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1. Multiband k.p model for Dy, group semicon-

ductors

We present the 16-band k.p Hamiltonian which allows us to calculate the
band diagram of bulk materials for Dy, group semiconductors. The character
table and the basis functions for each irreducible representation for the tetra-
gonal group Dy, are given in Table (S1). The tetragonal group Dy consists of
20 symmetry operations divided into ten classes and hence ten real irreducible
representations.

1.1. Symmetry considerations

The present model deals with the mixing of states with atomic like s and
p characters. Without spin, all states transform according to the single-group
representations of Dyy, as given in Table (S1). In particular,

sy ~I7 , sc~Ty
pv (Xv,Yv)~TF |, po (Xe,Yo)~T5 (S1)
pv (Zv)~Ty7 ,  pe (Ze)~Ty

where the underscript C(V) denotes the conduction band (CB) (valence band
(VB)) case. The symbol ” ~ 7 tells us how these orbital wave functions (WFs)
transform under Dyj;, operations. The 16-band k.p model involves matrix ele-
ments between the six (I'f +T'7), two (I'f), six (I'; + T3 ), and two (I';) WFs.
This model is schematically represented in Fig. (S1), where the WF's correspon-
ding to the bands are indicated. Under Dy, operations, we have |Zy) ~ Fj{,
(IX0) . [¥y)) ~ T5, |Sv) ~ TF, [ Ze) ~ Ty, (IXc),[Ye)) ~ Ty and |Se) ~ T
Note that contrary to the s-like atomic functions, the p-like atomic functions no
longer belongs to the same irreducible representation

The Hamiltonian H representing the BS of hybrid halide perovskites with
Dy, as the point group is given by

H ="Ho+ Hx.p +Hso + Hcr (52)

where

Ho= - +U+LE

2m0 i 2m0
Hso =¢G.0

Her =T [J2 —2/3]

Here myg is the free electron mass, U is a potential having the periodicity of
the lattice, G = (VU x p) is the spin-orbit operator, o = (04,0,,0.) are the
Pauli spin matrices and ¢ = ii/4m3c?. T is the crystal field splitting and J, the
z component of the angular momentum j = 1.
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Table S 1 — Character table and bases for the tetragonal group Dyy,. Here (x,y,z)
is the three Cartesian components of an ordinary vector and (R, Ry, R.) are
the three Cartesian components of an axial vector.

77

Dy, E Cy=0C? 20, 20, 2C, i Sy 28 20, 20, Basis
I 1 1 1 1 1 1 1 1 1 1 (2% +4?), 22
ry 1 1 1 1 -1 1 1 1 -1 -1 R,

ry 1 1 -1 1 1011 -1 1 -1 (2 —y?)
ry 1 1 -1 1 1 1 -1 4 1 Ty

ry 2 -2 0 0 0o 2 -2 0 0 0 (Rz, Ry) or (yz,zz)
ry 1 1 1 1 1 -1 -1 -1 -1 -1 (22 — y?)zyz
Iy 1 1 1 -1 -1 -1 -1 -1 1 1 2

Iy 1 1 -1 1 1 -1 -1 1 -1 1 Tyz

I, 1 1 -1 -1 1 -1 -1 1 1 -1 (22 —y?)z
Iy 2 -2 0 0 0 -2 2 0 0 0 (z,y)

The operator Hy transforms as I‘f in the Dyj, symmetry group. The coupling
occurs inside the same level only. The matrix blocks of the operator H, are
proportional to the identity matrix of the representation dimension with the

. 2 2 . .
coefficient (Er‘gn + %) In order to derive the nonzero matrix elements of

Hx.p and Hso, it is helpful to use the following group theoretical selection rules :
matrix elements of the type (x%| O%, |¢;’>, where |x%) (respectively Of, and

m

namely Ff in the case of Dy, point group.
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Fig .S1 : (a) Schematic representation of 16-band (considering spin) k.p model
representing involved bands and non-zero momentum matriz elements. (b)

Effect of spin-orbit interaction in 16-band k.p model.
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1.2. Hyxp, Hamiltonian

We outline the matrix elements associated to the operator Hy p = 77i—l’ok.p.
With the help of Table (S1) and knowing that the momentum p is an or-
dinary vector, the three cartesian components (py,py,p.) ~ (z,y,%2). Under
Dyy, operations, the two transverse components (p,,p,) transform like I'z,
while p, transforms such as I';. Based on the group theory and via k.p ar-
guments, 7 k.p matrix elements are nonzero (see Fig. (Sla)) and will be clas-
sified as follows : two coupling terms appear between the s-like VB and p-like
CBs, namely Ps, = (h/mo) (Sv|ps |iXc) = (h/mo) (Sv|py |iYe) and Ps . =
(h/mo) (Sv|p: |iZc) ; two coupling terms appear between the s-like CB and p-
like VBs denoted by P, = (h/mo) (Sc|ps iXv) = —(h/mo) (Sc|py |iYy) and
P, = (h/mo) (Sc|p. [iZv); three k.p matrix elements resulting from the cou-
pling between the p-like VBs and p-like CBs : Px 1 = (h/mo) (Xv|p. |iYc) =
—(/mo) (Yv|p: |iXc), Pxa = (h/mo) (Zv|px|iYo) = (h/mo) (Zv|py|iXc)
and Py 3 = (h/mo) (Zc|pe [iYy) = —(h/mo) (Zc| py |iXv). We define the ener-
gies related to the interband momentum matrix elements P; by Ep, = (2mg/h?) P?.
All the matrix elements are considered as real-valued, adjustable parameters.
In our approach, we have also considered the second-order terms in k which are
derived from the interaction between the p-like CBs with other, energetically
distant bands beyond the p-like VB. For this purpose, we use a method similar to
that of the Luttinger-Kohn! paper to define a few fundamental band-structure
parameters (L;, M;, N;), whose expressions are given explicitly in Section 2.

1.3. Spin-orbit coupling

Let us now consider the effect of spin-orbit interaction in the present k.p
calculation. Neglecting the k-dependent spin-orbit term, namely #%/4m2c?
(VU x k) .o, we can write the spin-dependent k-independent Hamiltonian as
Hso = £G.o. Since G is an axial vector, we have (G3,Gy,G.) ~ (Rz, Ry, Rz),
and we can deduce that under Dyj, operations (G, G,) ~ F;’ and G, ~ F;‘ (see
Table (S1)). Six spin-orbit interaction terms are nonzero. They can be divided
in four types associated with the symmetry of the WFs :

- Two coupling terms appear inside the p-like CBs : A¢ , = £(Z¢| G, |iYe) =
—{(Zc|GyliXc) and Ac,. = £(Xc|G: [iYe) = —¢ (Y| G. [iXc).

Note that Ac , and Ac , are chosen equal in our calculations.

- Two other coupling terms appear inside the p-like VBs denoted by A, =
§(2v| Gy liXy) = £(Zv |G [iYv) and Az = {(Xv|G. [iYv) = —§ (Yv| G |[iXv).

- One coupling term appears between I'c levels and I'; (the s-like CB),
ASC’ =¢ <SC‘ Gu ‘ZXC> == <SC| gy |iYC>-

- One coupling term appears between F;r levels and I'] (the s-like VB),
namely ASV - g <SV| G |ZXV> - 5 <SV| gy |ZYV>

We summarize in Fig. (S1b), all the spin-orbit coupling terms involved in
our model.

54



Table S 2 — Basis functions near the zone center used in thel6-band k.p model.

~
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Q) pI= = Pl Nl

~

=S¢ 1) Vi) =|Sv 1)
De=i]|5 e +ivo) 1) Ly =i||A Gy +iv) 1)

c=1| \}5 (Xe —1iYe) l>] 3 —5)y =i i \}5 (Xv —iYy) l>}
:i[_Sinff? (Xc +iYe) | +cos0Z¢ 1 g,%)vzz’[—syﬁ (Xy +iYy) | +cos0Zy 1
o =i |2 U7 (Xo —iYe) 1 +cosbZc | Sty =i U2 (Xv —iYy) T +cosbZy |
:Z{Lﬁ (Xe +iYe) | —sin8Zc 1 g,%>vzi[l 0 (Xy +iYy) | —sinfZy T
=1 COj;( c—iYe) T —sinfZq | |3, —3), =i _ CO;; (Xy —iYy) T —sinfZy |
1Sc 1) [V2) = 1Sv 1)

1.4. Crystal field term

For completeness, the contributions of the crystal field in the D4, symmetry
have also been considered in our calculations, namely the crystal-field sphttlng

between Zc and X (Yo) metallic p-orbitals : (X¢| 21;20 +U|Xc) = (Yo| L&
U|Yc> <Zc|2m0 +U|Zc> /2—T/3

2m0

1.5. k.p parameter optimization strategy

The k.p Hamiltonian matrix is constructed by projecting the operator H
on a finite dimension basis, which is given explicitly in Table (S2). Once the
Hamiltonian matrix is built, it is then possible to apply the present multiband
k.p model to calculate the BS of several bulk hybrid perovskites considered in
this work (see main text).

The k.p parameter optimization strategy is based on a fitting procedure.
Note that very few of them are known while many vary greatly from one re-
ference to another. In general, we optimize these parameters in order to best
reproduce the band diagram predicted by the DFT calculations. In particular,
when A,,, Ag,, A, and Ay are taken null, the band-gap energy, £, resulting
from the diagonalization of the whole k.p Hamiltonian is given by the following

relationship E, = Eg — T/6 — A¢../2 — (1/2) \/SAap + A2+ T2 - 2TAc,.,
in which Eg is the input parameter (see Fig. S1). The best set of parameters
involved in this expression is obtained when E,; and the electronic band struc-

ture match at best the experimental data and significant theoretical works such
as DFT/GW results used as a reference.

2. The (L;, M;, N;) parameters

The band-structure parameters (L;, M;, N;), which are analogous to the
Luttinger-Kohn parameters (71,72,73) for zinc-blende structures, are due to
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the interactions between the p-like conduction bands with all the far-removed
bands apart from the p-like valence bands. Their explicit form is given as fol-
lows :

(Xc|pa|Tny (0) (Tnw (O|pa| Xc) —

2 Z
mo

(YC|py|Fnu(£)><FnU(£)‘py ‘YC>

e (5rs =2 (Zelp T (D) s (Dl 2Z0) Fre T
_ 2 clPz ny ny pz|4C
L2 =5 Z 5 & )
(n,)#(2,-) ry
(54)
M1 — 2 Z (Xc|pylTny (O)(Cnw (H|py| X o) —_ 2 Z (Y pe | Do () (Try (O |pe| Yo )
"o E _ —FEra o FE__ —FEra
(n,0)#(5,—) r " (n,a)#(5,—) T, n
My = 2 <XC‘Pz‘F71V(Z)><FWW(Z)|PZ|XC> _ 2 Z <Yc\pz\Fnu(l?»(l—)w(fﬂpz\YC>
"o E__ —Era o E._ —Era
(n,0)#(5,-) r T (n,0)#(5,—) r vy
M3 — 2 (ZC|pm‘Fnu(zs)><rnu(l)|pm‘ZC> — 2 <ZC‘Py‘Fny(;»(r‘?w(z)lpy'ZC)
mo mo
(n,a)yﬁ(2,7) EF;_EF%> (n,a);é(2,7) EF;_EF%
(S5)

(X pa|Tny (0) Tny (O Py [ Yo ) H{Xc|py [Ty (€)) (Tnw (O P2 | Ye)

>

(n,0)#(5,-) Br; —Frg
N2 T <XC"pz|F7w(e)><F7w([)‘pZ(|ZC>+<XC|)pz|FnV(‘€)><Fnu(é)|pI‘ZC>
mo Ep —F %
(m0) £((2,5),-) o
N3 — 2 <YC|Py|rm/(é)><Fm/(€)‘172|ZC>+<YC‘PZ‘Fnu(z)><rnu(5)|17y|ZC>

mo — a
(m)£((2,5),-) (Pro=rs)
(S6)
where |T',,,(¢)) denotes the state £ belonging to the representation I'? (o = =)
of energy Era, and the energy denominator of (N2, N3) parameters is defined
as

1 1 1 . 1
(Epc - EF%) 2 (EFF: — El"%) (EF; — EF%)

With the basis {|X¢),|Ye),|Zc)}, the corresponding block-matrix inside
p-like CBs can be written in the following form :

(S7)

Lyk? + Myk2 + Myk? Nikok, Nok k.
Nkl Myk2 + Lyk? + Mok? Nyky b,
Nok k., Ngk‘ykz Mg(ki + ]{/‘Z) + Lgk‘g

(S8)
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3. Electron and hole effective masses

Due to the anisotropic character of the hybrid perovskites considered in this
work, we have assumed the following dispersion relations for electrons and holes
near the I'-point :

2.2 212
h2kZ hkp

E.(k) = Eq4 +

2mEH 27TL6L 89)
h2k? n2k2 (
Ev(k) = 2thH + 2mhi

where ki = k2 + kz, me|| and me denote the effective masses of the lowest
conduction band along and perpendicular to the c-axis, respectively (symmetry
axis of the tetragonal structure). In the same way, we denote by my and my, 1
the effective masses of the upper VB along and perpendicular to the c-axis.
Using the second-order Lowdin perturbation theory, the electron effective

masses are given by :

Eps..

LIV S 2’7;“ [Mg cos? 0 + Lo sin® 9] +sin? 0

Me| h (Bijes1/26—Eivy))
Ep . Ep
+cos? 6 |cos? 8 X.1 +sin? 6 X1
(E\1/2,j:1/2>c*E\1/2,1/2>V) (E\1/2,i1/2>o*E|3/2,1/2>V)
(310)
. 2 Ep
o — 1 4 20 [(LibM) o052 0 + My sin® 0] + <252 e
Me L (E\l/Q‘j:l/Z)O*E\VZ))
2 . Ep EP
+cos2 6 51112 0 X,2 + COS2 2] X,2
(Bij2s1/20—Eiyz,-1/2)y ) (Biij2.21/2) 0= Ejajz-1/2)y)

EPX,S EPx,s
Jrsi1r129 (E|1/2,i1/2>c_E\3/2,3/2>V 5 E\l/z,il/z)c—E|1/2,—1/2>V)
2 P
+cos? 6 X.3
(E\1/2,i1/2>c*Eu/z,—l/mv)

)+sin20(

(S11)
where Ej, ) denotes the energy at k = 0 of the state labeled by |n,m) (see
Table (S2)). Similarly, employing the Lowdin method for degenerate perturba-
tion theory, we obtain the following relationships for the hole effective masses :

. Ep Ep
mo — 1 4gin%0 .2 + cos? 6 B.2
Mp| (E|V y~Bpy2.1/2) ) ( —Ej3/2,1/2) )
1,2 ’ e} [Vi,2) , (e}
L Ers, +sin? @ Ers, + cos? 6 Ersy
2
Mhl (E\vl,er\s/zs/zm) (E|v1,2>*E\3/2,71/2>c) (E|v1,2>*E\1/2,71/2>c)

(S12)

4. Cubic four-band k.p model

To estimate the magnitude order of the energy, Ep,, related to the interband
momentum matrix element, Pg, we consider the four-band k.p model which
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involves p CBs, {|X¢),|Yco),|Zc)}, and s VB, |Sy ). Due to the large spin-orbit
coupling in the hybrid perovskites (see Table 1 in the main text), we estimate
that the dispersion of electrons and holes can be well described following this
model. Using the following Bloch wave functions corresponding to the upper
valence bands (J = 1/2, V; and V2) and lower conduction bands (J = 1/2, Cy
and Cs) :

{ - Wi=1Sv 1) ; - V=S l)
Cr =~ [[(Xo+iYe) ) +1Z )] 5 Ca= = [(Xo —iYe) 1) - |Zc 1]
(S13)
the Hamiltonian [HO + miok.p] in our basis, namely {Vi,Cy, Va2, Cs}, is
7.2 PZ PS
E,+k -5 0 L
~y -
C.C. EC + k —753\'2 OPZ (814)
0 c.c. E,+k —73
c.c. 0 c.c. E,+k?
where c.c. denotes the complex conjugate, Ps = mio (Sv|pz iXe) = mio (Sv|py liYe) =
2= (Sv|p-|iZc) is the interband momentum matrix element, k= gi’fj, Pi =

Psk,, Pgﬁ = Pg (k; £ tky), and E, , the band-edge energies.
Using the second-order Lowdin perturbation theory, we derive the following
expressions of the electron and hole effective masses, m. and my, :

mo _ (1 4 Eps
{ . ( 3‘5&3 (S15)
mp = (_]' + 3EG)

where Ep; = (2mo/h?) P2 is the energy related to the interband momentum
matrix Ps. As a result, Ep, is connected to the reduced mass of the exciton,
p, by the relationship Epg = (3/2) (mo/p) Eg, where E; = (E, — E,) is the
energy gap.

Taking the p experimental values (see Table 1 in the main text and Ref.
[34] of the main text), we obtain 23-28 eV in quite good agreement with the
Ep, value obtained with the 16-band k.p model developped in this work. In
Ref. [34] of the main text, Ep, was estimated at 8.3 eV by using a more simple
k.p model, a 2-band model which is less appropriated to describe the electronic
properties of band-edge excitons of perovskite materials.

5. Band-edge exciton wave function in NCs

The exciton WF, ®(r.,rp), in NCs is the product of the electron and hole
Bloch functions with an exciton envelope WF, W (r.,rp). ro and r;, are the
electron and hole position vectors; L, L, and L. are the edge lengths of the
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parallelepiped-shape nanocrystal (NC). One distinguishes here three distinct re-
gimes of exciton in a NC : the strong confinement (SC) regime (L, L,, L, <<
ax, ax is the Bohr radius), the weak-confinement (WC) regime (L, Ly, L, >> ax)
and the intermediate confinement (IC) regime (L,, Ly, L, ~ ax).

In the SC regime, the dimensions of NCs are smaller than the exciton Bohr
radius ay, the envelope WF of the lowest energy exciton state is written as

U (re,rp) = ¢ (re) @ (rp) with

@(r) =4/ LrIi/Lz cos(mx/Lg) cos(my/Ly) cos(mz/L.) (516)

for both electron (r = r.) and hole (r = rp).
In the WC regime, when the NC size is much larger than compared to the
exciton Bohr radius ay, this envelope WF takes the following form,

U (re,rn) = ¢ (R) ¢ (re — 1) (517)
with R the exciton mass center vector, and ¢ the hydrogenoid function (¢ (0) =
1/+/ma%). In the bulk regime, ¢ (R) is replaced by a wave plane, (1/W) expiK.R,
with K the exciton momentum and V' = L, L, L., the NC volume. We have then
considered cubic-shape NC, L, = L, = L.

To model the IC regime, in which the crystal size is comparable to the exciton
Bohr radius, we use the following trial function?® :

U (re,rp) = Nexp —blre — rp|] ¢ (re) ¢ (rh) (S18)

in which b is the variational parameter, and N a normalization factor determined
by the condition [ dr.dry, | (r, r;)|> = 1, where the integration is performed
over the NC volume.

The best trial WF is obtained by minimizing (Hx) with respect to b. Hx
denotes the effective mass Hamiltonian for the exciton and it is given by

P2 P2 2 1
Hx = —° ho__© (S19)
2m.  2my  4mwepex |re —Th)
where m, (my,) is the electron (hole) effective mass and (—ﬁﬁ) is the

Coulomb interaction between the electron and the hole .

The Bloch WF part is associate to the lowest CB and the upper VB. For the
hole, as given in Table (S2), the Bloch WFs are |[V1) = |Sy 1) and |V32) = |Sy |)
where 7 (|) denotes the spin-up (spin-down) state, and Sy, the s valence state.

For the electron, in Dyj;, symmetry, the Bloch WFs are :

{ |C1) =i[-a|Xc |) —iB|Ye ) +v]Zc 1)] (S20)
|C2) =i[a|Xc 1) —iB Yo T) +v|Zc 1)]

The coefficients «, 8 and v are defined in Ref..? In Dy, symmetry, o = 8 =
cosf/+/2 and v = —sin@, while in Dy, symmetry «, 3 and ~y are functions of
the angle # and the orthorhombic crystal field parameter .
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From the electron-hole pair basis |Cp,V,,) (m = 1,2;n = 1,2), it is then pos-
sible to define the exciton bright triplet states (§ = j. + jn = 1) {|+1),|-1),|05)}
and the exciton dark singlet state |[0p) and their Bloch functions.?

6. Dependence of the SR parameter with the ex-
citon Bohr radius

From the general expression of the SR Hamiltonian, given by Ré&ssler and
Trebin,? one can show that the bulk SR splitting Agg is related to the parameter
D = C/ma%. For the hybrid perovskites studied in this paper, D = %ASR;
while, for common II-VI and III-V semiconductors, in the Zinc Blende (ZB) or
Wurtzite (WZ) phase, one has D = Agg. The coefficients % and 1 are directly
related to the symmetry of the band edge Bloch functions.

From the literature,® 2* we have reviewed the experimental values for both
the exciton Bohr radius ax and the parameter D, for 12 compounds. Figure
(S2) shows the dependence of D versus ax. Black and blue symbols are for
7B and WZ semiconductors, respectively. The solid line is a a;(3 law. A very
good agreement is obtained over three decades, showing an universal behaviour
for the 12 compounds (with C' = 107.6 meV nm?3). We have also plotted (red
symbol) the experimental value for FAPbBrs, deduced from the analysis of the
bright-dark splitting measured in Ref..?* A very good agreement is obtained
with the previous universal law. We have then deduced the SR parameters of
the compounds FAPbI3, MAPbI; and MAPbBr3 from FAPbBr3, by assuming
a ay’ dependence (see main text).

10 T
°
1k E
~ ]
©
£
o
01 o L .
| ] H ZnO ]
. & CdS
O GaP O GaN =
A Cdle A CdSe
B InP ® FAPDE,
¥  GaAs — it
0.01 1
1 a (nm) 10
X

Fig .S2 : Short-Range parameter D versus exciton Bohr radius ax for Zinc
Blende (black symbol) and Wurtzite (blue symbol) semiconductors [5-23]. The
solid line is a C/(wa%) fit with C = 107.6 meV.nm>. The red symbol is
associate to the experimental value deduced for FAPbBrs.
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