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S1. Kinetic matrices for N-site schemes

3-site linear BAC

_klz _kls k21 k31
K=| k, -k, O (S1)

ki ky, 0
K= klz _kzl _kzs k32 (S2)
0 ky, ks,
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3-site triangular

_klz - le k21
K= klz _k21 _k23
k13 kzs

k12 - k13 k21
K = k12 k21
k13 0 k31
0 0
4-site kite
_k12 _k13 _k14 k21
K = klz _k21
ki, 0
k,, 0
4-site star
_k12 _k13 _k14 k21
K = klz _k21
k, 0
k., 0

4-site quadratic

_k12 - k13 k21

K = k12 _k21 - k24
ks 0
0 k24

ks,
ks,
_k31 - k32
k,, 0
0
kyy ks
ks kys
ks, kyy
0 0
_k31 - k34 k43
k34 _k43 - k41
ks, kyy
0 0
_k31 0
0 _k41
k,, 0
0 Ky,
_k31 - k34 k43
k34 _k42 - k43
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S2. Average Magnetization

For completeness, the exact evolution of the average magnetization is obtained as:

v ><v
n n

in which the elements of |[d> are 8;1p;"? and of |p> are p;'’? fori=1,..., N and A, and v, are the

ir, s
e

e P

M(T)=e ™"y A" <p p> (S8)

eigenvectors and eigenvalues of Z(7_).'* The CPMG relaxation rate constant is defined as:

R, (r,)=— 10%{]\_4(”47“’)} (S9)

4t M(T)

p

for site 1 with a similar expression for the average magnetization. If Ay >> A, for n > 1, then Eq.

18 is identical to Eq. 16.

S3. Cayley-Hamilton Theorem
Efficient accurate numerical methods allow calculation of exp{2fﬁcp} (and its complex

conjugate) needed to obtain Z(t.,) without initial calculation of the eigenvalues and eigenvectors

of L. The Cayley-Hamilton theorem expresses the matrix exponential as:

A N-1 .
exp {LZTW} = Zan(ﬂp % 10
n=0
in which
~1

ao (Tcp ) 1 Al e )\1N71 e)‘l 27’(‘#
N B BN 3 (S11)

aN—](Tcp) 1A, - )\]fv\’*l e

the N x N matrix to be inverted is the Vandermonde matrix and A, is the n eigenvalue of L.

Using this result,
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H(r_)=log|Z(r,)

E+(Z(7‘Cp)/‘a0(7'cp)‘2 —EH (S12)

-

=log ’aO(TCp)r] + log

~ log |a0(7_cp)‘2]E+(Z(Tcp)/‘ao(TcP)

in which the lowest order approximation to the logarithm of the matrix exponential has been used
in the last line and Z(t.,) is calculated using Eq. 20. Applying the lowest order approximation for

the largest eigenvalue to the second term in Eq. 22 and using Eq. 16 gives:

2 2 -1
R, (Tp) = —logU a,(t,, )\ —1/ Tr«l[Z(Tcp) /|a0(7q))‘ —E] }+ R, (S13)
This expression yields accurate approximations at the cost of calculating the eigenvalues of L to

obtain ao.
S.4 Approximations for the Least Negative Eigenvalue

The main text uses the Newton-Raphson algorithm for approximating the desired eigenvalue.
This method converges quadratically. Other methods include Laguerre’s and Halley’s methods,
respectively:

1

L S NN r0re) |
PO U IN N N-1  f'(h)
‘ ‘ (S14)

N ] f(x”)f"(x”)J
j j f'(kj—l) 2f’(kH)z

Halley’s method converges cubically and almost as rapidly as Laguerre’s method, while avoiding

radicals (Halley’s method is a linearization of Laguerre’s method).

The matrix form of Laguerre's method is:
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e = Nt

N

1

_|_

N-1f,

Tr {(H(Tcp) ~AE) }

-2

N Tr{(H(TCp)—)\jIE)1}2—Tr{(H(TCP)—/\le> }

N

Nl Tr{(H(Tcp)—/\le)l}z

The matrix form of Halley’s method is:

A=A

J

_|_

Jj—1

2Tr{(H(7'Cp) _ /\_/1E)1}

-2

Tr {(H(Tcp) A E) }2 LT {(H(Tcp) S }
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SS Characteristic Polynomials
S5.1 Expanded description of the general equation, exemplified for the triangular scheme

The full characteristic polynomial reads (as Eq. 27, with additional definition for ¢)

8,0+ z (—1)¢ [ ki K, smc{Amh } s 5@,/;)

b=l

N-u

f)=21"),

u=0 s=0

N X
é‘zﬁrs,N + z klgmg

l.,m,=1
I<r<N-u-s
1ly=0,my=0
L <l.#m,

l,e%hl...hs§
lrg /lfs

oQ
|

N N N N N N 0 s
S0+ 2.2 2 D 2 2 ()T ik, sinc{do, < }Z i
=1 =1 hy=h+1 j,=1 hy=hy_+1 j =1 g=1
In#j Ja#h hy# J
N N-u
=2\
u=0 =0 N N N N N-u-s
CREED YD WD ) Z 2 2. i,
=1 m=1 L=l +1 my= l’\/—u s N yms iy =1 g=1
llzg{hl...hs m#h L¢ {hl h }’"2#2 l}\—14—37§{h1 hA} Ny # AN
helodi ) meethn ) gt g meelheh T G el |
el i Js my i Ji § my s}

C

with k,_,k_, =0 and ¢= Zl 8(o..h,)ando, = Y (0, 4,)h,

c,d=1 c w=f
h,#{0...0,}
0y=h,

(S17)

We demonstrate how to obtain a compact expression for the characteristic polynomial in the

triangular case, by evaluating this equation (for calculation of ¢, see below).
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1. First sum (u=0 to N=3) — set u=0

returns kiokaiksi + kiokaiksz + kizkasks1 + kiokosksz + kiska kst + kiskaiksz + kiskaskst + kiskasksz -kizka1sine?(Awmi2Tep)
- kisksisinc?(Amiste) - kasksasine?(Awaste) -sqri(kizkaikisksikasks)sine(Amiotep)sinc(Ami3Te)sinc(Amaste)

1.1. Second sum (u=0 N-u=3) — set s=0, returns ki2ka1ksi + kizka1ks, + kiokosksi + kiokoskss + kiskoiksi + kiskaikss +
kiskasksi + kiskasksz

1.1.a. First factor in brackets returns 1

Jspreturns 1, and the h,/jy sum returns nothing (no h, jy are set). Therefore, the first factor in brackets is 1.

1.1.b. Second factor in brackets returns kioka1ksi + kioka1ksa + kiokasksi + kiokaskss + kiskaikst + kiskaikss +
kiskasks1 + kiskaskaz

1.1.b.1 du+sN returns 0.

1.1.b.2 I, m; sum term returns kioka1ks + kiokaikss + kiokasks: + kiokaskss + kiskaiksi + kiskaikss + kiskasks) +
k13k23k32

1 <r < 3; this means that there are a total of 6 index variables, generating combinations {1;,m,l,,m»,l3,ms}. Each of
the variables cycles, in principle from 1-3, generating 3°6=729 terms.

However, most combinations are ruled out because of the statements under the sum sign.

Examples. The following combinations {1;; mi; Io; my; 13; ms} are fine: {1;2;2;1;3;1}; {1;3;2;1;3;1}

In this particular case, 1i,... 13 are restrained because 1.-1 <1, but also 1<1,<3, effectively setting 1;, ... I3to 1 ... 3.
m; can be equal to my.;, but not to 1.

{1, ... hy, ... hs} and {1, ... jv, ... js} are empty. Therefore, {1;2;2;1;3;2} is fine, but {1;3;2;2;3;2} is not allowed
because h; = j.

For the 1;,m; sum, all valid combinations are:
{1,2,2,1,3,1};{1,2,2,1,3,2},{1,2,2,3,3,1};{1,2,2,3,3,2};{1,3,2,1,3,1},{1,3,2,1,3,2};{1,3,2,3,3,1};{1,3,2,3,3,2}.
1.1.b.2.1 Product within each I;,m, sum

The product for each I;,m; combinations is formed by cycling through g=1...3. For the first combination

{1,2,2,1,3,1}, the resulting product is ki2kaiks;.

1.2. Second sum (u=0 N-u=3) — set s=1, returns 0

1.2.a. First factor in brackets returns 0

1.2.a.a dsoreturns 0

1.2.a.b hv/jy sum, returns 0

The following combinations for the indices {hi,j; } are returned: {1,2},{1,3},{2,1},{2,3},{3,1},{3,2}.
1.2.a.b.a (-1) term - irrelevant

1.2.a.b.b.1 product in hv/jy sum: example for {1,2}

exemplified for {1,2}, set g=1 selects h|=1, j;=2, returns 0

1.2.a.b.b.1.a Ong,jb sum
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This sum ensures that in the 1.2.a.a.1 product, there are only k factors which yield a "closed kinetic structure". This
means that for a in each kg, there is another keq in the product with d=a. This is, for example, true for ki.k; and for
kizkasksi, but not for kioks; because there is no "matching" number for 3 in k3.

For the combination {1,2}, and for g=1 (h;=1, j;=2), we obtain: ;,=0

1.2.a.b.b.1.b square root/sinc term

exemplified for {1,2}, set g=1 selects h|=1, j;=2, returns sqrt(ki2kz1)sinc(Awi2Tcp)

1.2.b. Second factor in bracket is irrelvant because first factor is 0

1.3. Second sum (u=0 N-u=3) — set s=2

returns -ki2ko1(ksotks1)sinc?(Aw12Tep) - kisksi(kaitkos)sinc?(Amiste) - kasksa(kiotkis)sinc?(Amoste)

1.3.a. First product in brackets returns -kj2ko1sinc?(Ami27Tep) - kizksisinc?(Amiste) - kosksasinc?(Amzste)

1.3.a.a dsoreturns 0

1.3.a.b hy/jy sum, returns -ki2kz1Sinc?(Ami2Tep) - kizksisinc?(Amiste) - kasksasine?(Awoste)

The following combinations for the indices {hi,ji,hs,j»} are returned:
{1,2,2,1},{1,2,2,3},{1,2,3,1},{1,2,3,2},{1,3,2,1},{1,3,2,3},{1,3,3,1},{1,3,3,2},{2,1,3,1},{2,1,3,2},{2,3,3,1},{2,3,3,2
H

1.3.a.b.a (-1) term - in the example for {1,2,2,1}, this term becomes -1 because ¢=1 (see separate explanation
below)

1.3.a.b.b.1 product in hv/jv sum: example for {1,2,2,1}

exemplified for {1,2,2,1}, set g=1 selects hi=1, j;=2, returns sqrt(ki2ka1)sinc(Awi2Tcp)

exemplified for {1,2,2,1}, set g=2 selects h,=2, jo>=1, returns sqrt(kaiki2)sinc(Awi2Tcp)

1.3.a.b.b.1.a dng,jb sum

For the combination {1,2,2,1}, and for g=1 (h;=1, j;=2), we obtain: d12 + d12=1

For the combination {1,2,2,1}, and for g=2 (h,=2, j>=1), we obtain: d»,; + d22=1

1.3.a.b.b.1.b square root/sinc term

exemplified for {1,2,2,1}, set g=1 selects hi=1, j1=2, returns sqrt(kiokzi)sinc(Ami2Tep)

exemplified for {1,2,2,1}, set g=2 selects h,=2, jo>=1, returns sqrt(kaiki2)sinc(Awi2Tcp)

1.3.a.b.b.2 product in hy/jv sum: example for {1,2,3,1}; returns 0 because one of the factors is 0.

1.3.a.b.b.2.a Ong,jb sum.

For the combination {1,2,3,1}, and for g=1 (h;=1, j;=2), we obtain: d13+ di,1=1

For the combination {1,2,3,1}, and for g=2 (h,=3, j>=1), we obtain: 32 + d31 = 0 (product becomes 0 because of
this)

1.3.a.b.b.2.b square root/sinc term -irrelevant

1.3.b. Second factor in brackets depends on the product in the first bracket. For hi,j1,h2,j>={1,2,2,1}, the second
factor in brackets returns ks»+ks; because combinations of indices for {l;,m;} are {3,1},{3,2}. 1, cannot be equal to

h; or hy, as indicated as a condition on the sum sign.

1.4. Second sum (u=0 N-u=3) — set s=3
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returns -sqrt(kiokoikizksikasksz)sinc(Ami2tep)sinc(Ami3te)sinc(Awste)

1.4.a. First factor in brackets returns -sqrt(ki2kz1kisksikosksz)sinc(Amiotep)sinc(Ami3te)sinc(Amaate)
1.4.a.a dsoreturns 0

1.4.a.b hy/jy sum, returns -sqrt(ki2k1ki3ksikasksz)sinc(Awi2tep)sinc(Awiste)sinc(Amz3te)

The following combinations for the indices {hi,ji,hs,j»} are returned:
{1,2,2,1,3,1};{1,2,2,1,3,2};{1,2,2,3,3,1};{1,2,2,3,3,2};{1,3,2,1,3,1};{1,3,2,1,3,2};{1,3,2,3,3,1};{1,3,2,3,3,2}.
1.4.a.b.a (-1) term - in the example for {1,2,2,3,3,1}, this term becomes -1 because ¢=1 (see separate explanation
below)

1.4.a.b.b.1 product in hy/jy sum: example for {1,2,2,3,3,1}:
sqrt(kiokoikizksikasksz)sinc(Ami2Tep)sinc(Ami3te)sinc(Awmste)

exemplified for {1,2,2,3,3,1}, set g=1 selects h|=1, j;=2, returns sqrt(ki2ka1)sinc(Awi2Tcp)
exemplified for {1,2,2,3,3,1}, set g=2 selects h,=2, jo=3, returns sqrt(kasks»)sinc(Aw3,Tcp)
exemplified for {1,2,2,3,3,1}, set g=3 selects h3=3, j3=1, returns sqrt(kisksi)sinc(Aw3Tcp)
1.4.a.b.b.1.a dng,jb sum

For the combination {1,2,2,3,3,1}, and for g=1 (h;=1, j;=2), we obtain: di» + di13 + d1,1= 1

For g=2 and g=3, the sum is also 1.

1.4.a.b.b.1.b square root/sinc term

exemplified for {1,2,2,3,3,1}, set g=1 selects hi=1, j;=2, returns sqrt(ki2ka1)sinc(Ami2Tcp)
1.4.a.b.b.2 product in hy/jv sum: example for {1,2,2,3,3,2}: returns 0

exemplified for {1,2,2,3,3,2}, set g=1 selects h|=1, j;=2, returns O (see below why that is)

terms for g=2 or g=3 are irrelevant because the term for g=1 is 0

1.4.a.b.b.2.a Jng,jp Sum

For the combination {1,2,2,3,3,2}, and for g=1 (h;=1, j1=2), we obtain: di2> + di13+ d12=0

For the combination {1,2,2,3,3,2}, and for g=2 (h,=2, j»=3), we obtain: d22 + d23 + 2= 2

For the combination {1,2,2,3,3,2}, and for g=3 (h3=3, j3=2), we obtain: d3, + d33 + d32= 1

1.4.a.b.b.2.b squre root/sinc term - irrelevant

2. First sum (u=0 to N=3) — set u=1

returns A[Ki2kor + kiokos + kiskar + kizkos + koiksi + kaikss + kasksi + koskss 'kIZkZISiHCZ(AmIZTcp) - kizks1sinc?(Ami3Te)
- kasksasinc?(Amaste)]

3. First sum (u=0 to N=3) — set u=2: returns A*(k» + ka; + ki3 + k31 +ko3 + ka2)

4. First sum (u=0 to N=3) — set u=3: returns >

As a result, the characteristic polynomial for the triangualar model reads:

f(h) = A+ Xz(klz + ka1 + ki3 + ka1 +kos + k32) + A[kiz2ko1 + kiokos + kiskor + kizkos + kaiksy +

ka1ksz + kosksi + kaskaz -ki2ko1sinc?(Ami2tep) - kisksisine?(Amiste) - kasksosine?(Awaste)] +
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kiokaiksr + kiokaiksa + kiokasksi + kizkasksz + kiskaiksi + kiskaiksz + kiskasksi + kiskasksz -
ki2k21sinc?(Ami2tep) - kisksisine’ (Ami3te) - kasksasine*(Am2ste) -
sqrt(ki2ka1ki3ks1kosksn)sinc(Ami2Tep)sinc(Am13te)sinc(Amo3te) (S18)
S5.2 Calculation of ¢

The sinc term product are only unequal 0 when they represent "closed kinetic structures". For given
a combination of rate constants, each site would be connected by two rate constants of that
combination (for example: {ki2, k21} or {ki2, k23, k31}). For n < 4, there can only be found one
closed kinetic structure per combination. For that reason, ¢ is 1.

In the linear 4-site scheme, one interesting subset of combinations:

{hi, j1, ho, j2, h3, j3, ha, ja} = {ki2, k21, k3a, ka3}

In this case, two independent closed kinetic structure are present (¢ = 2): k12-k21 and ksa-ka3; there
is no connection between site 2 and 3 in this case.

In the quadratic case, the combinations

{1,2,2,4,3,1,4,3} or {1,3,2,1,3,4,4,2}

correspond to ki2, k24, k43 and k31 and the other way around. Structurally, the kinetic structure for
both of these combinations resembles one square (¢ = 1).

In the quadratic case, we also find the combination {1,2,2,1,3,4,4,3} and {2,4,4,2,1,3,3,1}, with
two closed kinetic structures (¢ = 2).

The number of closed kinetic structures in a given combination is determined by the following

expression.
¢:218(0 h;)and o, = C 5(01 )
Cd:lc S h, I = f-1>Jw w (819)
5 hwé{Ol Oy }
oy=hy
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The expression for ¢ returns the number of closed kinetic structures for a given combination of
rate constant indices. The order of rate constant indices hi, ji, ho, j2, hs, j3, ..., hn, jn 1S not important,
each set of hy, jv corresponds to a rate constant. For each constant, the number of members of the
kinetic structure to which it belongs is determined. The Kronecker Delta on the right screens for
the next (connected) rate constant of the kinetic structure. The product will only be 1 if rate
constant index hq, essentially referring to a site, is part of a c-membered ring (c can be 2). hq is
defined by the encapsulating sum in the encapsulating function (see above) and runs from 1 to s,

corresponding to the number of rates in the analyzed combination.

Example. We look at the following combination with s=2.

hi=1; ji1=2; hy=2; j»=3; h3=3; j3=1

For d=2, and testing for a closed triangle by setting ¢ to 3, we have to find o3 which is defined
recursively.

of is:

01 = 0(00,j1)h1 + 6(00,j2)h2 + d(00,j3)h3 = 6(2,2)1 + (2,3)2 + 5(2,1)3 =1

02=0(01,J2)h2 + d(01,j3)h3 = 6(1,3)2 + 6(1,1)3 =3

03=0(01,j2)h2 = 3(3,3)2 =2

Because 03=ha, d(oc,hg) = 1, and the sum over all d becomes 1 (each summand is 1/3).

Another example. s=2 and ¢=3.
hi=1; j1=2; hp=2; jo=1; h3=3; j3=4
00=2

01= 8(00,j1)h1 + 6(00,j2)h2 + 3(00,j3)hs = 6(2,2)1 + 8(2,1)2 + 5(2,4)3 = 1
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02=0(01,j2)h2 + 6(01,j3)h3 = 6(1,1)2 + 6(1,4)3 =2

03=0(01,j3)h3 = 3(2,4)h3 =0

The resulting sum for c¢=3 is 0.

Another example. We look at the following (triangle) combination with s=2.
hi=1; j1=2; hy=2; j»=3; h3=3; j3=1

We are testing for a closed two-site kinetic structure by setting c to 2.

01 = 0(00,j1)h1 + 6(00,j2)h2 + d(00,j3)h3 = 6(2,2)1 + (2,3)2 + 5(2,1)3 =1
02=0(01,j2)h2 + d(01,j3)h3 = 6(1,3)2 + (1,1)3 =3

5(0e,hd) = 9(3,2) = 0

Another example. We look at the following special quadratic combination with s=2.

hi=1; j1=2; hy=2; j>=1; h3=3; j3=4; hs=4; j4+=3

We are testing for a closed two-site kinetic structure by setting c to 2.

01 = 0(00,j1)h1 + (00,j2)h2 + 6(00,)3)h3 + 6(00,j3)ha = 6(2,2)1 + 6(2,1)2 + 6(2,4)3 + 6(2,3)3 = 1

02 = 0(00,j1)h1 + 6(00,j2)h2 + 5(00,j3)h3 + 6(00,j3)ha = 6(1,1)2 + 6(1,4)3 + (1,3)3 =2

0(oc,hd) = 6(2,2) =1

The resulting summands (1/¢) d(oc,hq) for all 4 sites are 1/2 + 1/2 + 1/2 + 1/2, giving the result ¢

=2.
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S5.3 Additional examples for approximations and characteristic polynomials

The characteristic polynomial for the 2-site kinetic model reads:

fA) =22+ Akiatka) + kizkai {1 — sinc®(Ami2tep)} (S20)

From this polynomial and Eq. 20, compact forms of the Newton-Raphson approximation can be

obtained. ExpiLogoA1 is shown in Eq. 29. Expi1LogoA2nr reads:

1-p p, [1 - sincz(AwlzTcp)]

)
R ,(Tcp):Rz] +k,_p p,|1—sinc (AwlzTLp)}

cpmg

. (s21)
1-2p p, [1 - smcz(AwlzTcp)}

The characteristic polynomial for the 4-site linear scheme (BACD), obtained from Eq. 27 and S4,
reads:

f0) =14
+ (k12 + kai + ka3 + k3p + ksa + kaz)
+ A2[ki2k21 {1 - sinc®(Awi2Tep)} + kisksi {1 - sinc’ (Amistep)} + kaakaz {1 - sinc2(Amsatep)}
+ kia(ks1 + kaa + kaz) + kiz(kot + kssa + kaz) + koi(ks1 + ks + kaz) + k31kas]
+ Mkikar (ka1 + kas + kas) {1 - sinc(Aoitep)} + kiskai(kat + kaz) {1 - sincX(Aw13tep)}
+ kaskas(kiz2 + ki3 + ka1){1 - sinc2(Am3atep) } + kiokzikas + kizkorksat kiskaikas]
+ [kizka1ks1kas {1 - sinc(Awi2tep)} + kizksikaikas {1 - sinc*(Aw13tep)} + kaakaskizka {1 -
Sinc*(A®34Tep) }
+ kizkz1ksakas {1 - sinc?(Awi2tep) - {1 - sinc?(Amsatep)} + sinc*(Ami2Tep) sinc?(Amsatep)]

(S22)

The characteristic polynomial for the 4-site quadratic scheme (-B-A-C-D-), obtained from Eq. 27
and S7, reads:

o) =4

+ M (k2 + ka1 + ki3 + ka1 +koa + kao + kaa + ka3)

+ AM[ki2ka1 {1 - sinc*(Ao12Tep)} + ki3ks1 {1 - sinc’ (Am13Tep)} + kaakas {1 - sinc’(Awsatep)} +

kaaka2 {1 - sinc?(Awa4tep)} + kia(ksr + kaa + kaxt kaz) + kis(kar + kas + kaz + kaz) + kai (ka1 + kag +
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ka2 + kaz) + koa(ks1 + kaa + kaz) + ksi(kaz +ka3)] + A[kiokoi (ka1 + ksa + kao + kaz) {1 -
sinc?(Ao12tep) } + kiskai(kar + kaa + kaz + kaz) {1 - sinc*(Aw13tep)} + koakaa(kiz + ki3 + ka1 + ksa) {1
- Sinc?(Am24Tep) } + kaakas(kiz + ki3 + ko1 + koa) {1 - sinc®(Awsatep)t + kioksi(kaz +kaz) +
kiokoa(ksitksatkas) + kiokaskar + kizko1(kss + kaz + kas) + kiskoa(ksatkan) + kizkaskar +
kaiksi(kaztkas) + katksakaz + kaaksikas] + [Kiokai(ksikaz + kaikas + ksakaz) {1 - sinc*(Ao127ep)} +
kisksi(kaikaz + kaikas + kaakas) {1 - sinc*(Aw137ep)} + kaakas(kizkos + kizka1 + kizkoa) {1 -
sinc?(Am3atep)} + kaakaa(kioksi + kioksa + kizksa) {1 - sinc*(Aw24tep)} + kisksikoakaz {1 -
Sinc?(Amaatep) - SiNCX(Am13Tep) + SiNC?(Ami3Tep) sinc?(Amaatep)} + kizkaiksakas {1 - sinc2(Aw12Tep) -
sinc?(Ams4tep) + sinc’(Ami2Tep) sinc’(Amsatep)} + 2sqrt(kiokaikoskarkasksaksikiz) { 1- sinc(Awi2tep)

SINC(A®34Tcp) SINC(A®13Tep) SINC(AM24Tep)} ]

(S23)
S5.4 Exact solution for eigenvalues from characteristic polynomial (three states)
For three states, the least negative exact eigenvalue for Hio can be calculated with
c
)\:——24—21/—3 cos[larccos(g—q —E)] (S24)
3c, 3 3 2p\ p
and
p— 3c,c,—c,2
3c;
X , (S25)
= 2c, —9c,c,c, +27cc,
27c;

and the coefficents cq, ..., ¢3 correspond to the coefficients for A ° ..., A3 in the characteristic

polynomial (Eq. S18).
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Supplemental Figures
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Fig. S1: Effect of a kinetically isolated minor site in the 4-site linear scheme on decay curves

and exact solutions. Exact single-eigenvalue CPMG curves and for kite (cyan), star (blue),

quadratic (red) and linear BACD (black) schemes and exact multi-eigenvalue curve for the linear
scheme (black dotted). Right: Exponential decays at 1/(4z¢) = 60 s'. Color codes as in the left

panel. Symbols represent calculated multi-exponential magnetization decay for site Repmes are

inaccurate for linear and star schemes at small 1/z¢, due to the “kinetically isolated” minor site D.

This implies that the exact single-eigenvalue solution for linear scheme in the left panel are not
accurate at small 1/z,. Parameters: ki2 + k21 = 200 75 ki3 + k31 = 200 7' kia + kar = 300 715 koa +
kaz =50 5" k3a + kaz = 20 s™'; Awas = 630 s7'; Awac =-940 s7!; Awap = 1900 s7!; pa = 0.85; ps =

0.04; pc = 0.04; pp = 0.07.
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Fig. S2: Effect of relatively fast minor site exchange on the CPMG curves of 3-site schemes.
Left: Exact CPMG curves are and for triangular (red) and linear BAC (black) schemes. In this
particular case, Repmes at small 1/z., differ between the two schemes, which is otherwise unusual.
This can be explained with the combination of slow exchange between A and B, and a (relatively)
fast exchange connection between B and C in the triangular case. Right: Exponential decays at
1/(41p) = 49 sL. Color codes as in the left panel. Exact single-eigenvalue exponential decays
(dotted line) and multi-exponential magnetization decays (symbols) match, which means that the

single-eigenvalue solutions in the left panel are accurate. Parameters: k12 + k21 = 90 ™!, ki3 + k31 =

» (o)) (e¢]
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70 57!, ks + k32 =1000 s Awas = 210 5715 Awac = -1600 s71; pa = 0.88; ps = 0.06; pc = 0.06.
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Fig. S3: Dependency of scheme distinguishability on magnetic field selection and spin
number — lower boundary. In Extension of Figure 5, we show what could be referred to as the
lower distinguishability cutoff for randomly generated Awas/ Awac sets; instead of the average

(Fig 5) of the resulting RMS, we show here the average minus 2 standard deviations.
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Fig. S4: Distinguishability of the triangular kinetic scheme from the two-state model. This
Figure is equivalent to the bottom panels of Figure 5, but the data were fit against a two-state

model as opposed to a three-state BAC model.
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Fig S5: New second-order approximation (eigenvalue) approximation for the R
contribution to R I for the kite-like 4-state chemical exchange scheme at different minor site
populations. (Solid) Numerical calculation of R _=-A/sin20 from the least negative real
eigenvalue of the 12x12 evolution matrix, (dashed) calculation from the first order approximation
from Eq. 11 in Koss et al., 2017, (dotted) calculation from the Woodbury approximation from Eq.
50 in Koss et al., 2017, (dashed-dotted) calculation from the new second-order eigenvalue
(Laguerre) approximation from Eq. 27 in this paper and Eq. 11 in Koss et al, 2017. The insets
exemplify regions in which the results of the calculations differ (top figure: perfect overlap of
dashed-dotted with solid). Parameters used for all calculations were used for all calculations were
Wi =1250s 3kio+ ko = 140's ks + ks =350's | ksa+ ks =700s  and kis+ka =350's , Qp
0A=-8505 ,Qc-0a=2550s ,and Qp- Q= —4250s .
Top and bottom figure differ in the choice of populations. Top (as in Koss et al., 2017): pa =0.95,
pB =0.05, pc =0.025, pp = 0.005. Bottom: pa =0.79, pg = 0.08, pc = 0.06, pp = 0.07.
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