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ABSTRACT  

The emergence of technologies in which rare earth elements provide critical functionality has increased 

the demand for these materials, with important implications for supply security. Recycling provides an 

option for mitigating supply risk and creating economic value from the resale of recovered materials. 

While solvent extraction is a proven technology for rare earth recovery and separation, its application 

often requires extensive trial-and-error experimentation. We describe a modeling strategy based on Gibbs 

energy minimization that incorporates parameter estimation for required thermodynamic properties as 

well as process design for solvent extraction and illustrate its applicability to rare earths separation. 

Visualization analysis during parameter estimation revealed a linear relationship between the standard 

enthalpies of the extractant and respective organo-metal complexes, analogous to the additivity principle 

for predicting molar volumes of organic compounds. Establishing this relationship reduced the size of the 

parameter estimation problem and yielded good agreement between model predictions and reported 

equilibrium extraction data, validating the property estimates for the organic phase species. Design 

exploration and optimization results map out the space of feasible solvent extraction column 

configurations and identify the set of optimal design parameter values that meet recovery and purity 

targets. 
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  S0-A: Input (xml) data 

<ctml> 
  <validate reactions="yes" species="yes" /> 
                    
  
  <phase dim="3" id="PC88A_liquid"> 
    <elementArray datasrc="elementz.xml"> 
        Cl O H C P Nd Pr Ce La dummyelement  
    </elementArray> 
    <speciesArray datasrc="#species_PC88A_liquid"> 
      (HA)2(org) dodecane Nd(H(A)2)3(org) Pr(H(A)2)3(org) Ce(H(A)2)3(org) La(H(A)2)3(org) 
    </speciesArray> 
    <state> 
      <temperature units="K"> 298.15 </temperature> 
      <pressure units="Pa"> 100000.0 </pressure> 
      <soluteMolalities> 
        (HA)2(org): 0.25 
      </soluteMolalities> 
    </state> 
    <thermo model="IdealSolidSolution"> 
       <standardConc model="molar_volume" /> 
    </thermo> 
    <standardConc model="molar_volume" /> 
    <transport model="None" /> 
    <kinetics model="none" /> 
  </phase> 
 
  
  <speciesData id="species_PC88A_liquid"> 
     
 
    <species name="(HA)2(org)"> 
      <atomArray> C:16 H:35 O:3 P:1 </atomArray> 
      <thermo> 
        <const_cp Tmax="300.0" Tmin="298.0"> 
          <t0 units="K">298.14999999999998</t0> 
          <h0 units="J/mol">-2687575.96178</h0><!-- Fitted, consistent with dummy entropy below--> 
          <s0 units="J/mol/K"> 558.9824 </s0><!-- dummy value, from Jove Colon et al. (2013)--> 
          <cp0 units="J/mol/K"> 0.0</cp0><!—Default--> 
        </const_cp> 
      </thermo> 
      <standardState model="constant_incompressible"> 
        <molarVolume>0.320974226079</molarVolume> <!— Chemserve Co.,Ltd. PC88A Product Sheet. Chemserve 
Co.,Ltd 2008--> 
 
      </standardState> 
    </species> 
 
 
 
    <species name="Nd(H(A)2)3(org)"> 
      <atomArray> C:48 H:102 O:9 P:3 Nd:1 </atomArray> 
      <thermo> 
        <const_cp Tmax="300.0" Tmin="298.0"> 
          <t0 units="K">298.14999999999998</t0> 
 
          <h0 units="J/mol" >-8862925.76379</h0> 
          <s0 units="J/mol/K"> 1117.965 </s0> 
          <cp0 units="J/mol/K">0.0</cp0> 
        </const_cp> 
      </thermo> 
      <standardState model="constant_incompressible"> 
        <molarVolume>0.973500071223</molarVolume> 
      </standardState> 
    </species> 
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    <species name="Pr(H(A)2)3(org)"> 
      <atomArray> C:48 H:102 O:9 P:3 Pr:1 </atomArray> 
      <thermo> 
        <const_cp Tmax="300.0" Tmin="298.0"> 
          <t0 units="K">298.14999999999998</t0> 
 
          <h0 units="J/mol" >-8872327.30936</h0> 
          <s0 units="J/mol/K"> 1117.965 </s0> 
          <cp0 units="J/mol/K">0.0</cp0> 
        </const_cp> 
      </thermo> 
      <standardState model="constant_incompressible"> 
        <molarVolume >0.979936421078</molarVolume> 
      </standardState> 
    </species> 
 
 
    <species name="Ce(H(A)2)3(org)"> 
      <atomArray> C:48 H:102 O:9 P:3 Ce:1 </atomArray> 
      <thermo> 
        <const_cp Tmax="300.0" Tmin="298.0"> 
          <t0 units="K">298.14999999999998</t0> 
 
          <h0 units="J/mol" >-8862321.00619</h0> 
          <s0 units="J/mol/K"> 1117.965 </s0> 
          <cp0 units="J/mol/K">0.0</cp0> 
        </const_cp> 
      </thermo> 
      <standardState model="constant_incompressible"> 
        <molarVolume >1.0060487218</molarVolume> 
      </standardState> 
    </species> 
 
 
    <species name="La(H(A)2)3(org)"> 
      <atomArray> C:48 H:102 O:9 P:3 La:1 </atomArray> 
      <thermo> 
        <const_cp Tmax="300.0" Tmin="298.0"> 
          <t0 units="K">298.14999999999998</t0> 
 
          <h0 units="J/mol" >-8865892.52138</h0> 
          <s0 units="J/mol/K"> 1117.965 </s0> 
          <cp0 units="J/mol/K">0.0</cp0> 
        </const_cp> 
      </thermo> 
      <standardState model="constant_incompressible"> 
        <molarVolume >0.981485801577</molarVolume> 
      </standardState> 
    </species> 
 
      
    <species name="dodecane"> 
      <atomArray> dummyelement:1  </atomArray>   
       
      <thermo> 
        <const_cp Tmax="300.0" Tmin="298.0"> 
    <t0 units="K">298.14999999999998</t0>  
    <h0 units="J/mol"> 0.0 </h0>  
    <s0 units="J/mol/K"> 0.0 </s0>   
           <cp0 units="J/mol/K">0.0</cp0> 
        </const_cp> 
      </thermo> 
     <standardState model="constant_incompressible"> 
      <molarVolume> 0.227113 </molarVolume>   
      </standardState> 
    </species> 
 
  </speciesData> 
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  <phase dim="3" id="HCl_electrolyte"> 
    <speciesArray datasrc="#species_waterSolution"> 
      H2O(L) H+ OH- Cl- Nd+++ Pr+++ Ce+++ La+++ 
    </speciesArray> 
 
    <state> 
      <temperature units="K"> 298.15 </temperature> 
      <pressure units="Pa"> 100000.0 </pressure> 
      <soluteMolalities> 
        Cl-: 1.0E-7 
        H+: 1.0E-7 
      </soluteMolalities> 
    </state> 
 
    <thermo model="HMW"> 
      <standardConc model="solvent_volume" /> 
      <activityCoefficients TempModel="complex1" model="Pitzer"> 
         
        <A_Debye model="water" /> 
        <ionicRadius default="3.042843" units="Angstroms"> 
        </ionicRadius> 
        <binarySaltParameters anion="Cl-" cation="H+"> 
          <beta0> 0.177000779, 0.000125778, 0.0, -33.4777082, -0.262214535 </beta0> 
          <beta1> 0.292922504, -0.027938838, 0.0, 3402.47027, 19.7936248 </beta1> 
          <beta2> 0.0, 0.0, 0.0, 0.0, 0.0 </beta2> 
          <Cphi>  0.000362, -0.00003036, 0.0, -2.91038E-11, 0.0 </Cphi> 
          <Alpha1> 2 </Alpha1> 
          <Alpha2> 12 </Alpha2> 
          <source> 

refit of Holmes, H.F., Busey, J.M., Simonson, J.M., Mesmer, R.E., Archer, D.G., and Wood, 
R.H., 1987, The enthalpy of dilution of HCl(aq) to 648 K and 4p MPa.  Thermodynamic 
properties, Journal of Chemical Thermodynamics, v. 19, p. 863-890. 

          </source> 
        </binarySaltParameters> 
      
 
      </activityCoefficients> 
      <solvent> H2O(L) </solvent> 
    </thermo> 
     
    <elementArray datasrc="elementz.xml"> O H Nd Pr Ce La C N Cl P E </elementArray> 
    <kinetics model="none"> 
    </kinetics> 
  </phase> 
 
  <speciesData id="species_waterSolution"> 
 
    <species name="H2O(L)"> 
       
      <atomArray>H:2 O:1 </atomArray> 
      <thermo> 
        <NASA P0="100000.0" Tmax="600.0" Tmin="273.14999999999998"> 
          <floatArray name="coeffs" size="7"> 
            7.255750050E+01,  -6.624454020E-01,   2.561987460E-03,  -4.365919230E-06, 
            2.781789810E-09,  -4.188654990E+04,  -2.882801370E+02 
          </floatArray> 
        </NASA> 
      </thermo> 
      <standardState model="waterPDSS"> 
         
        <molarVolume> 0.018068 </molarVolume> 
      </standardState> 
    </species> 
 
 
    <species name="OH-"> 
      <speciesChemFormula> OH- </speciesChemFormula> 
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      <atomArray> O:1 H:1 </atomArray> 
      <charge> -1 </charge> 
      <thermo model="HKFT"> 
        <HKFT Pref="1 atm" Tmax="625.15" Tmin="298.15"> 
          <DG0_f_Pr_Tr units="cal/gmol"> -37595 </DG0_f_Pr_Tr> 
          <DH0_f_Pr_Tr units="cal/gmol"> -54977 </DH0_f_Pr_Tr> 
          <S0_Pr_Tr units="cal/gmol/K"> -2.56 </S0_Pr_Tr> 
        </HKFT> 
      </thermo> 
      <standardState model="HKFT"> 
        <a1 units="cal/gmol/bar"> 0.12527 </a1> 
        <a2 units="cal/gmol"> 7.38 </a2> 
        <a3 units="cal K/gmol/bar"> 1.8423 </a3> 
        <a4 units="cal K/gmol"> -27821 </a4> 
        <c1 units="cal/gmol/K"> 4.15 </c1> 
        <c2 units="cal K/gmol"> -103460 </c2> 
        <omega_Pr_Tr units="cal/gmol"> 172460 </omega_Pr_Tr> 
        <molarVolume units="cm3/mol"> -4.18 </molarVolume> 
      </standardState> 
      <source> 
        <source>  

ref: Shock and Helgeson (1998), Calculation of the thermodynamic and transport properties of 
aqueous species at high pressures and temperatures: corellation algorithms for ionic species 
and equation of state to 5kb and 1000C Geochimica et Cosmochimica Acta, Vol 52. pp 2009 – 
2036 

         </source> 
      </source> 
    </species> 
 
        
    <species name="Cl-"> 
      <speciesChemFormula> Cl- </speciesChemFormula> 
      <atomArray> Cl:1 </atomArray> 
      <charge> -1 </charge> 
      <thermo model="HKFT"> 
        <HKFT Pref="1 atm" Tmax="625.15" Tmin="273.15"> 
          <DG0_f_Pr_Tr units="cal/gmol"> -31379 </DG0_f_Pr_Tr> 
          <DH0_f_Pr_TR units="cal/gmol"> -39933 </DH0_f_Pr_TR> 
          <S0_Pr_Tr units="cal/gmol/K"> 13.56 </S0_Pr_Tr> 
        </HKFT> 
      </thermo> 
      <standardState model="HKFT"> 
        <a1 units="cal/mol/bar"> 0.4032 </a1> 
        <a2 units="cal/mol"> 480.1 </a2> 
        <a3 units="cal K/mol/bar"> 5.563 </a3> 
        <a4 units="cal K/mol"> -28470 </a4> 
        <c1 units="cal/mol/K"> -4.4 </c1> 
        <c2 units="cal K/mol"> -57140 </c2> 
        <omega_Pr_Tr units="cal/mol"> 145600 </omega_Pr_Tr> 
        <molarVolume units="cm3/mol"> 17.79 </molarVolume> 
      </standardState> 
      <source> 
        <source>  

ref: Shock and Helgeson (1998), Calculation of the thermodynamic and transport properties of 
aqueous species at high pressures and temperatures: corellation algorithms for ionic species 
and equation of state to 5kb and 1000C Geochimica et Cosmochimica Acta, Vol 52. pp 2009 – 
2036 

         </source> 
      </source> 
 
    </species> 
 
    <species name="H+"> 
      <speciesChemFormula> H+ </speciesChemFormula> 
      <atomArray> H:1 </atomArray> 
      <charge> +1 </charge> 
      <thermo model="HKFT"> 
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        <HKFT Pref="1 atm" Tmax="625.15" Tmin="273.15"> 
          <DG0_f_Pr_Tr units="cal/gmol"> 0 </DG0_f_Pr_Tr> 
          <DH0_f_Pr_TR units="cal/gmol"> 0 </DH0_f_Pr_TR> 
          <S0_Pr_Tr units="cal/gmol/K"> 0 </S0_Pr_Tr> 
        </HKFT> 
      </thermo> 
      <standardState model="HKFT"> 
        <a1 units="cal/mol/bar"> 0 </a1> 
        <a2 units="cal/mol"> 0 </a2> 
        <a3 units="cal K/mol/bar"> 0 </a3> 
        <a4 units="cal K/mol"> 0 </a4> 
        <c1 units="cal/mol/K"> 0 </c1> 
        <c2 units="cal K/mol"> 0 </c2> 
        <omega_Pr_Tr units="cal/mol"> 0 </omega_Pr_Tr> 
        <molarVolume units="cm3/mol"> 0 </molarVolume> 
      </standardState> 
        <source>  

ref: Shock and Helgeson (1998), Calculation of the thermodynamic and transport properties of 
aqueous species at high pressures and temperatures: corellation algorithms for ionic species 
and equation of state to 5kb and 1000C Geochimica et Cosmochimica Acta, Vol 52. pp 2009 – 
2036 

         </source> 
 
    </species> 
 
 
    <species name="Nd+++"> 
      <speciesChemFormula> Nd+++ </speciesChemFormula> 
      <atomArray> Nd:1 </atomArray> 
      <charge> +3 </charge> 
      <thermo model="HKFT"> 
        <HKFT Pref="1 atm" Tmax="625.15" Tmin="298.15"> 
          <DG0_f_Pr_Tr units="cal/gmol"> -160600 </DG0_f_Pr_Tr> 
          <DH0_f_Pr_Tr units="cal/gmol"> -166500 </DH0_f_Pr_Tr> 
          <S0_Pr_Tr units="cal/gmol/K"> -49.5 </S0_Pr_Tr> 
        </HKFT> 
      </thermo> 
      <standardState model="HKFT"> 
        <a1 units="cal/gmol/bar"> -0.33707 </a1> 
        <a2 units="cal/gmol"> -1454.52 </a2> 
        <a3 units="cal K/gmol/bar"> 8.3211 </a3> 
        <a4 units="cal K/gmol"> -21777 </a4> 
        <c1 units="cal/gmol/K"> 1.6236 </c1> 
        <c2 units="cal K/gmol"> -118344 </c2> 
        <omega_Pr_Tr units="cal/gmol"> 225500 </omega_Pr_Tr> 
        <molarVolume units="cm3/mol"> -43.1 </molarVolume> 
      </standardState> 
        <source>  

ref: Shock and Helgeson (1998), Calculation of the thermodynamic and transport properties of 
aqueous species at high pressures and temperatures: corellation algorithms for ionic species 
and equation of state to 5kb and 1000C Geochimica et Cosmochimica Acta, Vol 52. pp 2009 – 
2036 

         </source> 
    </species> 
 
    <species name="Pr+++"> 
      <speciesChemFormula> Pr+++ </speciesChemFormula> 
      <atomArray> Pr:1 </atomArray> 
      <charge> +3 </charge> 
      <thermo model="HKFT"> 
        <HKFT Pref="1 atm" Tmax="625.15" Tmin="298.15"> 
          <DG0_f_Pr_Tr units="cal/gmol"> -162600 </DG0_f_Pr_Tr> 
          <DH0_f_Pr_Tr units="cal/gmol"> -168800 </DH0_f_Pr_Tr> 
          <S0_Pr_Tr units="cal/gmol/K"> -50 </S0_Pr_Tr> 
        </HKFT> 
      </thermo> 
      <standardState model="HKFT"> 
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        <a1 units="cal/gmol/bar"> -0.32406 </a1> 
        <a2 units="cal/gmol"> -1419.98 </a2> 
        <a3 units="cal K/gmol/bar"> 8.1257 </a3> 
        <a4 units="cal K/gmol"> -21920 </a4> 
        <c1 units="cal/gmol/K"> -1.1975 </c1> 
        <c2 units="cal K/gmol"> -127511 </c2> 
        <omega_Pr_Tr units="cal/gmol"> 223500 </omega_Pr_Tr> 
        <molarVolume units="cm3/mol"> -42.1 </molarVolume> 
      </standardState> 
      <source> 

ref: Shock and Helgeson (1998), Calculation of the thermodynamic and transport properties of 
aqueous species at high pressures and temperatures: corellation algorithms for ionic species 
and equation of state to 5kb and 1000C Geochimica et Cosmochimica Acta, Vol 52. pp 2009 – 
2036 

      </source> 
    </species> 
 
 
    <species name="Ce+++"> 
      <speciesChemFormula> Ce+++ </speciesChemFormula> 
      <atomArray> Ce:1 </atomArray> 
      <charge> +3 </charge> 
      <thermo model="HKFT"> 
        <HKFT Pref="1 atm" Tmax="625.15" Tmin="298.15"> 
          <DG0_f_Pr_Tr units="cal/gmol"> -161600 </DG0_f_Pr_Tr> 
          <DH0_f_Pr_Tr units="cal/gmol"> -167400 </DH0_f_Pr_Tr> 
          <S0_Pr_Tr units="cal/gmol/K"> -49 </S0_Pr_Tr> 
        </HKFT> 
      </thermo> 
      <standardState model="HKFT"> 
        <a1 units="cal/gmol/bar"> -0.29292 </a1> 
        <a2 units="cal/gmol"> -1493.38 </a2> 
        <a3 units="cal K/gmol/bar"> 11.6196 </a3> 
        <a4 units="cal K/gmol"> -21616 </a4> 
        <c1 units="cal/gmol/K"> 4.0445 </c1> 
        <c2 units="cal K/gmol"> -108974 </c2> 
        <omega_Pr_Tr units="cal/gmol"> 222510 </omega_Pr_Tr> 
        <molarVolume units="cm3/mol"> -39.8 </molarVolume> 
      </standardState> 
      <source> 

ref: Shock and Helgeson (1998), Calculation of the thermodynamic and transport properties of 
aqueous species at high pressures and temperatures: corellation algorithms for ionic species 
and equation of state to 5kb and 1000C Geochimica et Cosmochimica Acta, Vol 52. pp 2009 – 
2036 

      </source> 
    </species> 
 
 
    <species name="La+++"> 
      <speciesChemFormula> La+++ </speciesChemFormula> 
      <atomArray> La:1 </atomArray> 
      <charge> +3 </charge> 
      <thermo model="HKFT"> 
        <HKFT Pref="1 atm" Tmax="625.15" Tmin="298.15"> 
          <DG0_f_Pr_Tr units="cal/gmol"> -164000 </DG0_f_Pr_Tr> 
          <DH0_f_Pr_Tr units="cal/gmol"> -169600 </DH0_f_Pr_Tr> 
          <S0_Pr_Tr units="cal/gmol/K"> -52 </S0_Pr_Tr> 
        </HKFT> 
      </thermo> 
      <standardState model="HKFT"> 
        <a1 units="cal/gmol/bar"> -0.2788 </a1> 
        <a2 units="cal/gmol"> -1438.24 </a2> 
        <a3 units="cal K/gmol/bar"> 10.9602 </a3> 
        <a4 units="cal K/gmol"> -21844 </a4> 
        <c1 units="cal/gmol/K"> 4.2394 </c1> 
        <c2 units="cal K/gmol"> -106122 </c2> 
        <omega_Pr_Tr units="cal/gmol"> 215720 </omega_Pr_Tr> 
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        <molarVolume units="cm3/mol"> -38.6 </molarVolume> 
      </standardState> 
 
      <source> 

ref: Shock and Helgeson (1998), Calculation of the thermodynamic and transport properties of 
aqueous species at high pressures and temperatures: corellation algorithms for ionic species 
and equation of state to 5kb and 1000C Geochimica et Cosmochimica Acta, Vol 52. pp 2009 – 
2036 

      </source> 
    </species> 
  </speciesData> 
</ctml> 

 

S0-B: Data sources for extraction equilibrium isotherms 

In this study, we used the single component data from Li (1987) in the visualization step to 

discover the linear relationship between the extractant standard property and those of the organo-

metal complexes, then used multicomponent data from other sources for the least squares fitting. 

There is no need to use more than one equilibrium dataset for the least square fit, as long as the 

reported equilibrium data considered a range of values for pH, rare earth concentration and 

extractant fraction. Our decision to combine different sources for this study reflects our uncertainty 

about the (mostly unreported) measurement errors in the different equilibrium data sources. Table 

1 summarizes the different data sources. 

Table 1: Data sources 

Single component data Multi-component data 

Rare earth Source Rare earth  Source 

Nd Lee(2005)1, Li(1987)2, 
Lyon(2016) 3 Nd, Pr Liu(2014), 

Lyon(2016, 2017)3,4 

Pr Li(1987)2, 
Lyon(2016)3 Nd, Pr, La Banda(2014)5 

Ce Li(1987)2 Nd, Pr, Ce, La 
Formiga(2016)6, 
Kim(2012)7 

La Li(1987)2   
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S1-A: Additional Parameter fit plots 

Fig. 1: Additional parameter estimation validation results comparing predicted and reported 

equilibrium molar compositions in both the aqueous and organic phases with individual rare 

earth equilibrium data from Li et al2. 
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Fig. 2:  Additional parameter estimation validation results comparing predicted and reported 

equilibrium molar compositions in both the aqueous and organic phases with individual rare 

earth equilibrium data from Lyon et al3.  
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Fig. 3: Additional parameter estimation validation results comparing predicted and reported 

equilibrium molar compositions (Neodymium, Nd, and Praseodymium, Pr) in both the aqueous 

and organic phases with individual rare earth equilibrium data from Liu et al8.  
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Fig. 4: Additional parameter estimation validation results comparing predicted and reported 

equilibrium molar compositions in both the aqueous and organic phases with individual rare earth 

equilibrium data from Lyon et al3.  
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Fig. 5: Additional parameter estimation validation results comparing predicted and reported 

equilibrium molar compositions in both the aqueous and organic phases with mixture data from 

Kim et al.7. Although the deviation for Nd and Pr seem pronounced, the absolute values are very 

small.  
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S2-A: Solvent extraction process model 

Process simulation: Each solvent extraction column is composed of a combination of individual 

stages, which are the basic functional units of the solvent extraction process. The Gibbs 

minimization model simulates equilibrium for each stage, taking as input the output streams from 

adjacent stages. Fig. 6 represents the software flowchart for implementing the solvent extraction 

model. Step 1 loads process parameters and system specifications, which include aqueous and 

organic feed compositions, 𝑦𝑦𝑗𝑗0, number of stages per column, 𝑁𝑁𝑗𝑗 , and organic-to-aqueous phase 

ratios for each column, (O/A)𝑗𝑗 . These parameters stay fixed for design simulations but can become 

variables for optimization runs. Step 2 creates and initializes a vector of stage compositions, 𝑌𝑌𝑗𝑗 , 

for each column, 𝑗𝑗. The size of 𝑌𝑌𝑗𝑗  is �𝑁𝑁𝑗𝑗 + 1� × �𝑛𝑛𝑎𝑎𝑎𝑎 +  𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜�, where 𝑛𝑛𝑎𝑎𝑎𝑎 , 𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜 are the number of 

species in the aqueous and organic phases in each stage, respectively. 𝑌𝑌 combines 𝑌𝑌𝑗𝑗  from all three 

columns to form a vector of all stage compositions. Step 3 minimizes Gibbs to predict a new set 

of equilibrium compositions, Y’, for each stage. Step 4 evaluates the residual from a difference 

function of the two vectors, Y and Y’. Step 5 tests the convergence criteria and ends the simulation 

if met; otherwise, step 6 updates Y and repeats steps 3–5. The combined steps 3–6 are a root-

finding problem, which can be solved using a number of methods. We found reliable performance 

with the modified Powell’s algorithm.9–11 
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Fig. 6: Flowchart for simulating solvent extraction system 

 

S3-A: Design Exploration – method details 

 
Parameter sweep: The set of design and operating parameters that define column 

performance include compositions of aqueous and organic process streams for the 

extraction, scrub, and strip columns; the relative volumetric flow rates of the different 

streams; and the number of stages in each column. Designing for both high recovery and 

high purity becomes an exercise in tuning these parameters, recognizing the nonlinear 

nature of their coupled interactions. To gain insight into the best combinations for these 

parameters, we use parameter sweeps to explore and understand the solution space of 

recovery and purity predictions. We split the parameters into two groups: operating and 

design parameters. For each operating parameter, we define select representative low, 
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medium, and high values (Table 2), and use these values to generate a combinatorial table 

of operating parameter sets. 

 

Table 2: Solvent extraction column operating parameter levels for sweep analysis 

Levels Extractant fraction 
H+ concentration (M) 

Extraction column Scrub column  Strip column 

Low 0.2 0.001 0.001 0.001 

Medium 0.4 0.03 0.03 0.03 

High 0.6 1 1 1 

Levels 
*O/A  ratio 

Recycle 
fraction Extraction column Scrub column Strip column 

Low 0.5 0.5 0.5 0 

Medium 3.25 3.25 3.25 0.6 

High 6 6 6 1.2** 

*O/A: Organic-to-aqueous phase volumetric ratio. 
**Recycle is defined relative to the molar quantity in the feed stream 

 
For the design parameters (number of stages per column), we define a bounded series of 

integer values representing the total number of stages and, for each item in this set, generate 

combinations of extraction, scrub, and strip stages whose sums equal its value. We further 

streamline the combinations by excluding those in which the maximum difference between 

the number of extraction, scrub, and strip stages in each combination exceeds six. This 

constraint balances the distribution of design cases across the different stage totals and 

reduces the fraction of cases with infeasible combinations. Then we combine the two 

datasets by mapping each design case with the table of operating parameter combinations 

and set it up for three separation scenarios: scenario 1, Nd, Pr from Ce, La; scenario 2, Nd 
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from Pr; scenario 3, Ce from La. Then for each case of the combined dataset, we run 

simulations to predict the corresponding recovery and purity performance. 

S4-A: Process optimization – method details 

 
In the previous section, we described a method for implementing multi-parameter sweeps 

for exploring the space of feasible column configurations. Here, we add directionality to 

the design exploration, with the objective of finding optimal process designs.  Then we use 

parametric analysis to understand the sensitivity of the optimized designs to parameter 

peturbations and evaluate the effect of uncertainty in feed composition on the distribution 

of optimal solutions. 

 
Formulation: Eqn. 1 summarizes the problem formulation for optimizing the solvent extraction 
system. 

𝑀𝑀𝑀𝑀𝑛𝑛𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀  𝑓𝑓�𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑗𝑗�  

𝑠𝑠. 𝑡𝑡.  

ℎ�𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑗𝑗� =  0  

𝑔𝑔�𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑗𝑗� ≤  0  

𝑦𝑦𝑚𝑚𝑖𝑖𝑚𝑚 ≤  𝑦𝑦𝑗𝑗 ≤  𝑦𝑦𝑚𝑚𝑎𝑎𝑚𝑚   

𝑥𝑥𝑚𝑚𝑖𝑖𝑚𝑚 ≤  𝑥𝑥𝑖𝑖 ≤  𝑥𝑥𝑚𝑚𝑎𝑎𝑚𝑚           (1) 

 

 

Here, 𝑥𝑥𝑖𝑖 represents a vector of design and operating variable parameters, and 𝑦𝑦𝑗𝑗 is the 

vector of stagewise stream compositions. Since the scope of this study excludes economics, 

we keep things simple and set the the objective function, 𝑓𝑓�𝑥𝑥𝑖𝑖,𝑦𝑦𝑗𝑗� as the total number of 

equilibrium stages, a surrogate for the required equipment capital outlay. The equality 

constraint, ℎ�𝑥𝑥𝑖𝑖,𝑦𝑦𝑗𝑗�, comprises the set of Gibbs minimization equations, embedded in the 
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solvent extraction column simulation model (Fig. 6) with implicit mass, species, elemental, 

and charge balances. The inequality constraints, 𝑔𝑔�𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑗𝑗�, include process targets (e.g., 

recovery, purity, as well as constraints on maximum number of stages). Table 3 summarizes 

the resulting optimization specifications and bounds. 

 
Table 3: Optimization variable parameter bounds 

 

Parameter 
Lower 
bound 

Upper 
bound 

Operating parameters 

Extractant fraction 0.25 0.65 

O/A, extraction* 1 6 

O/A scrub*  1 6 

O/A, strip*  1 6 

Recycle fraction** 0.0 0.9 

pH 
Extraction/Scrub 

3 5 

pH Strip 0 0.3 

Design parameters 

Number of 
extraction stages 

1  12 

Number of scrub 
stages 

1 12 

Number of strip 
stages 

1 12 

*O/A =  organic/aqueous phase volumetric ratio. 
**Recycle is defined relative to the molar quantity of target solute(s) in the feed stream 

 
The resulting optimization problem is mixed integer nonlinear: the numbers of extraction, 

scrub. and strip stages compose the integer variables. Since we have embedded a design 

simulation – that expresses the underlying physics – within the optimization problem, we 
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relied on a derivative-free technique to implement the optimization. Specifically, we use 

the RBFOpt toolbox, an open-source library for simulation-based optimization,12 which 

allows us to specify different algorithmic schemes to deal with mixed-integer decision 

variables (in this case, Ipopt13 and Bonmin14 as the respective nonlinear and mixed-integer 

subsolvers). The python interface for this framework was provided via the Pyomo 

platform.15,16 Table 4 summarizes the results. 

 

Table 4: Solvent extraction process optimization results. 

Parameter Module 1: Nd, 
Pr from Ce, La 

Module 2: 
Nd from Pr 

Module 3: 
Ce from La 

Extractant fraction 0.65 0.4 0.57 

O/A, extraction  5.9 6 6 

O/A scrub  1.2 1 1 

O/A, strip  1.6 4 1 

Recycle  0.86 0.89 0.89 

extraction stages 6 1 4 

scrub stages 6 8 9 

strip stages 4 2 2 

Total stages 16 9 15 

Recovery (%) 97% 86% 91% 

Purity (%) 99.8% 99% 99.5% 

 

Note that changing the optimization constraints and bounds will lead to a different set of results. 

For instance, the low strip O/A ratios for modules 1 and 3 imply that relatively dilute raffinate 

streams are sent to the precipitation tanks, which is not desirable. One way to fix this is to reset 
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the O/A bounds to no more than 2 for extraction, and no less than 4 for scrub and strip columns. 

A sample run with these new specifications yielded a design with only third of the previous 

extractant loading, and delivers scrub (strip) raffinate at three (four) times the previous 

concentration. However, it requires about 50% more stages and only manages 85% recovery. 
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