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1. The toriodal coordinate system

For droplet with low Bond number, the gravitational effect can be ignored, hence
the droplet have the shape of spherical cap, here the curved substrate is also assumed
to have the shape of spherical cap, hence their boundaries can be exactly mapped in
toroidal coordinates(a, f8), as shown in Figure S1. G.,is the contact angle of droplet
with substrate surface, Oy, is the tangential angle of curved substrate over the
horizontal bottom, & =06, +0;, is the cutting angle of droplet edge over the
horizontal substrate bottom. The bottom of the substrate is at the temperature T, heat
is transferred to the droplet surface for evaporation through substrate and droplet. The

ambient temperature and vapor concentration are T, and C,_ respectively.
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Figure S1. Schematic diagram of a sessile evaporating droplet on curved substrate in
toroidal coordinate
The relationship between the toroidal coordinate (¢, ) and the cylindrical coordinate
(r,z)is shown below

r/sinha =z/sin f=R(cosha —cos ) (1)
where R is base radius of droplet.
The convective heat transfer inside the droplet and the vapor is ignored, hence both heat
transfer and vapor transfer are diffusion-controlled, the temperature and vapor
concentration are governed by the Laplace equation VT =Qand V’C =0.

2. The boundary conditions

The boundary conditions of vapor concentration and temperature are as follows:

For vapor region around the droplet (0 < a < 0,27 < <37 —0)

(1) In the region far from the droplet, temperature and vapor concentration are
T,..C. respectively

(2) At the axis of symmetry:

(C(a,p)l o0x),, =0



(3) At the gas-solid interface, no penetration for vapor into the solid substrate:
(C(x, B)/ 0) s, =0
(4) At the gas-liquid interface, the heat transfer is coupled with the evaporative mass

transfer, i.e. evaporative cooling effect is considered.
(@(@)) p_r0 =L(I(@)) p_3:0
where () is heat flux, L is liquid latent heat of vaporization, J (<) is evaporative
flux.
For temperature region within the droplet (0<a <o, 7 -0 < <7 —06,,,)
(1) At the axis of symmetry:
T (a,p) o), ,=0
(2) At the solid—liquid interface, the heat transfer inside the substrate and droplet is
coupled together, hence there is no temperature jump across the interface.
T (a,7-8,)=Ts(a,7—b,)
The heat flux is identical from both sides

(cosha —cos B) oT, (a, B)
R Y

__(cosha—cos ) s (e, B)
P=m—Os R R 8ﬁ

B=m—Osup,
where k=K /k_ is relative thermal conductivity of substrate and droplet.

For temperature region within the substrate (0 < a <oo,7—60,, < < 7)
(1) At the axis of symmetry:

(0T(e, p)l 0ct),,_, =0
(2) On the bottom, the temperature is constant

T (a, ) =T,

3. The vapor concentration field and temperature field

The above boundary conditions are applied to solve the governing equation
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VT =0and V2C =0. According to Nguyen et al.[24], the vapor concentration and
temperature field can be obtained in the toroidal coordinate:
Vapor concentration outside the droplet:

C(a, ) =C, ++Jcosha —cos jo“’ E: ()P, ,.(cosh ) cosh[(2z — B)7]dr )
Temperature field inside the droplet:

T (a, f) =T, ++Jcosha—cos g j: P._,s(cosha)[M(z)cosh(z8) + N(z)sinh(z8)ldz  (3)

Temperature field inside the substrate

Ts(e, B) =T, + /cosh o —CO0S ,BT Es (7)P, ,5(cosh a)sinh[(z — g)r]dr 4)

where 7, P_ ,(cosh) are the integration dummy, Legendre functions of the first
kind ,respectively, T,, isthe temperature of the substrate bottom, E_(z)and E(7) are

functions of the integration dummy, and independent of the toroidal coordinates « and

b.
At the solid-liquid interface, according to T, (&, 7—0s,)=Ts(a,7—6,,) , the

following can be obtained as

M (£) COsh[z (7 — By, )]+ N (2)Sinh[z (7 — 6,,,)] = E5 () Sinh(8,,7) 5)

The temperature gradient at the liquid side:

oT (a, B)

op

SN [P os(cosha)}{M (z)coshlz(z — 8s,,)] + N(z) sinh[z (z - 6, )]}z +
2\Jcosha +cosby, 7©

\ /cosh o +Cosb,, j: 7P, _ys(cosha){M (7)sinh[zr(z — 6,,,)] + N (z) cosh[z (7 — &)1 }d

p=r—Osp

(6)




The temperature gradient at the solid side:

T (a. B) sin 6y, - N
— = = P_ ,s(cosha)E; (7)sinh(6y,,7)d7 +
op v 2,[cosh a +cos 6, Jo Peast JE()sin(6,7)

Jcosha +cos b, j': (~7)P,_ys(cosh &) E¢ (7) cosh(6,,,7)d 7

According to

(cosha —cos g) 0T, (a, B)
R op

. (cosha—cos ) 0T (e, )
p=r—bsp ~ "R R op

B=7—Okup

The following can be obtained

j: 7R, s(cosh @){M (z)sinh[z(7 — 6,,,)]+ N () cosh[z (7 — 6, )]+ Ki Es (7) cosh(6,,,7)}d

sin @, « _
= (K —1 S P . .(cosha)E:(z)sinh(6.  r)dr
(s )Z(Cosha+COSHSUb)I0 105 (COSh @) Eg (7) sinh(64,,7)

Here the followings are defined as

Fo.0)=[ o 2 ihc‘zs 5757 os(cosn @)da =sin(@r) [sinn(er)sin ]
oF(0,7) _ 35in6’J-oo sinha P (cosha)der
o0 2 o (cosha +cos@)¥? 0

Then Eq. (8) becomes
M (z)sinh[z (7 —6y,,)]+ N (z) cosh[z (7 — 6,,)] = E (£) H (s, 7)
where

dl:(gseub’f)(kR —1)sinh(6,,7)
e —k, cosh(é,,
(Osyps7) 3rF(6,,,.7) ) e

Together with Egs. (5) and (11), the followings can be obtained as
N(z) = E; (){H (6s,,, 7) cosh[(7 — 6, ) ] —sinh(Gy,,7) sinh[(z — b5, )71}
M(z) = E; (D){—H (s, 7) sinh[(7 — ;) 7] +sinh(Gs,,7) cOSh[(7 — bs,,) 7]}

Then Eq. (3) becomes

(7)

(8)

)

(10)

(11

(12)

(13)
(14)



TL(a,ﬂ):TWh/cosha—cosﬂ (15)

_[: P._os(cosh &) E¢(r){—H (s, ) sinh[(7 — b,,, — B)7]+sinh(by,7) cosh[(z —6,,, — B)r]}dr
At the gas-liquid interface:

kL

) (cosha +cos6) w

Q@) pers =

p=n-0

ke - sind . 16
= E (COSh o +COS 0) jo ES (T) Pir—0.5 (COSh a){m{—H (QSub , T)Slnh[(e - HSub)T] ( )

+5inN(6,,,7) Cosh[(0 - B, )71} - e{—H (6., 7) COS[(B - B, )] + Sinh(Gy,7) Sinh[(0 - Oy, ) T3} 7

Defining
f (e 7) = —H (G, 7)SINN[( — B, )7] + SiN(B,,7) COSNL(0 - )] (17)
0(Ke 7) = —H (B, 7) COSN[(0 — B, )]+ SiNN(Gy,,7) SINN[(6 — )] (18)

Then heat flux across the gas-liquid interface in Eq. (16)

Q@) e = % (cosh a +cos ) x

. (19)
© sing
[ Es(#)P, s(cosh Nooosha rosg) | D)~ T0(ke DNdr
The mass flux across the gas-liquid interface
D oC(a, p)
(J(@) ysz0 = R (cosh a +cos ) o5 ‘ pe3r-0
_ (cosha +cos0)*?
R/D
(20)

cosh[(0 —=)z]sind
2(cosh o + cos )

[ EL(D)P, os(cosha)f zsinh[(6 - 7)7]}d ¢

According to (q(@)) 5_,_y = L(I(@)) s_s,_ » the following can be obtained:

i o[ Pros(cosh @) K EX(2) (ks 7) - LDEL (1) coshl(0-m)e] |,
0 cosh a +cos 6 2 (21)

= J: P_,s(cosha){k _E;(r)rg(ks,7) — LDE.(z)zsinh[(0 - z)r]}dr

Together with Egs. (9), (10), it can be obtained as



E: (z'){kL f(ks,7) OF(0,7)

—F(0,7)k rg9(ks, )}

3 06 o)
_E; (r){aFéZ’ )LD COShg(H‘”)T] ~ LDzF (¢, §)sinh[(6 - 7)7T}

It is assumed that the saturated vapor concentration varies linearly with temperature
along the droplet surface,

Cla,3n—-6)=a+DbT (a,7-0),
Together with Egs. (2), (15), it can be obtained as

C_ ++/cosh & +cos 9]? E.(r)P._,5(cosha)cosh[(0—r)r]dr

; (23)
=a+bT,, +b+/cosha +cos 6"[0 P_,s(cosha)Eg(z) f (kg,7)d7
Hence
_[ ) P__os(cosh a){E. (z) cosh[(0 — 7)r]—bE; (z) f (s, 7)}d7 = a+bTy —C, (24)
o Jcosh @ +cos @
According to the Mehler-Fock integral transform
[ LENPp | (cosha)dr = L (25)
o coshzz 7 J2cosha +2cos @
Eq.(24) becomes
E: (r) cosh[(8— )71 ~bEZ(2) f (kg 7) = v2(a +bT,, —C, ) S2N0) (26)
cosh(zrx)
Together with Egs. (22), (26), the following can be obtained
£ (1) = J2(a+bT,, —C,)E, cosh(z6) .
bcosh(rzr) (27)
oF(0,7) 3
260 7F (6, 7)tanh[(6 — 7)7]

f(k,7) OF (0,7)
3 06

oF (6,7)

{ 3060

—F(0,7)79(ks )} - Eo{

—7F (6, 7)tanh[(6 — 7)7]} f (K;, 7)



E (1) = J2(a+bT,, —C,)cosh(z6) .
A cosh(rr)

f (ke 7) OF (0,7) (28)

3 00

tF(6,7)g(Ks,7)}— EO{GF?)(;‘;T)

sech[(@—7)7](

f(ke,?) OF (0,7)
3 00

7F(0,7)9(kg, 7))

—7F (0, 7)tanh[(0 — 7)1} f (Ks,7)

{

where E; =bLD/k,_ is evaporative cooling number.

hence the non-dimension concentration around droplet is

C(a,p) -C,

Clap==2"¢

=/2cosha —2cos B J:O Ec(7)P, os(cosha)cosh[(27 — B)zldz  (29)

non-dimensional temperature within droplet is

(. B) =% = /2cosha —2cos B

W e

Jy Pras(cOSN @ ES(HH (G SINN(T Oy = )7] 4+ SINN(Gs7) COSNI(7 — O = AN 0

Non-dimensional temperature within the substrate is

() = T%@ — J2cosha— 2605 B[ Eo(r)P,.os(cosha)sinh[(z— Aeldr (31
Where
50)= Egcf::(hzg)g) " (32)
apg(@%f) _7F (6, 7)tanh[(6 - )]

f(k,,7) OF (8,7) oF(6,7)

7 - FO.0r9(k O} - B —tF (0,0)tanh[(0 - 7)7T}H (ke 7)
E.(z) = cosh(z8) 8
cosh(zr)

f (ke 7) OF (6,7)
3 00

FF 0.9k D} BT 00

sech[(6 — 7)7]( (33)

f (ke 7) OF (6,7) _
3 00

7F(0,7)9(kq. 7))

—7F (0, 7)tanh[(6 — 7)z]} f (Kg,7)

{
4. The lifetime of droplet
After integrating the evaporative flux over the gas-liquid interface in toroidal

coordinates, the evaporation rate can be obtained:



sinh
(cosh & +cos )?

dm(@) _ dv(o) _
d % dt

=-D(C,-C,)2\2zR x

—_TZ;[RZJ (c,0)
’ (34)

cosh[(@ —z)r]sing
2(cosh a +cos 0)

j: dr j: (cosh a +¢os 6) °° sinh o{E..(r)P,_, . (cosh @)[ zsinh[(6 — 7) 7]}

In the above equation, the double integral term is a function of 8, Eo andk_, it can be

defined as
¢(91 kR ) Eo) =
[ dz[” (coshar + cos 6) °° sinh a{E, (¢)P, s (cosh ESO=D)TSING o 2yeande )
0 0 2(cosh o +cos )

Thus

dn(]jig) A d\;ig) =-D(C, —Cx)ZﬁﬂR(o(H, Ke: Eo) (36)
The volume of droplet can be obtained:

3 3
7R 7R (37)

V = —
39(0) 39(bs,)

sin® @

h 0) =
where g(0) (1—cos@)?(2+cosH)’

During the evaporation the droplet is assumed to be pinned on the substrate, i.e. it is
in the Constant Contact Radius (CCR) mode, the base radius is kept constant and the
contact angle of droplet decreases with time, so together with Egs. (34), (37), it can be

obtained as

a9 :_D(Ce—_zcx) 220(6, ks, E,)(1+C0s ) (38)
dt PR

The lifetime of evaporation of droplet can be obtained

ARy % 1
- do (39)
2\2D(C,-C,) J@ @(0,Ks, E,)(L+C0s 0)?

where the 6o and Ro are the initial tangential angle of the droplet surface with the plane

CCR

at the edge and initial base radius respectively.



