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In this Supporting Information, the detail derivation for the heat current expression by

the extended hierarchy equation of motion and the non-equilibrium polaron-transformed

Redfield equation are provided. The smooth transition for the heat current scaling depen-

dence on the coupling strength from I ∼ α to I ∼ α2 is also presented.

1. Extended hierarchy equation of motion

Consider a general total Hamiltonian consisting of a system, two baths and interaction

parts,

H = HS +
∑
ν=1,2

HB,ν +
∑
ν=1,2

Vν ⊗Bν , (S1)

where ν labels two baths. HB,ν =
∑

j ων,jb
†
ν,jbν,j denotes the Hamiltonian for the bosonic

bath, where b†ν,j (bν,j) is the creation (annihilation) operator. Bν =
∑

j gν,j(b
†
ν,j + bν,j) is the

bath operator. HS denotes the system Hamiltonian and Vν is the coupling operator between

system and ν-th bath. Here we do not constrain the form of system-bath coupling operators

so that V1 and V2 can be non-commutative. For simplicity, we consider a system-bath factor-

ized initial condition, ρtot(0) = ρS(0)⊗ν ρeq
B,ν , where ρeq

B,ν = exp(−βνHB,ν)/Tr{exp(−βνHB,ν)}

denotes the thermal equilibrium state of the bath.

Incorporating the counting field on the first bath, the Hamiltonian in Eq. (S1) becomes,

H[
χ

2
] = HS +

∑
ν=1,2

HB,ν + V1 ⊗B1[
χ

2
] + V2 ⊗B2, (S2)

where O[χ] = exp(iχHB,1)O exp(−iχHB,1). Then the cumulant generating function can be

written as,1

G(χ, t) = In
[
Tr
{

exp(−iH[
χ

2
]t)ρtot(0) exp(iH[

χ

2
]t)
}]

. (S3)

2



The calculation of G(χ, t) is equivalent with the propagation of reduced density matrix with

H[χ/2],

ρS(χ, t) = TrB

{
exp

(
−iH[

χ

2
]t
)
ρtot(0) exp

(
iH[

χ

2
]t
)}

, (S4)

so that G(χ, t) = In[TrS{ρS(χ, t)}].2

Hierarchy equation of motion (HEOM) calculate the dynamics of the reduced system

with the facilitation of auxiliary fields.3,4 Here we use an extended HEOM in which more

general bosonic baths can be treated with great accuracy.5,6 With the Wick’s theorem, we

have ρ̃S(χ, t) = ŨRMD(χ, t)ρS(0, 0) in the interaction picture with

ŨRMD(χ, t) = T+

{
exp

(
−
∑

ν,jk=0,1

∫ t

0

dsW̃jk
ν (χδ1ν , s)

)}
, (S5)

where T+ is the time-ordering operator and Õ denotes an operator in the interaction picture.

The transition kernel is,2

W̃jk
ν (χδ1ν , t) = Ṽ j

ν (t)

∫ t

0

dsṼ k
ν (s)Cjk

ν (χδ1ν , t− s). (S6)

Here only the transition kernel for the first bath (W̃jk
1 (χ, t)) is dependent on χ since we do

not incorporate the counting field on the second bath. A superoperator notation O0A = OA

and O1A = AO is used. The bath correlation with the counting field χ can be calculated as,

C00
ν (χδ1ν , t) = CR

ν (t) + iCI
ν(t), C

10
ν (χ, t) = −CR

ν (t− χδ1ν)− iCI
ν(t− χδ1ν),

C01
ν (χδ1ν , t) = −CR

ν (t+ χδ1ν) + iCI
ν(t+ χδ1ν), C

11
ν (χδ1ν , t) = CR

ν (t)− iCI
ν(t). (S7)

Here CR
ν (t) and CI

ν(t) are the real and imaginary part of the bath correlation function

Cν(t) = 1/π
∫∞

0
dωJν(ω)

[
coth βνω

2
cosωt− i sinωt

]
respectively.
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According to the full counting statistics, the heat current is obtained,

I(t) =
δ

δt

∂

∂iχ
G(χ, t)|χ=0

= TrS

{
δ

δt

∂

∂iχ
ρS(χ, t)|χ=0

}
(S8)

With ∂
∂χ
CX
ν (t± χδ1,ν) = ±δ1ν

d
dt
CX
ν (t) = ±δ1νĊ

X
ν (t) and the transform of the coupling oper-

ators into the Liouville space, we have,

I(t) = −TrS{Ṽ1(t)T+[

∫ t

0

dsĊR
1 (t− s)(−iL̃v,1(s))

+ĊI
1(t− s)S̃v,1(s)ŨRMD(0, t)]ρS(0, 0)}, (S9)

where L̃1,v(t)O = [Ṽ1(t), O] and S̃1,v(t)O = [Ṽ1(t), O]+ are the commutator and anti-commutator

in the Liouville space respectively. Note that none of the elements involved in Eq. (S9) are

dependent on the counting field χ as we take the limit χ → 0 in Eq. (S8), so that the heat

current can be calculated directly by the HEOM in which the original Hamiltonian Eq. (S1)

is used.

In extended HEOM, bath correlation functions and their time derivative are simultane-

ously decomposed with some function sets {φX
ν,j(t)},

CX
ν (t) =

∑
j

aX
ν,jφ

X
ν,j(t),

∂

∂t
CX
ν (t) =

∑
j,j′

aX
ν,jη

X
ν,j,j′φ

X
ν,j′(t), (S10)

where CX
ν (t) is the real (X = R) or the imaginary (X = I) part of the time correlation

function of ν-th bath. Here aX
ν,j are coefficients for the decomposition of CX

ν (t) and ηX
ν,j,j′ are

the transition tensors for the time derivative of φX
ν,j(t). With Eq. (S10), the auxiliary fields

can be constructed and propagated with an extended HEOM..6 Here we only present the

construction of the first-order auxiliary fields which are directly involved in the heat current
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expression, defined as

σ
~nν=(j)
1 (t) = US(t)T+

{∫ t

0

dsφR
ν,j(t− s)(−iL̃v,ν(s))ŨRMD(t)

}
ρS(0),

σ
~mν=(j)
1 (t) = US(t)T+

{∫ t

0

dsφI
ν,j(t− s)S̃v,ν(s)ŨRMD(t)

}
ρS(0). (S11)

Here US(t) = exp(−iLSt) transforms the operators back to the Schordinger picture with the

superoperator LSO = [HS, O]. Plug Eq. (S10) and Eq. (S11) in to Eq. (S9), we can obtain

the heat current expression of Eq. (3) in the main text.

2. Smooth transition for the coupling strength depen-

dence on the heat current

The scaling relation between the heat current and the interaction strength is found altered

with the change of system-bath coupling operators. At the extreme case where θ = 0, we

have I ∼ α2, while I ∼ α at θ = 0.5π, as shown in the main text. Here we demonstrate that

there is a smooth transition for the scaling relation as we rotate θ from 0 to 0.5π. Consider

the contribution of both terms in Eq. (4) in the main text, the heat current should be

Ifit = a α + b α2, (S12)

where a = 0 at θ = 0 and b = 0 at θ = 0.5π. In practical, the coefficients a and b can

be obtained by the fitting from the numerical results of the extended HEOM at the weak

coupling regime. In Table. S1, we present these coefficients for four different 0 < θ < 0.5π,

where continuous change of both a and b can be observed. We find a (b) increases as θ

increases (decreases) due to the increasing contribution of the α (α2). Figure S1 demonstrates

the results of Ifit with the parameters in Table. S1, which agrees excellently with the heat

current predicted by the extended HEOM.
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Table S1: The fitting coefficients a and b at different θ. The fitting is done at the
weak coupling limit (0.001 ≤ α ≤ 0.005). Other parameters are ∆ = 0.05, T1 = 1
and T2 = 0.9.

θ(π) a(10−6) b(10−3)
0.1 1.345 3.643
0.2 3.989 2.690
0.3 6.219 1.493
0.4 7.525 0.511
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Figure S1: Heat current I as a function of the coupling strength α with different coupling
operators to the second bath: θ = 0.1π (black), θ = 0.2π (blue), θ = 0.3π (red) and θ = 0.4π
(green). Squares are results calculated the extended HEOM and solid lines are fitting results
with Eq. (S12). Other parameters are the same as those in Table. S1.

3. Non-equilibrium polaron-transformed Redfield equa-

tion

We consider the Hamiltonian where θ = 0 in Eq. (1) in the main text,

H = σz∆ +HB,1 +HB,2 + σx
∑
j

g1,j(b
†
1,j + b1,j) + σz

∑
j

g2,j(b
†
2,j + b2,j), (S13)
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where HB,ν =
∑

j ων,jb
†
ν,jbν,j is the bath Hamiltonian. To calculate the heat current from a

bath perspective, we incorporate the counting field χ on the first bath, so Eq. (S13) becomes,

H = σz∆ +HB,1 +HB,2 + σx
∑
j

g1,j(b
†
1,j + b1,j) + σz

∑
j

g2,j(b
†
2,j[

χ

2
] + b2,j[

χ

2
]), (S14)

where O[χ] = exp(iχHB,1)O exp(−iχHB,1). For simplicity, we only displace the second bath

with the polaron transformation U = exp(−σz
∑

j g2,j/ω2,j(b
†
2,j − b2,j)),

H ′ = U †HU

= ∆σz +
∑
ν

HB,ν + (σx cosh 2A2

+iσy sinh 2A2)
∑
j

g1,j(b
†
1,j[

χ

2
] + b1,j[

χ

2
]) (S15)

where A2 =
∑

j g2,j/ω2,j(b
†
2,j − b2,j). Then the Redfield equation can be written as

∂

∂t
ρS(χ, t) = −i[HS, ρS(χ, t)]−

∫ ∞
0

dsTrB {[HSB[χ], [HSB[χ](−s), ρS(χ, t)⊗ ρeqB ]]} . (S16)

Here HSB[χ] = (σx cosh 2A2 + iσy sinh 2A2)
∑
j

g1,j(b
†
1,j[

χ
2
]+b1,j[

χ
2
]) is the system-bath interac-

tion andHS = ∆σz. Writing Eq. (S16) into the Liouville space, we have ∂
∂t
ρS(χ, t) = LρS(χ, t)

with

L =



L11 L12 0 0

L21 L22 0 0

0 0 L33 L34

0 0 L34 L43,


(S17)
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with each element Lij written as

L11 = η2

∫ ∞
0

C1(t) exp(Q2(t) + 2i∆t) + η2

∫ ∞
0

C1(−t) exp(Q2(−t)− 2i∆t)

L22 = η2

∫ ∞
0

C1(t) exp(Q2(t)− 2i∆t) + η2

∫ ∞
0

C1(−t) exp(Q2(−t) + 2i∆t)

L12 = −η2

∫ ∞
0

C1(t− χ) exp(Q2(t)− 2i∆t)− η2

∫ ∞
0

C1(−t− χ) exp(Q2(−t) + 2i∆t)

L21 = −η2

∫ ∞
0

C1(t− χ) exp(Q2(t) + 2i∆t)− η2

∫ ∞
0

C1(−t− χ) exp(Q2(−t)− 2i∆t)

L33 = η2

∫ ∞
0

C1(t) exp(Q2(t) + 2i∆t) + η2

∫ ∞
0

C1(−t) exp(Q2(−t) + 2i∆t)− 2i∆

L44 = η2

∫ ∞
0

C1(t) exp(Q2(t)− 2i∆t) + η2

∫ ∞
0

C1(−t) exp(Q2(−t)− 2i∆t) + 2i∆

L34 = −η2

∫ ∞
0

C1(t− χ) exp(−Q2(t)− 2i∆t)− η2

∫ ∞
0

C1(−t− χ) exp(−Q2(−t)− 2i∆t)

L43 = −η2

∫ ∞
0

C1(t− χ) exp(−Q2(t) + 2i∆t)− η2

∫ ∞
0

C1(−t− χ) exp(−Q2(−t) + 2i∆t)

(S18)

where C1(t) = 1/π
∫∞

0
dωJ1(ω)

[
coth β1ω

2
cosωt− i sinωt

]
is the bath correlation function

andQ2(t) = 4/π
∫∞

0
J2(ω)/ω2(n2(ω) exp(iωt+(n2(ω+1) exp(−iωt))) with n2(ω) = 1/(exp(β2ω)+

1) the Bose-Einstein distribution function. Here we have η = exp(−4/π
∫∞

0
J2(ω)/ω2(n(ω)+

1/2)) ≈ 1 at the weak coupling regime.

The steady state heat current can be expressed with the minimal (ground state) eigen-

value as ,7,8

I =
∂

∂iχ
min {eig(L)}

=

∂
∂iχ
L12|χ=0L11 + ∂

∂iχ
L21|χ=0L22

L11 + L22

. (S19)

Substitute Eq. (S18) into Eq. (S19), we can obtain the heat current expression Eq. (6) in

the main text. Note that higher order system-bath interaction are included by the polaron

transformation, so that the NE-PTRE successfully predict the heat current even when the
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system-bath coupling operators are non-commutative.
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