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S1 Extension: Theoretical description of the blueshift
in organic semiconductors

To describe microscopically the light-matter coupling in the system, we start with the de-
scription of a Frenkel exciton as a tightly bound electron-hole pair localized at an atomic
site.! The electrons and holes are described by fermionic annihilation operators a, and
by, respectively, and obey anticommutation relations: {a.,al} = {b,,bl} = O .n and
{an, an}t = {bp, by} = {ap, by} = 0 for any n,n’. Here, the operator al creates an electron
in the excited state of an atom and the hole operator BIL destroys the electron in the ground
state (i.e. creates a hole). The site index n runs from one to Ny, with the latter being the
total number of available sites. The operator corresponding to the creation of the Frenkel
exciton n then reads Xl = dILZA)L and acting on vacuum it generates a bound pair at position
n, |n) = albl|o) = X1|¢). The binding energy of the Frenkel exciton comes from electron-
hole onsite Coulomb interaction and is typically large (> 100meV). The intersite Coulomb
processes lead to delocalization of a pair and causes exciton-exciton interaction. Note that
contrary to Wannier type excitons the conventional Coulomb exchange interaction between
different sites is suppressed due to nearly zero overlap, as the system corresponds to the
tight-binding limit. However, the intersite direct terms remain.

The system Hamiltonian can be written as a sum of free energies for the cavity mode
Heav and Frenkel excitons .y, which are strongly coupled due to light-matter interaction.

It reads
7:[ = ?:Lcav + 7:£X + ﬁcoupl = Z hwc,kéiék + Z AnXan + Z Gn,k(Xlék + h.C.), (Sl>
k n n

where the cavity mode has the dispersion w,j and with ¢ (¢]) being bosonic annihilation
(creation) operators for a photon at momentum k. The free energy of excitons Hx [second

term in Eq. (S1)] is described as a sum of two-level systems with transition energies A,,.



Finally, the third term 7:[coup1 describing the light-matter coupling provides hybridization for
the modes, where G, k is a coupling constant which in general can depend on the location
of an atom and the wavevector of the cavity field.

To describe the coupling of the cavity photon to Frenkel excitons in the momentum space,
the latter can be written as a delocalized mode using Fourier transform. The excitonic state

reads

1Xy) = X|o) = Zexp (ik - 1,)|n), (S2)

where r,, denotes positions of the localized excitations and k is an exciton momentum. Using

the momentum space description, Hcoupr can be rewritten as

Hcoupl Z gk ka + h.c. ) (S3>

where we have redefined the coupling constant gy to be dependent on the photon momentum,
where the cavity photon is converted into an exciton with the same wavevector.
To describe the behavior of the system, it is instructive to write the Heisenberg equation

of motion for the operators. Taking the Frenkel exciton mode with momentum k’, we obtain

ihag(tk/ | X, Feoul| = Z g | X, K] (S4)

The central object in Eq. (S4) is the commutator for a Frenkel exciton mode. For excitons
treated as ideal bosons, the commutator equals to the delta function and only ¢ remains
in the k-sum. This corresponds to the linear light-matter coupling term (Rabi splitting),
which is usually considered in the low excitation density limit. In the case of increased
carrier populations the composite nature of excitons, being formed by two fermions, mod-
ifies their behavior from being purely bosonic.? Given the specific structure of the Frenkel

exciton, its statistics was separately studied.® For the localized exciton it can be derived



straightforwardly from the electron-hole definition for X,, and reads

A~

[Xn/, X;J = 571/7” — Dn’,n = 5n’,n — 5n’,n<djldn + l;;rj)n) (85)

The last term in Eq. (S5) corresponds to the deviation from commutation relations and
physically denotes the impossibility of double excitation at the single site. Importantly, the
presence of the density-dependent term Dn/m makes the light-matter coupling effectively
nonlinear.

To understand how the Rabi coupling effectively changes as a function of the exciton
number (related to the pump intensity), we calculate the average of Eq. (S4) for the state
which contains a certain number of Frenkel excitons. This state can be represented by a
general density matrix pX, which accounts for both thermal and coherent components. The

average reads

imXe) = Tr{p® > gl [Ke, XL} = (S6)

= ng@k)prfn(NM [Xk',XlT(] [N,
k Im

where we expanded the density matrix in the basis of many-body excitonic states |N;), with
the index [ denoting a certain distribution over the momentum index. Here, p;t corresponds
to the occupations and coherences of the density matrix. The many-body states explicitly
read |N;) = Xﬁ?ﬁXlﬁjl?Xl’:Sm)/N N?Z:= (N;|N;) corresponds to the normalization constant
and ng are numbers of excitons in the momentum mode k;.

First, in order to understand the influence of deviation from bosonic commutation rela-
tions, we perform averaging over generic many-body states and consider linear order correc-
tions in the exciton density. We use the modified commutation relations for Frenkel exci-
tons in the momentum space. The commutator generally has the same form [Xk/, )A(;L] =

Ow x — bk/,k, where the deviation operator can be conveniently defined through its action on



the creation operators as?®

2 .
|:Dk’k;XT:| N XIT)—i-k K- (S?)

The latter can be seen as a consequence of nonzero portion of excitations as compared to
the total number of states. Similarly, taking the commutator for creation of N excitons, the

commutator can be derived recursively as

A A 2N
[ Dioses (XDY] = T X hasne (KDY ($8)

The equation of motion for the exciton operator Eq. (S6) taken in a state p* can separated

into diagonal and off-diagonal parts as

Xk’ ng Ci Zpll Nl [Xk’ ]|Nl +ng Cx Zplm (N |[Xk’ 11] [N,

l#m
(S9)

and we consider the two terms separately. The diagonal part is responsible for the leading
processes which involve occupations and are present both before and after condensation.
The off-diagonal terms are only present after condensation, where coherence pi\. (I # m) is
developed.

The diagonal part of the commutator reads

> ol 3 o (N [ X, XE| 180 = g ) = (10)
k l
~ 1 snl & nl2 5 nll ~ 5 TML 5 Tnlg 5 tnl
_ Z () Z P AT (<@|Xk§..Xk2 X [Dk,,k, bl ] R X5 |o)
+(o] Xps. Xﬁ;XﬁjXT"I Dieses X0 | K25 o) + ),
where the first term in the RHS g (¢é/) corresponds to the coupling in the weak excitation

limit. It directly results into a lowest order light-matter coupling term of gy = ¢, where we

consider only the modes coupled to light, and set &" = 0. The second term then corresponds



to the deviation of statistics for the excited system. Its parts depend on the commutation
of the deviation operator with different momentum states (taken to be {ki, ko,....,kg}),
weighted with a probability distribution. Looking into the first commutator as an example,

we see that

06 oo g N|N (OGN [ Duoae | X5 00) = (510

l
nl ny \>-n t(nh —1) -tnd n
- ng Ci Zpu Nl|Nl <®|X : Xk22Xk11X11; +k— k’X( b Xy s lo) =

i) > P
l

Q

where in the last equality we considered the dominant contribution which appears for k =
k', the ket-state reduces to the original |N;) and we further note that Y, pjf = 1 due to
normalization. While other contributions may appear for k # k’, this shall happen in higher
orders of N;!. Finally, performing the same commutation for different momentum modes,

we can write the diagonal contribution as

Xk/ ng Ck Zpll Nl [Xk/ ;L] ‘Nl> =~ (Sl2)

2Nt)§t)
N, /)’

x (ny + 15 + ..+ nk)
N

~ g (C) — 20 (G Z P = g () (1 -
where NX, corresponds to the total number of Frenkel excitons, summed over the distribution
in the momentum space. The off-diagonal terms can be written in the same way. However,
as they are proportional to coherences, this term becomes non-zero only after the threshold
and we generally can neglect it in the lowest order. By deriving Eq. (S12) we draw an
important conclusion: the presence of excitons always leads to space phase filling, no matter
the way they are distributed.

In Eq. (S12) we accounted for the linear term in N, ! only, which corresponds to the lowest



density-dependent correction to the light-matter coupling, and so far only excitonic EOM
renormalization was considered. It is important to note that since we assume all excitons
to couple to the cavity mode in the Hamiltonian (S3), the exciton number N, = N
corresponds only to excitons coupled to light. Eq. (S12) thus describes the decrease of the
light-matter coupling for the increased total population of Frenkel excitons, as long as they
lie within the light cone. The exciton density dependence of the light-matter coupling thus
introduces the optically nonlinear behavior, which was observed experimentally.

Next, we consider the influence of higher-order corrections for the light-matter interaction
term. To extract the renormalized Rabi frequency with nonlinear corrections, we need to
derive the dispersion relations for lower and upper polariton modes accounting for the phase
space filling. To do so, we consider the Hamiltonian (S1) averaged over a many-body state
with excitons occupying k &~ 0 mode, being a reasonable approximation for the effectively
0D dimple cavity. Then, following the usual strategy the dispersions are inferred from its

%W

diagonalization in “photons”-“excitons” basis, where light-matter coupling represents a cross

term.? The Hamiltonian energy for a small wavevector reads

~

(Hi) = hwe(ete) + AXI Xy + g(0)(Xfe) + (@ X)), (S13)

where we also set the value of light-matter coupling to the coupling constant taken at the
small photon momentum ¢(0), which is superradiantly enhanced. The averages for (¢/¢) and
(Xif(k) terms provide photon and exciton numbers N,., Nx multiplied by corresponding en-
ergies. For the coupling terms, if Frenkel excitons corresponded to ideal bosons, the averages
for (X&) and (¢1X,) terms would provide a prefactor of v/N,Ny. Finally, normalizing the

energy per single polariton, the dispersions can be obtained by simple diagonalization of the



two-by-two matrix

hee g(0) hwe+A 1
=ty = === F 5\/(hw, = AP + 4900, (S14)

where hwy, 7 are lower and upper polariton energies, respectively. Now, we need to account
for the phase space filling corrections which modify the off-diagonal terms. The central
object here corresponds to the expectation value of (éTXk>, which is derived considering
transition from |N. — 1, Nx) to |N., Nx — 1) state. The expectations for photons and exci-
tons can be calculated separately, where the first one trivially reads (N,|¢'|N. — 1) = v/N,.
The second contribution comes from the excitonic expectation performed for states |[Nx) =

X jo) N and [Ny = 1) = XN Djo) [N, where Ny, = 4/ (0] X0 X[ o),

N, Ny—1 correspond to normalization prefactors for each state. The matrix element

(Nx — 1| Xi|Nx) (0] X0 " [Xi, X3 ][2) (S15)

1
- N Nu-1
can be further rewritten using known commutation rules for Frenkel excitons?

Nx(Nx =1 o1 ¢

[anXj;{VX] = NX(X;/)NX_l(‘Sq,q’ - f)q,q’) - N 2q’—q(X

)ix? (S16)

q/

together with Eq. (S8), as well as closure relations g __, = (p| X XN g) = (Nx —

n)! Fyy —n, where

(N, — Nx)IN"
Fyne n= * Fny - 1




Then, Eq. (S15) can be rewritten recursively as

R N, — Nx + 1) [ Fy._ Fr._
(Nx — 1| Xi [Nx) =/Ny ( X+ )[ WXL Soxe — (Nx — 1)—X250 (S18)
N, Fy, Fuy

Fn, _
+ (Nx = D)(Nx = 2) 20— ]

Nx

The closed expression can be derived when summed up to Nx = N, corresponding to fully
saturated system. Finally, in the relevant limit of Ny < 1 and Ny > 2 we can write the

matrix element as

R N
(Nx — 1| X\ [Nx) ~ v/Nxy /1 — NX

s

Sox. (S19)

This leads to effective renormalization of light-matter coupling as

9(Nx) =g(0)4/1 — (S20)

Finally, using the same approach as for ideal bosons, the dispersions can be derived using

density-depended coupling

hwe 9(0)y/1 = Nx /Ny
9(0)y/1 — Nx /N, A

= th,U(NX)- (821)



S2 Nonlinearity of the samples s1-s3 and excitation power-

dependent analysis of the device s3
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Figure S1: (a), (b), (d) Relative blueshift versus polariton occupancy of the condensate for
the different samples s1-s3. A linear increase is clearly visible. The excitation powers used in
Figure 5 in the main text are highlighted in (d). (c) Excitation power-dependent analysis of
the device s3, which was used for the coherence measurements (Figure 5 in the main text).
Integrated emission intensity (black filled circles) versus normalized excitation intensity. At
the threshold power P, a significant increase in the intensity as well as a reduction of
the linewidth below the resolution limit of the spectrometer (180 peV, blue dashed line) is
observed.
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S3 Temporal coherence of the polariton condensate

To describe the decay of g(")(7) for different polariton occupancies 7 we use an analytical
model of single-mode matter-wave lasers,® " which takes single particle decay processes, gain,
gain saturation as well as effective interactions within the lasing mode simultaneously into

account. The g™ (7) is then given by®

9260)] = exp (-2 foxp (37 45 - 1)) e (B fexp (31 -5 - 1)

(522)
where 7 = #7, v is the decay rate of the polariton ground state, n, is the gain satura-
tion number (which corresponds to the depletion of the pump reservoir by processes which
populate the condensate”) and u is an effective interaction constant. Using Eq. (522), the
decay of g(¥)(7) for different polariton occupancies (Fig. 5c-d of the main text) can simul-
taneously fitted with shared parameters for v, ns and u (see Fig. S2). Note, that the
results for v = 0.085 4+ 0.014 ps~! and n, = 7.3 & 1.5 are very reasonable, and the result for
fiwV, = (2.0 £ 0.2) ueVx um?® per polariton in the condensate is in excellent agreement with
the analysis provided by tracing the condensate energy with pump power, which yields a
value of huV, = (2.773%) ueVx um? per polariton in the condensate. Using those paramters,
the temporal coherence 7, of the polariton condensate for different mean occupancies n can

be calculates (see Fig. 5e of the main text).
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Figure S2: Normalized measured first-order coherence g™ (7) for different delay times for a
pump power of P = 1.4P;, (a) and P = 4.4P,, (b). The curves were fitted simultaneously
using Eq. (S22) and shared parameters for 7, ny and w.
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