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Computational details for electron-phonon coupling 

The ab initio DFT calculations were carried out using the projector augmented wave 

(PAW) method,1 as implemented in the Vienna ab initio simulation package (VASP).2-3 

For the cubic primitive cell, a 12x12x12 Monkhorst-Pack k-point grid4 is used. An energy 

cutoff of 550 eV and PBEsol exchange-correlation functional5 are employed.  

To include anharmonicity, the interatomic force constants up to the sixth order are 

extracted using a compressive sensing approach6 from displacement-force datasets 

obtained by  DFT calculations. The anharmonic phonon frequencies and polarization 

vectors are obtained using the self-consistent phonon (SCPH) method implemented in 

ALAMODE.7-9 The harmonic and quartic force constants are processed using the SCPH 

theory, giving the renormalized phonons associated with the quartic anharmonicity. This 

method is able to provide not only the anharmonic phonon modes with the same quality 

as the temperature-dependent effective potential (TDEP) method at high temperature but 

also provide accurate phonon modes in low-temperature range due to the correct 
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treatment of the zero-point vibration.8 A 2x2x2 supercell is used to obtain the force 

constants, and the SCPH is calculated at various temperatures by considering the quartic 

phonon-phonon interactions with 8x8x8 q-mesh, which is sufficiently dense to reach 

convergence.8

The electron-phonon coupling calculations are carried out using the finite 

displacement method as implemented in the nondiagonal supercell approach.10-11 The 

shift of an eigenstate’s energy level  at temperature T is defined as𝜖

                             (S1)∆𝜖(𝑇) =
1

𝑁𝑞
∑

𝒒,𝜈

𝑎(2)
𝒒𝜈;𝒒𝜈

𝜔𝒒𝜈
[1

2 + 𝑛𝐵(𝜔𝒒𝜈,𝑇)],

where  and  are the phonon indices;   is the total number of the  points that sample 𝒒 𝜈 𝑁𝑞 𝑞

the first Brillouin zone (FBZ);  is the second-order electron-phonon coupling constant; 𝑎(2)
𝒒𝜈;𝒒𝜈

 stands for the phonon frequencies;  is the Bose-Einstein population of the phonons. 𝜔𝒒𝜈 𝑛𝐵

In the framework of the finite-displacement method, the electron-phonon coupling 

constant is evaluated by examining the energy level shifts induced by the small atomic 

displacements following the eigenvectors of the phonon mode.  is the zero-point ∆𝜖(𝑇 = 0)

(ZP) renormalization. Thermal lattice expansion also affects the electron structure, but it 
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is usually considered as a minor contribution.12 Hence, the thermal expansion is 

neglected in this study. 

Experimental method

To measure the temperature dependence of the optical band gap, 10 mm x 10 

mm, 100-μm thick single crystal, two-side polished SrTiO3 substrates (100) were 

purchased from MTI Corporation. One substrate was placed in a high-temperature 

Specac optical transmission cell with sapphire windows, with temperature measured via 

thermocouple in direct thermal contact with the sample holder. The optical transmission 

spectrum was measured from 300 to 950 K in 50-K increments. The optical transmission 

was measured by collimating a broadband balanced deuterium and halogen light source 

(Ocean Optics DH-BAL), transmitting it through the sample, and collecting the light to a 

fiber-coupled Ocean Optics Jaz spectrometer (190-890 nm). The baseline (100%) 

transmission was defined relative to an empty sample holder with windows in place.

To generate Tauc plots, the optical absorption coefficient was approximated as 𝛼

, based on the substrate thickness d and transmission (𝜆) = (1
𝑑)ln (100%

𝑇(𝜆))
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spectrum . The Tauc method utilizes the approximately linear dependence of the plot 𝑇(𝜆)

 vs. photon energy ; the y-intercept of a linear fit to this region is (𝛼(𝜀)𝜀)1/2 𝜀 = ℎ𝑐/𝜆

expected to approximately equal the optical band gap for an indirect semiconductor.13
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Figure S1. q-point mesh convergence tests for the calculation of band gap 
renormalization using (a) AHC theory with harmonic phonons and (b) FD approach with 
anharmonic phonons.
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Figure S2. Comparison of band gap renormalization using PBEsol together with finite 

displacement method (magenta) and AHC theory (black), as well as a finite 

displacement calculation using HSE06 and 4x4x4 q-mesh (blue).
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Figure S4: Comparison of band gap renormalization using PBEsol and HSE-06. 4x4x4 

q-mesh is used for both curves.
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Computational methods and Results for optical properties

The frequency-dependent dielectric matrix in the long-wavelength limit and the optical 

properties can be calculated at the independent particle level.14 The imaginary part of the 

dielectric constant tensor is calculated as 

 , (S2)ε𝛼𝛽
2 (𝜔) =

4𝜋2𝑒2

Ω lim
𝑞→0

1

𝒒2∑𝑐,𝑣,𝒌2𝑤𝒌𝛿(𝜖𝑐𝒌 ― 𝜖𝑣𝒌 ― 𝜔) × 〈𝑢𝑐𝒌 + 𝒆𝛼𝑞|𝑢𝑣𝒌〉〈𝑢𝑐𝒌 + 𝒆𝛽𝑞|𝑢𝑣𝒌〉 ∗

where  is the volume of the primitive cell,  is the weight of each  point, and  is the Ω 𝑤𝒌 𝒌 𝒒

wavevector.  and  are the conduction and valence band states, respectively. The  is 𝑐 𝑣 𝑢𝑐𝒌

the periodic part of the Kohn-Sham orbital at the momentum . The  and  are the unit 𝒌 𝒆𝛼 𝒆𝛽

vectors along three Cartesian directions. The real part of the dielectric tensor can be 

obtained from the imaginary part using Kramers-Kronig relations,

,                                           (S3)ε𝛼𝛽
1 (𝜔) = 1 +

2
𝜋𝑃∫∞

0

ε𝛼𝛽
2 (𝜔′)𝜔′

𝜔′2 ― 𝜔2 𝑑𝜔′

where P denotes the principal value. The optical conductivity , the index of refraction   𝜎 𝑛

and the extinction coefficient are defined through15𝑘 

                            (S4)ε(𝜔) = ε1(𝜔) +𝑖ε2(𝜔) =
4𝜋𝑖
𝜔 𝜎(𝜔) = (𝑛 + 𝑖𝑘)2.
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The optical properties at finite temperature are evaluated by a statistical average of 

the optical properties over a number of configurations that follow the lattice vibrations.16 

The configurations are generated as,

                                            (S5)𝑢𝑛 = ∑
𝒒,𝜈𝑢𝑛,𝒒𝜈 =

1
𝑚𝑛

∑
𝒒,𝜈𝑄𝒒𝑣𝑛𝒒𝑣𝑒𝑖𝒒 ∙ 𝑹𝑛,

where  is the atomic displacement that is added to the atomic position of the ground 𝑢𝑛

state,  is atomic mass,  is the normal coordinate of the phonon branch  at the 𝑚𝑛 𝑄𝒒𝑣 𝑣

momentum , and  is the eigenvector of phonons. In the second quantization 𝒒 𝑛𝒒𝑣

representation,  can be written as 𝑄𝒒𝑣

,𝑄𝒒𝑣 =
ℏ

𝜔𝒒𝜈
(𝑏𝒒𝜈 + 𝑏 +

―𝒒𝜈)

where  and  are the creation and annihilation operators. We generate frozen-𝑏 +
𝒒𝜈 𝑏𝒒𝜈

phonon configurations with  following the normal distribution function𝑄𝒒𝑣

,𝑃(𝑄𝒒𝑣) =
1

2𝜋𝜎2
𝒒𝑣

𝑒𝑥𝑝( ―
𝑄2

𝒒𝑣

2𝜎2
𝒒𝑣

)



13

where . The population  is calculated from the Bose-Einstein 𝜎2
𝒒𝑣 =

ℏ
2𝜔𝒒𝜈

(2𝑛𝒒𝑣 + 1) 𝑛𝒒𝑣

distribution. The harmonic approximation is preserved in this fashion, because , 〈𝑄𝒒𝑣〉 = 0

and .〈𝑄𝒒𝑣𝑄 ∗
𝒒𝑣〉 =

ℏ(2𝑛𝒒𝑣 + 1)
2𝜔𝒒𝜈

Following Equation (S5) and the anharmonic phonon modes obtained at 

temperatures 300 K, 700 K, 500K, and 1000 K, we employ a 3x3x3 k-point mesh for 

calculating the optical properties. The configurations are generated based on a 2x2x2 

supercell, and DFT+U method with U=7eV is used for optical property calculation.15 At 

each temperature, the  and  matrices are calculated by averaging over 50 𝜀1(𝜔) 𝜀2(𝜔)

configurations sampled from Equation (S5). Because of the cubic unit cell and its Pm m 3

symmetry, the diagonal element  is equal to  and . The values of the 𝜀𝑥𝑥(𝜔) 𝜀𝑦𝑦(𝜔) 𝜀𝑧𝑧(𝜔)

off-diagonal elements ( , , ) are very small and can be neglected. The 𝜀𝑥𝑦(𝜔) 𝜀𝑦𝑧(𝜔) 𝜀𝑥𝑧(𝜔)

results of εxx(ω) elements are shown in Figure. 5. Our results generally agree with 

previous experimental and theoretical studies.15, 17-19 Figure S6(a) shows that the 

temperature has a smearing effect that smooths the  and  curves as high  𝜀1(𝜔) 𝜀2(𝜔)

temperatures. 
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The refractive index  and extinction coefficient  can also be derived from the 𝑛 𝑘

averaged  and , which are shown in Figure S6(b). Similar to the dielectric 𝜀1(𝜔) 𝜀2(𝜔)

function, curves of n and k are smoother at higher temperatures. In the long-wavelength 

regime, the refractive index decreases as temperature increases from 0 K to 500 K, but 

increases from 500 K to 100 K (as shown in Figure S6(c)). Experimental results show that 

the refractive index decreases from the 50 °C and 400 °C (~323 K to 673 K), and the 

absolute value of the rate dn/dt decreases as well. This is consistent with our calculation 

between 0 K and 500 K.20 The values of n in the long-wavelength limit (between 2.35 to 

2.4) are also consistent with the experimental value 2.32.21 Figures S6(d) shows the 

predicted optical conductivities of STO at selected temperatures. A similar smoothing 

effect is observed. The peaks get broadened as it approaches higher temperatures.
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Figure S6. The calculated optical properties of STO. (a) The dielectric functions (ε1xx, ε2xx) 

at various temperatures. Real parts are shown in the upper panel, while imaginary parts 

are shown in the lower panel. (b)  and  at various temperatures.  is shown in the upper 𝑛 𝑘 𝑛

panel, while  is shown in the lower panel. (c) a zoomed view of (b) between 600 nm and 𝑘

850 nm. (d) The optical conductivities at various temperatures. Real parts are shown in 

the upper panel, while imaginary parts are shown in the lower panel.
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