣5(2)/𝑣5(2)

0

4Δ𝜇𝑣
0 )

]
 
 
 
≅

ℎ𝜋𝑅2𝜂𝐽(Δ𝜇𝑣
0)𝑒𝑥𝑝 [

𝑎2

4(Δ𝜇𝑣
0)

2 𝑙𝑛(
𝑣3

𝑣3
0 (

𝑣5(2)

𝑣5(2)
0 )

1/2

)].                                                                     (S12) 

Noting that 𝑖𝑐 = [𝑎2/4 (Δ𝜇𝑣
0)

2
], we obtain Eq. (8) of the main text.  

 

4. Derivation of Eqs. (10) for the doping levels 

Comparing Eqs. (1) and (2) of the main text, we obtain  

𝑥 = 𝑥𝑛exp (𝜇∗ − 𝜇∗
𝑣 + 𝜇5 − 𝜇5(2)

𝑣 2⁄ − 𝜀5∗ + 𝜀5∗
𝑛 ), 

𝑦 = 𝑦𝑛exp (𝜇∗ − 𝜇∗
𝑣 + 𝜇3 − 𝜇3

𝑣 − 𝜀3∗ + 𝜀3∗
𝑛 ), 

where the values 𝜀5∗ and 𝜀3∗ are generally different for nominal doping of thin films and for VLS 

NWs due to different compensation ratios. Using Eqs. (S7) and Eq. (4) of the main text, we 

arrive at 

𝑥 = 𝑥𝑛 (
𝑉5 𝑉3+𝑉5 𝑉35⁄⁄

1+𝑉5 𝑉3+𝑉5 𝑉35⁄⁄
)
1/2

exp (𝜇∗ − 𝜇∗
𝑣 − 𝜀5∗ + 𝜀5∗

𝑛 ), 

𝑦 = 𝑦𝑛 (
1+𝑉5 𝑉35⁄

1+𝑉5 𝑉3+𝑉5 𝑉35⁄⁄
 ) exp (𝜇∗ − 𝜇∗

𝑣 − 𝜀3∗ + 𝜀3∗
𝑛 ).                                                           (S13) 
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At 𝜀3∗ = 𝜀3∗
𝑛  and 𝜀5∗ = 𝜀5∗

𝑛 , this is reduced to Eqs. (10) of the main text. At 𝜇∗ = 𝜇∗
𝑣, this is 

further reduced to Eqs. (6) of the main text.  
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