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1. Analytic theory on the transmission and reflection coefficients of the metasurface 

Consider an x-polarized light incident normally onto the metasurface, as shown in Fig. 1 in the 

main text, and also in Fig. S1. We assume that the metasurface is made of perfectly electric 

conductor (PEC). For region I (incident region) and III (transmitted region), the Bloch’s theorem 

allows us to expand the diffracted electromagnetic (EM) waves in a quantized form as, 
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where ( ) ( )/ 2 / 2
mn m n

x a y bφ α β≡ − + −  and k0≡2π/λ. 2 /m xm dα π≡  , 2 /
y

n dβ π≡  , and 

2 2 2

0mn m n
kχ α β≡ − −    are momenta of diffracted waves in x, y, and z directions, respectively. 

Since we are considering that both b and gx,y are in sub-wavelength, we approximate EM waves 

in two light channels in the metasurface, denoted by c
(1)

 and c
(2)

 in Fig. S1, by using single-mode 

expansion. Note that higher-order waveguide modes decay rapidly in the metasurface, so that 

their contribution to the electromagnetic wave configuration in the metasurface becomes smaller 

with narrower b and gx,y. Then, the field distribution in channel c
(1)

 can be given by [1] 
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and for channel c
(2)

, it can be written as 
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Here, A1,2 and B1,2 are amplitudes of internal waveguide modes in two channels. Now, we can 

readily apply the boundary conditions. Continuity of Ex field at z=-h/2 gives 
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and at z=h/2, we have 
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Also, continuity of Ey field at z=±h/2 yields 
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mn x mn m z mn mn x mn m z mn
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On the other hand, divergence-less of magnetic field gives 

 , , , , , ,0,     0.m x mn n y mn mn z mn m x mn n y mn mn z mnR R R T T Tα β χ α β χ+ − = + + =   (1.7) 

By combining Eq. (1.6) and (1.7), we can reduce Rmn and Tmn as the following:  
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Then, the first terms of Eq. (1.4) and (1.5) become 

 

( )

( )

0
, 0 0 0 , ,2 2

0

0
, , ,2 2

0

1
1

1
.

mn mn

mn mn

i imn
n z mn m n mn y mn y mn

mn mn m mn

i imn
n z mn mn y mn y mn

mn mn m mn

k
R k R e R e

k

k
T T e T e

k

φ φ

φ φ

χ
β δ δ χ

α χ

χ
β χ

α χ

 
− − + = − + 

+ 

− − =
+

∑ ∑

∑ ∑
  (1.9) 

After inverse Fourier transform of Eq. (1.4) and (1.5), incorporated with (1.9), we can write y-

component of Rmn and Tmn in terms of coefficients A1,2 and B1,2: 
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Here, mnQ  and �mn
Q , the vector-dependencies between external diffracted waves and internal 

waveguide modes in two channels, are given by 
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Equation (1.10) gives the relationship between the diffracted waves and waveguide modes in the 

metasurface. Specifically, with the fact that 00
2 / x yQ ab d d π=  and � 00

/x xQ g d= , we can obtain 

the zero-th order transmittance and reflectance that are given in Eq. (2) of the main text, 
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In order to fix undetermined coefficients A1,2 and B1,2, we can go over the same procedure by 

using the continuity of tangential magnetic fields at two interfaces. Continuity of Hy field at z=-

h/2 gives 
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Also, from the continuity at z=h/2, we have 
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Previously, we have used the Fourier transform that is identical to the projection onto the plane-

wave basis. This was possible because the electric field in the metasurface is defined everywhere 

including inside the metal, whereas the magnetic field is defined only in two light channels. 

Therefore, for the magnetic field, instead of Fourier transform, we make use of projection of the 

plane-wave onto waveguide modes [1, 2]. From Eq. (1.13), projections onto the modes in c
(1)

 and 

c
(2)

 respectively give 
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and from Eq. (1.14), we have 
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Here, two vector-dependencies mn
P  and � mnP  are defined by 
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Combining Eq. (1.12), (1.15), and (1.16), we can obtain a coupled equation for coefficients A1,2 

and B1,2: 

 

� �

� �

� � ( ) ( )

0 01 1

0 01 1

0 01 1

1

/2 /2/2 /21 1
1 1 2 2

0 0

/2 /2/2 /21 1
1 1 2 2

0 0

/2 /2/2 /2

1 1 2 2

1

8
,

0,

1 1 2,

ik h ik hik h ik h

ik h ik hik h ik h

ik h ik hik h ik h

ik h

k k
Ae W B e W A e W B e W

k k

k k
Ae W B e W A e W B e W

k k

Ae V B e V A e V B e V

Ae

π
−−

−−

−−

   
+ + − + + =   

   

   
− + + + + =   

   

+ + + + − =

� � ( ) ( )0 01 /2 /2/2 /2

1 2 21 1 0.
ik h ik hik hV B e V A e V B e V

−−+ + − + + =

  (1.18) 

Four coupling factors are given by 
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The followings can be obtained explicitly from Eq. (1.18): 
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2. Resonance condition 

The deep sub-wavelength thickness and lattice spacing of the metasurface allows to approximate 

Eq. (1.12) and (1.20). By expanding up to linear terms of k0h, k1h, and gh, we have an 

approximated form of Eq. (1.12) as 
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Equation (1.20) can be also approximately written as 
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Then, by putting Eq. (2.2) into Eq. (2.1), we arrive at simplified zero-th order transmission 

coefficient that are necessary to define the resonance condition:  
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Note that σ is real-valued and very small when , ,xh g a b<< . Now, we find the resonance 

condition by examining the requirement for the vanished transmittance. From Eq. (2.3), the 

vanished transmittance can be written as 
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Therefore, the resonance condition can be approximately found by evaluating η1 and letting 

Im(η1)+2σRe(η1)=0. From Eq. (1.19) and (2.2), one can find that the real and imaginary parts of 

η1 can be written as 
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Substituting Eq. (2.6) into (2.5) gives the resonance condition as 
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Note that ( )ln 2 / 3 / 2x xg dπΩ ≡ − . For deep sub-wavelength thickness and lattice spacing, 

, ,xh g a b λ<< < , the last term of the left-hand-side of Eq. (2.7) can be suppressed. Then, we 

finally arrive at simplified resonance condition: 
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Or equivalently, the resonance wavelength can be found as 
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3. Macroscopic channel competition 

The lattice-spacing-dependent resonance condition we have discussed so far is based on the 

behavior of transmission amplitude of incident light. For the sake of deeper physical 

interpretation of the resonance, it is worth focusing on some macroscopic near-field features.  

Let’s revisit the transmission coefficient in Eq. (1.12): 
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One can readily find that Eq. (3.1) can rewrite as 
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Explicit evaluation of the integral over the channel c
(1)

 by using Eqs. (2.1)-(2.3) gives rise to 
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where ( )3 2 4

0/ 2 0,yd b kα π ω≡ >  02 / ,cω π λ≡  02 / ,res rescω π λ≡  and c0 is the speed of light in 

vacuum. In Eq. (3.3), we can find that the sign of ( )( )1
Re xE  changes at the resonance, while that 

of ( )( )1
Im xE  does not change. Explicit evaluation of the integral over the second channel c

(2)
 

exhibits the same trend except for that overall sign is opposite to the c
(1)

 case. Combining these 

facts, we can restate the resonance condition in terms of lattice-averaged electric field 

components by 
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All those trends are shown in Fig. S3(a) which plots lattice-averaged field components as 

functions of lattice spacing. On the other hand, one can find that the magnetic field components 

in each channel can be approximately written as 
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with negligible imaginary parts as shown in Fig. S3(b). Therefore, the total energy flux through 

the metasurface system, equivalent to the z-component of the time-averaged Poynting vector 

*

Re( / 2)S E H< >≡ ×
ur ur uur

, can be simplified as <Sz>≈Re(Ex)Hy/2. This gives rise to an intuitive 

criterion for the resonance condition through 
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The incident light transmits through the channel c
(1)

 when g<gt, and otherwise the incident light 

chooses channel c
(2)

 to pass through the metasurface. Therefore, the resonance is a result of the 

competition between those two channels to admit incident light. As shown in Fig. S4, our 

interpretation perfectly agrees with FDTD results.  
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Fig. S1. Schematics of our metasurface. c
(1)

 and c
(2)

 denote the two dominant light channels in 

the metasurface. 
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Fig. S2. Lattice-spacing-dependent transmission spectra in loosely-coupled metasurfaces. We set 

b=2a, w=0.04a, and h=0.1a. 
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Fig. S3. Lattice-averaged (a) Ex and (b) Hy at z=0 for two light channels. Blue dotted line in (a) 

denotes the critical lattice spacing gt, calculate by Eq. (2.8). We set b=a, w=0.05a, and h=0.05a, 

and λ=10a. 
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Fig. S4. FDTD-calculated maps of the time-averaged Poynting vectors through metasurfaces 

with two different lattice spacing sizes. We considered the same geometric parameters used in 

Fig. S3. 
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