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1 Second-Order Diagrams
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2 Spin-Unrestricted HK Approach

2.1 QDPT Fock Matrix

2.1.1 Core Fock Matrix

c f α
pq = hα

pq +
Naux

∑
Q

bQ
pqJQ −

Naux

∑
Q

occ

∑
m′′

b
Q
pm′′b

Q
qm′′ (1)

c f β
pq = hβ

pq +
Naux

∑
Q

b
Q
p̄q̄JQ −

Naux

∑
Q

occ

∑
m̄′′

b
Q

p̄m̄′′b
Q

p̄m̄′′ (2)

where

JQ =
occ

∑
m′′

b
Q
m′′m′′ +

occ

∑
m̄

b
Q

m̄′′m̄′′ (3)

2.2 One-Electron Interaction

With DF approach:

gα
pq = (1−δpq)

c f α
pq +

Naux

∑
Q

bQ
pqJ̃Q −

Naux

∑
Q

occ

∑
m′

b
Q
pm′b

Q
qm′ (4)

gβ
pq = (1−δpq)

c f β
pq +

Naux

∑
Q

b
Q
p̄q̄J̃Q −

Naux

∑
Q

occ

∑
m̄′

b
Q

p̄m̄′b
Q

p̄m̄′ (5)

where

J̃Q =
occ

∑
m′

b
Q
m′m′ +

occ

∑
m̄

b
Q

m̄′m̄′ (6)
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2.3 The Reference Energy

Ere f = ∑
I

(
εI +gII

)
+ ∑

i

(
εi +gii

)

−
1

2
∑
I,J

〈IJ||IJ〉DF −
1

2
∑
i, j

〈i j||i j〉DF − ∑
I, j

〈I j|I j〉DF (7)

2.4 First-Order Diagrams

The modified operator Ŵ ′(1); it has no diagonal contribution here because

〈0|Ŵ ′(1)|0〉 = 0 (8)

The off-diagonal part of the first-order level-shift operator is represented by the two diagrams.

The first diagram represents a single replacement for the final (bra) state relative to the initial (ket)

state, with matrix element

W̃ A′

I′ = gA′I′ (9)

W̃ a′

i′ = ga′i′ (10)

The second diagram represents a double replacement, with matrix element

W̃ A′B′

I′J′ = 〈I′J′||A′B′〉DF (11)

W̃ a′b′

i′ j′ = 〈a′b′||i′ j′〉DF (12)

W̃ A′b′

I′ j′ = 〈I′ j′|A′b′〉DF (13)
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2.5 First-Order Amplitudes

Let us define

tA
I DA

I = gAI (14)

ta
i Da

i = gai (15)

and

tAB
IJ DAB

IJ = 〈IJ||AB〉DF (16)

tab
i j Dab

i j = 〈i j||ab〉DF (17)

tAb
I j DAb

I j = 〈I j|Ab〉DF (18)

where

DA
I = fII − fAA (19)

Da
i = fii − faa (20)

DAB
IJ = fII + fJJ − fAA − fBB (21)

Dab
i j = fii + f j j − faa − fbb (22)

DAb
I j = fII + f j j − fAA − fbb (23)
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2.6 Second-Order Diagrams

2.6.1 The Diagonal Term

E2 = ∑
IA

tA
I gIA + ∑

ia

ta
i gia

+
1

4

occ

∑
I,J

vir

∑
A,B

tAB
IJ 〈IJ||AB〉DF

+
1

4

occ

∑
i, j

vir

∑
a,b

tab
i j 〈i j||ab〉DF

+
occ

∑
I, j

vir

∑
A,b

tAb
I j 〈I j|Ab〉DF (24)

2.6.2 Single Replacements

α-Block:

W A′

I′ =
1

2
∑
IAB

tAB
I′I 〈A

′I||AB〉DF + ∑
iAb

tAb
I′i 〈A

′i|Ab〉DF

−
1

2
∑
IJA

tA′A
IJ 〈IJ||I′A〉DF − ∑

I ja

tA′a
I j 〈I j|I′a〉DF

+ ∑
IA

tA′A
I′I gIA + ∑

ia

tA′a
I′i gia

+ ∑
IA

tA
I 〈A

′I||I′A〉DF + ∑
ia

ta
i 〈A

′i|I′a〉DF

+ ∑
A

tA
I′gA′A

− ∑
I

tA′

I gII′ (25)
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β -Block:

W a′

i′ =
1

2
∑
iab

tab
i′i 〈a

′i||ab〉DF + ∑
IAb

tAb
Ii′ 〈Ia′|Ab〉DF

−
1

2
∑
i ja

ta′a
i j 〈i j||i′a〉DF − ∑

I jA

tAa′

I j 〈I j|Ai′〉DF

+ ∑
ia

ta′a
i′i gia + ∑

IA

tAa′

Ii′ gIA

+ ∑
ia

ta
i 〈a

′i||i′a〉DF + ∑
IA

tA
I 〈Ia′|Ai′〉DF

+ ∑
a

ta
i′ga′a

− ∑
i

ta′

i gii′ (26)

2.6.3 Double Replacements

αα-Block:

W A′B′

I′J′ =
1

2
∑
AB

tAB
I′J′〈A

′B′||AB〉DF

+
1

2
∑
IJ

tA′B′

IJ 〈IJ||I′J′〉DF

+ P−(I
′J′)P−(A

′B′)

{
∑
IA

tB′A
I′I 〈A′I||AJ′〉DF − ∑

ia

tB′a
I′i 〈A

′i|J′a〉DF

}

+ P−(A
′B′)∑

A

tA′A
I′J′ gB′A

− P−(I
′J′)∑

I

tA′B′

I′I gIJ′

+ P−(I
′J′)∑

A

tA
J′〈A

′B′||I′A〉DF

− P−(A
′B′)∑

I

tB′

I 〈A′I||I′J′〉DF (27)
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ββ -Block:

W a′b′

i′ j′ =
1

2
∑
ab

tab
i′ j′〈a

′b′||ab〉DF

+
1

2
∑
i j

ta′b′

i j 〈i j||i′ j′〉DF

+ P−(i
′ j′)P−(a

′b′)

{
∑
ia

tb′a
i′i 〈a

′i||a j′〉DF − ∑
IA

tAb′

Ii′ 〈Ia′|A j′〉DF

}

+ P−(a
′b′)∑

a

ta′a
i′ j′ gb′a

− P−(i
′ j′)∑

i

ta′b′

i′i gi j′

+ P−(i
′ j′)∑

a

ta
j′〈a

′b′||i′a〉DF

− P−(a
′b′)∑

i

tb′

i 〈a′i||i′ j′〉DF (28)

αβ -Block:

W A′b′

I′ j′ = ∑
Ab

tAb
I′ j′〈A

′b′|Ab〉DF

+ ∑
I j

tA′b′

I j 〈I j|I′ j′〉DF

− ∑
iA

tAb′

I′i 〈A
′i|A j′〉DF − ∑

IA

tAb′

I j′ 〈A
′I||AI′〉DF + ∑

ia

tb′a
j′i 〈A

′i|I′a〉DF

− ∑
ia

tA′a
I′i 〈b

′i||a j′〉DF + ∑
IA

tA′A
I′I 〈Ib′|A j′〉DF − ∑

Ia

tA′a
I j′ 〈Ib′|I′a〉DF

+ ∑
a

tA′a
I′ j′ gb′a + ∑

A

tAb′

I′ j′ gA′A

− ∑
i

tA′b′

I′i gi j′ − ∑
I

tA′b′

I j′ gII′

+ ∑
a

ta
j′〈A

′b′|I′a〉DF + ∑
A

tA
I′ 〈A

′b′|A j′〉DF

− ∑
i

tb′

i 〈A′i|I′ j′〉DF − ∑
I

tA′

I 〈Ib′|I′ j′〉DF (29)
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2.6.4 Triple Replacements

ααα-Block:

W A′B′C′

I′J′K′ = P(I′J′/K′)P(A′/B′C′)∑
A

tA′A
I′J′ 〈B

′C′||AK′〉DF

− P(I′/J′K′)P(A′B′/C′)∑
I

tA′B′

I′I 〈IC′||J′K′〉DF (30)

βββ -Block:

W a′b′c′

i′ j′k′ = P(i′ j′/k′)P(a′/b′c′)∑
a

ta′a
i′ j′ 〈b

′c′||ak′〉DF

− P(i′/ j′k′)P(a′b′/c′)∑
i

ta′b′

i′i 〈ic′|| j′k′〉DF (31)

ααβ -Block:

W A′B′c′

I′J′k′ = P_(A′B′)∑
A

tA′A
I′J′ 〈B

′c′|Ak′〉DF

+ P_(A′B′)∑
I

tA′c′

Ik′ 〈IB′||J′I′〉DF

+ P_(I′J′)∑
A

tAc′

J′k′〈B
′A′||AI′〉DF

+ P_(I′J′)∑
I

tA′B′

J′I 〈Ic′|I′k′〉DF

+ P_(I′J′)P_(A′B′)∑
a

tA′a
I′k′ 〈B

′c′|J′a〉DF

+ P_(I′J′)P_(A′B′)∑
i

tB′c′

I′i 〈A′i|J′k′〉DF (32)
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αββ -Block:

W A′b′c′

I′ j′k′ = P_( j′k′)∑
a

tA′a
I′ j′ 〈b

′c′||ak′〉DF

+ P_( j′k′)∑
i

tc′b′

j′i 〈A′i|I′k′〉DF

+ P_(b′c′)∑
i

tA′c′

I′i 〈ib′|| j′k′〉DF

+ P_(b′c′)∑
a

tc′a
k′ j′〈A

′b′|I′a〉DF

+ P_( j′k′)P_(b′c′)∑
A

tAb′

I′ j′ 〈A
′c′|Ak′〉DF

+ P_( j′k′)P_(b′c′)∑
I

tA′b′

Ik′ 〈Ic′|I′ j′〉DF (33)

where

P−(i j) = 1−P(i j) (34)

P(i j/k) = 1−P(ik)−P( jk) (35)

P(i/ jk) = 1−P(i j)−P(ik) (36)

where P(i j) acts to permute the indices i, j.

2.7 QDPT2 Sigma

H
e f f (2)
βα

= Ere f δαβ +W
′(1)
βα

+W
(2)
βα

(37)

QDPT2 σ defined as follows,

σα = ∑
β

H
e f f (2)
βα

cβ (38)
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Hence

σα = Ere f cα +∑
β

W
′(1)
βα

cβ +∑
β

W
(2)
βα

cβ (39)

σα = Emp2cα + ∑
β 6=α

W
′(1)
βα

cβ + ∑
β 6=α

W
(2)
βα

cβ (40)
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