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SUPPORTING INFORMATION 

Derivation of 𝒆−𝒒𝑽𝒑𝒆𝒂𝒌 𝒌𝑻⁄ = 𝝂 𝝂𝟎⁄   

The following derivation is based on the work of Bisquert et al.1 The change in the 

probability f that a trap state is occupied as a function of time is given by: 

 
𝑑𝑓(𝑡)

𝑑𝑡
=

1

𝜏𝑡𝑟(𝑡)
[1 − 𝑓] −

1

𝜏𝑑𝑡𝑟
𝑓    (1) 

 

 

where 1 𝜏𝑡𝑟⁄  is the trapping rate and 1 𝜏𝑑𝑡𝑟⁄  is the de-trapping rate.  For deep level traps, 

assuming that the rate of capture is proportional to the number of electrons in the 

conduction band, the de-trapping rate is assumed to be zero, while the trapping rate is given 

by: 
1

𝜏𝑡𝑟(𝑡)
= 𝛽𝑛𝑛𝑐 =

1

𝜏0
𝑒(𝐸𝐹𝑛(𝑡)−𝐸𝐹𝑂)/𝑘𝑇    (2) 

 

where 𝑛𝑐 is the density of electrons in the conduction band and 𝛽𝑛 is the time constant per 

unit volume for electron capture.  
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The time dependence comes about because the Fermi energy changes as a function of time 

with potential: 

 

− (𝐸𝐹𝑛(𝑡) − 𝐸𝐹0) 𝑞⁄ = 𝑉0 − 𝜈𝑡    (3) 
 

Here, 𝑉0 is the starting bias, and 𝜈 is the bias scan rate.   

 

The trapping rate can then be re-written as: 
1

𝜏𝑡𝑟(𝑡)
= (1 𝜏0)⁄ 𝑒−𝑞(𝑉0−𝜈𝑡) 𝑘𝑇⁄ = 𝑔(𝑡)        (4) 

 

The function g(t) is introduced to make the mathematics easier to follow. Taking the 

derivative of Eq. (4) gives: 

 
𝑑𝑔(𝑡)

𝑑𝑡
=

𝑞𝜈

𝑘𝑇
𝑔(𝑡) =

1

𝜏𝜈
𝑔(𝑡) 

 

where 𝜏𝜈 =  𝑘𝑇 𝑞𝜈⁄  is introduced.  Solving the differential equation (1), the occupation 

probability f(t) should be given as: 

𝑓(𝑡) = 1 − 𝑒(𝜏𝜈𝑔(0)−𝜏𝜈𝑔(𝑡))    (5) 

 

Taking the derivative of Eq. (5),  

 
𝑑𝑓(𝑡)

𝑑𝑡 
= 𝜏𝜈𝑒(𝜏𝜈𝑔(0)−𝜏𝜈𝑔(𝑡)) 𝑑𝑔(𝑡)

𝑑𝑡
= 𝑔(𝑡)𝑒(𝜏𝜈𝑔(0)−𝜏𝜈𝑔(𝑡)) 

 

Re-writing Eq. (1) using our definition for g(t) and taking 1 𝜏𝑑𝑡𝑟⁄ = 0 gives: 

 
𝑑𝑓(𝑡)

𝑑𝑡
= 𝑔(𝑡)(1 − 𝑓(𝑡))   (6) 

 

so clearly the function in (5) is a solution to the differential equation (6).  

 

Finally, the peak position occurs at the potential where there is maximum change in the 

trap occupation probability, or at the point where 𝑑2𝑓 𝑑𝑡2⁄ = 0.  Taking the second 

derivative of the occupation probability gives: 

 

𝑑2𝑓

𝑑𝑡2
= 𝑒𝜏𝜈𝑔(0) [−𝑔2(𝑡)𝑒−𝜏𝜈𝑔(𝑡) +

𝑔(𝑡)

𝜏𝜈
𝑒−𝜏𝜈𝑔(𝑡)] 

 

 

For this to equal zero, 𝑔(𝑡) = 1 𝜏𝜈⁄ , or 𝜏𝑡𝑟 = 𝑘𝑇 𝑞𝜈⁄ .   Plugging this into Eq. (4) then gives: 
𝑞𝜈

𝑘𝑇
= 1 𝜏0⁄ 𝑒−𝑞𝑉𝑝𝑒𝑎𝑘 𝑘𝑇⁄ =>  𝑒−𝑞𝑉𝑝𝑒𝑎𝑘 𝑘𝑇⁄ = 𝜈 𝜈0⁄  

 

Adding rare earth oxide (REO) nanoparticles causes the peak position to have a stronger 

sweep rate dependence and appear at more negative potentials than in the pristine TiO2 
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material.  This would occur if the probability for trapping an electron from the conduction 

band goes down because there are fewer low lying deep trap states. 

 

Conductivity of Pure REO nanoparticles 

 

 

Figure S1. Conductivity measurements of films of pure (a) Er2O3 and (b) Nd2O3 

nanoparticles.  The films of rare earth oxide (REO) nanoparticles are less conductive than 

undoped titania. 



S-4 

 

Cyclic voltammograms of undoped and REO-doped nanocrystalline titanium dioxide 

(NTD) 

 

 

 
 

Figure S2.  Cyclic voltammograms of (a) undoped, (b) ErNPs-Solid and (c) NdNPs-Solid 

at different scan rates as shown in the keys.  The scan rates are in mV/s. 
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Table S1.  Peak potentials at different scan rates for the different films. 

Scan Rates 

(mV/s) 

Peak potential (V) vs RHE 

Undoped ErNPs-Solid NdNPs-Solid 

5 0.123 0.073 0.018 

10 0.109 0.058 0.003 

25 0.078 0.033 -0.025 

50 0.065 0.019 -0.038 

100 0.042 -0.001 -0.065 

200 0.040 -0.018 -0.075 

300 0.024 -0.028 -0.093 

400 0.012 -0.032 -0.099 

500 0.005 -0.038 -0.104 

600 0.001 -0.048 -0.126 

 

Table S2.  Calculation of 𝜏0 from Figure 4b. 

Samples 
𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 =

𝑘𝑇

𝑞
𝑙𝑛(𝜈0) 𝜈0 (mV/s) 𝜏0 (ms) 

Undoped 0.16756 629.3 42 

ErNPs-Solid 0.11946 98.95 263 

NdNPs-Solid 0.057258 9.045 2874 
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