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In this Supporting Information, the detail derivation for the heat current expression by
the extended hierarchy equation of motion and the non-equilibrium polaron-transformed
Redfield equation are provided. The smooth transition for the heat current scaling depen-

dence on the coupling strength from I ~ a to I ~ o2 is also presented.

1. Extended hierarchy equation of motion

Consider a general total Hamiltonian consisting of a system, two baths and interaction

parts,

H=Hs+ » Hg,+ Y V,®B, (S1)
v=1,2 v=1,2

where v labels two baths. Hp, = ) i w,,,jb;jbl,J denotes the Hamiltonian for the bosonic
bath, where bi’j (by,j) is the creation (annihilation) operator. B, =} _; gl,J(bi’j +b,,;) is the
bath operator. Hg denotes the system Hamiltonian and V,, is the coupling operator between
system and v-th bath. Here we do not constrain the form of system-bath coupling operators
so that V7 and V5 can be non-commutative. For simplicity, we consider a system-bath factor-
ized initial condition, pi:(0) = ps(0)®, py',, where pp', = exp(—3, Hg,, )/ Tr{exp(—f, Hp,)}

denotes the thermal equilibrium state of the bath.
Incorporating the counting field on the first bath, the Hamiltonian in Eq. (S1) becomes,

H[X] = Hs + > HB,V+V1®Bl[§]

v=1,2

where O[x] = exp(ixHp1)O exp(—ixHp1). Then the cumulant generating function can be

written as, !

G 1) = In | T {exp(=iH[Z])p0) exp(H S0 | (S3)



The calculation of G(x,t) is equivalent with the propagation of reduced density matrix with

H(x/2],
ps(x,t) = Trp {exp (—iH[%]t) Pron(0) exp (m[%}z)} , (S4)

so that G(x,t) = In[Trs{ps(x,t)}].2

Hierarchy equation of motion (HEOM) calculate the dynamics of the reduced system
with the facilitation of auxiliary fields.3* Here we use an extended HEOM in which more
general bosonic baths can be treated with great accuracy.?® With the Wick’s theorem, we

have ps(x,t) = Urnp (X, t)ps(0,0) in the interaction picture with

LN{RMD(X, t) = 71 {exp <— Z /(;t dSW,Z’“(X(Slw S)) } R (85)

v,jk=0,1

where 7T, is the time-ordering operator and O denotes an operator in the interaction picture.

The transition kernel is,?
Wik (xS, ) = V3 (1) / A5V (5)CI* (xOu t — 5). (S6)
0

Here only the transition kernel for the first bath (W/*(x,t)) is dependent on y since we do
not incorporate the counting field on the second bath. A superoperator notation O’A = OA

and O'A = AO is used. The bath correlation with the counting field x can be calculated as,

CO (b1, t) = CR(t) +iCL(t), CO(x,t) = —CR(t — xd1,) — iCL(t — xb1,),

O (X0, t) = =Gt + x01) +iCy(t + x0u), Oyl (X0 t) = CH(t) —iCy(t). (ST)

Here CR(t) and CI(t) are the real and imaginary part of the bath correlation function

Cy(t) =1/m [° dwJ,(w) [coth ’33‘“ coswt — isinwt] respectively.




According to the full counting statistics, the heat current is obtained,

o 0
I(t) = —— t)|y=

= {2 st (59

With %C’Z{(t £ \01,) = £61, LCX(t) = £6,CX(t) and the transform of the coupling oper-

ators into the Liouville space, we have,

Hﬂ—-ﬁﬂﬁwﬂ%dw%fﬁkmmm

+Ci(t — )81 (s)Urnin (0,1)]ps (0,0}, (S9)

where £ ,(t)O = [Vi(t), 0] and S ,(t)O = [Vi(t), O], are the commutator and anti-commutator
in the Liouville space respectively. Note that none of the elements involved in Eq. (S9) are
dependent on the counting field x as we take the limit x — 0 in Eq. (S8), so that the heat
current can be calculated directly by the HEOM in which the original Hamiltonian Eq. (S1)
is used.

In extended HEOM, bath correlation functions and their time derivative are simultane-

ously decomposed with some function sets {¢;;(t)},

_013( Zall]nl/jj )7 (810)

where C%(t) is the real (X = R) or the imaginary (X = I) part of the time correlation
function of v-th bath. Here a;); are coefficients for the decomposition of C(t) and 7}, ;, are
the transition tensors for the time derivative of ¢} (). With Eq. (S10), the auxiliary fields
can be constructed and propagated with an extended HEOM..% Here we only present the

construction of the first-order auxiliary fields which are directly involved in the heat current



expression, defined as

01@1(]‘)@) =Us(H) T {/0 d3¢5j (t — s)(—iﬁv,u(s))dRMD(t)} ps(0),

o= () = Us(t) T { /O dsol, ;(t — s)Sv,y(s)ZJRMD(t)} ps(0). (S11)

Here Us(t) = exp(—iLgt) transforms the operators back to the Schordinger picture with the
superoperator LsO = [Hs, O]. Plug Eq. (S10) and Eq. (S11) in to Eq. (S9), we can obtain

the heat current expression of Eq. (3) in the main text.

2. Smooth transition for the coupling strength depen-
dence on the heat current

The scaling relation between the heat current and the interaction strength is found altered
with the change of system-bath coupling operators. At the extreme case where 6§ = 0, we
have I ~ o2, while I ~ o at § = 0.57, as shown in the main text. Here we demonstrate that
there is a smooth transition for the scaling relation as we rotate 6 from 0 to 0.57. Consider

the contribution of both terms in Eq. (4) in the main text, the heat current should be
Iso =aa+ba? (512)

where a = 0 at 6 = 0 and b = 0 at & = 0.57. In practical, the coefficients a and b can
be obtained by the fitting from the numerical results of the extended HEOM at the weak
coupling regime. In Table. S1, we present these coefficients for four different 0 < 6 < 0.57,
where continuous change of both a and b can be observed. We find a (b) increases as 0
increases (decreases) due to the increasing contribution of the o (?). Figure S1 demonstrates
the results of I with the parameters in Table. S1, which agrees excellently with the heat

current predicted by the extended HEOM.



Table S1: The fitting coefficients a and b at different . The fitting is done at the
weak coupling limit (0.001 < a < 0.005). Other parameters are A = 0.05, 73 = 1
and 75 = 0.9.

0(m) a(107°) b(1073)
0.1 1.345 3.643
0.2 3.989 2.690
0.3 6.219 1.493
0.4 7.525 0.511
HEOM
106F O 6=01n
L O 6=02r
[ O 0=03"7

- O 0=0.4n
Fitting
—_—0 =017
F —0=027
[ —0=0.37
| —0=04n

1073 1072
Q

Figure S1: Heat current I as a function of the coupling strength o with different coupling
operators to the second bath: § = 0.17 (black), # = 0.27 (blue), § = 0.37 (red) and 6 = 0.47
(green). Squares are results calculated the extended HEOM and solid lines are fitting results
with Eq. (S12). Other parameters are the same as those in Table. S1.

3. Non-equilibrium polaron-transformed Redfield equa-
tion

We consider the Hamiltonian where §# = 0 in Eq. (1) in the main text,

H = O'ZA + HB,l + HB,2 + 0, Zglvj(b;j + bl,j) + o, Zggd‘(b;j + bgd‘), (813)

J J



where Hg, = i wyvjb;jbm is the bath Hamiltonian. To calculate the heat current from a

bath perspective, we incorporate the counting field y on the first bath, so Eq. (S13) becomes,
H=0.A+Hp,+ Hg, —i—Um;gl] bl . +bi) +022g2J bgj[Q] +b2][2]) (S14)

where O[x] = exp(ixHp 1)O exp(—ixHp,1). For simplicity, we only displace the second bath

with the polaron transformation U = exp(—o,_; .5/ wa; (b} b — 025)),

H  =U'HU

= Ao, + Z Hp, + (0, cosh2A,

. X X
tioysinh24) 3 | g15(0]5[5] + b1 [5)) (S15)
J
where Ay =3 g2 j/wo, 5 (0 ; — baj). Then the Redfield equation can be written as

s 1) = =il ps(x.0)] = | dsTra {[Hanlil, (Hsalo)(—5),ps(x.0) 9 ]} (S16)

Here Hgg[x] = (0, cosh2Ay+i0, sinh 2A,) Z g1 ]( ;13]401,5[5]) is the system-bath interac-
tion and Hg = Ac,. Writing Eq. (S16) into the Liouville space, we have 2 ps(x,t) = Lps(x,t)

with

Ly Liz O 0

Loy L 0 0
o 21 Lo22 (817)

0 0 L33 Lag

0 0 Lss Lus,



with each element L;; written as

Ly = o2 /O T L) exp(Oa(t) + 2i8) + 1 /0 Oy (1) exp(Qa(—t) — 2iA1)

Loy = 12 /0 T 01t exp(Os(t) — 20AL) + 17 /0 " Cu(—t) exp(Qs(—t) + 2iA1)

Lo == [ Gt =) exp(Qult) =280 = [ Cal=t =) expl@ul—t) + 2t
J— / Ch(t — ) exp(Qalt) + 2iAL) — / Co(—t — ) exp(Qa(—t) — 2iA1)
Ly =1 /0 (1) explQs(t) + 208 + 1 /0 Co(—t) exp(Qa(—t) + 2iAt) — 2iA

Ly =17 /0 N C1(t) exp(Qa(t) — 2iAt) + 1 /0 h C1(—t) exp(Qa(—t) — 2iAt) + 2A
J— /Ooo Oyt — x) exp(~Qa(t) — 2iAt) — i /OOO Ch(—t — ) exp(~Qa(—t) — 2iAt)

Lz =—n /000 Ci(t — x) exp(—Qa(t) + 2iAt) — n? /OOO Ci(—t — x) exp(—Q2(—1) + 2iAt)

(S18)

where Cy(t) = 1/ [~ dwJy(w) [cothﬁlT”cos wt — isinwt] is the bath correlation function
and Qa(t) = 4/m [ Jo(w)/w? (na(w) exp(iwt+(ng(w+1) exp(—iwt))) with ne(w) = 1/(exp(fow)+
1) the Bose-Einstein distribution function. Here we have n = exp(—4/m [;* Jo(w)/w? (n(w) +
1/2)) ~ 1 at the weak coupling regime.

The steady state heat current can be expressed with the minimal (ground state) eigen-

value as ,”8

a ..
I = %mm{elg(ﬁ)}

_ %L12|X:OL11 + %L21|X:0Lz2‘ (S19)
Ly + Lo

Substitute Eq. (S18) into Eq. (S19), we can obtain the heat current expression Eq. (6) in
the main text. Note that higher order system-bath interaction are included by the polaron

transformation, so that the NE-PTRE successfully predict the heat current even when the



system-bath coupling operators are non-commutative.
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