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In this Supporting Material we show how the equations presented in the main text are derived. We start with 

the Purcell factor and the dipole radiated power for a three-dimensional (3D) grating, both discussed in section 

1. Since 3D simulations are computationally costly, particularly if used in the optimization of grating 

parameters, we present in section 2 a simplified two-dimensional (2D) formalism for a dipole interacting with 

a 2D grating. This 2D method allows us not only to obtain the reflection and transmission coefficients for all 

diffraction orders but also to more efficiently optimize the grating parameters for controlling the dipole’s 

radiation pattern.  

1. 3D grating 

The geometry adopted in the 3D method is illustrated in Figure S1, where the quantum emitters (QE) is 

treated as a dipole embedded in medium 1 (with permittivity ε1). The QE is centered at the origin at a distance 

q from the hyperbolic metamaterial’s (HMM’s) bottom surface and zgr from the grating upper surface. The 

metallic grating with periodicities Λx and Λy in x and y directions, respectively, is on top of the HMM and is 

covered with medium 2 (with permittivity ε2). In the next section, we calculate the transmitted and reflected 

electric fields which are required to obtain the Purcell factor and the dipole’s radiated power. 

 

Figure S1. Proposed 3D geometry in which the QEs are modelled as a dipole embedded in medium 1 (with permittivity ε1), centered at 

the origin and at a distance q from the HMM bottom surface. The grating with periodicities Λx and Λy in x and y directions, respectively, 

on top of the HMM is covered with medium 2 (with permittivity ε2). 

1.1. Calculation of the transmitted and reflected electric fields 

Assuming temporal dependence 𝑒−𝑗𝜔𝑡, the current generated by a dipole source centered at the origin and 

embedded in medium 1 (J ) is calculated as follows 1,  

    (3)j , J r r p  (1) 
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where 𝐫 = 𝑥𝐱 + 𝑦𝐲 + 𝑧𝐳 , 𝛿(3)(𝐫) is the 3D Dirac delta function, p is the dipole moment and ω is the angular 

frequency. The electric field Ei at 𝐫  generated by J is then written as 
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where μ1 is the permeability of medium 1, 𝐈 is the identity tensor and 𝑘1 = |𝐤𝟏| = |𝑘𝑥𝐱 + 𝑘𝑦𝐲 + 𝑘𝑧1𝐳| is the 

wavenumber vector magnitude in medium 1. Using the Weyl identity 
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in (2), we obtain, 
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The spatial differentials are more easily considered if Ei is Fourier transformed (FT). The FT and the inverse 

FT are defined as 
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where k∥ = kxx+kyy is the parallel component of k1 and ξ = 1 or -1 for wave propagating in z or -z direction, 

respectively. The electric field can next be written as a sum of two orthogonal polarizations, viz. transverse 

electric (TE or s) and transverse magnetic (TM or p). For the electric field to be decomposed, M must be split 

into two terms, Ms (s-polarization) and Mp (p-polarization), as follows  
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In the notation adopted here, the tensors Ms and Mp are the outer product of the vectors 𝐋𝛘
𝐧 and 𝐏𝛘

𝐧. The first 

vector is related to the amplitude of 𝐄𝐢
𝐅𝐓, and each vector element corresponds to a dipole polarization, the index 

n refers to the medium, and χ to the polarization (χ = s for TE or p for TM). The vector 𝐏𝛘
𝐧 is responsible for 

decomposing the electric field in x-, y- and z-components. Thus, Ms and Mp can be expressed as: 
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1.1.1. FT of the Dipole’s reflected electric field 

 The calculation of the dipole’s dissipated power requires the knowledge of the total electric field present 

at the dipole location, which implies that the reflected electric field Er(r) needs also to be calculated. According 

to (4), the dipole’s emission is an infinite sum of plane waves. Thus, we first consider a single plane wave with 

wavevector 𝐤𝟏
𝟎 = 𝑘𝑥

0𝐱 + 𝑘𝑦
0𝐲 + 𝑘𝑧1

0 𝐳 being radiated by the dipole and impinging on the interface between 

medium 1 and HMM (z = q). The reflected field FT at the interface (𝐄𝐫
𝐅𝐓,𝟎(𝐤∥, 𝐤∥

𝟎, 𝑧 = 𝑞) is given by, 
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where 𝐾𝑥 = 2𝜋 Λ𝑥⁄  and 𝐾𝑦 = 2𝜋 Λ𝑦⁄  are the grating momenta along x- and y-directions and 𝑟𝜒,𝜎
𝑖,𝑚(𝐤∥

𝟎) is the 

reflection coefficient of both the ith diffraction order in x-direction and the mth diffraction order in y-direction 

for the parallel incident wavevector 𝐤∥
𝟎.  χ and σ indicate the polarization of the incident and reflected waves, 

respectively (χ and σ are equal to p for TM polarization and s for TE polarization). The reflection coefficient is 

calculated using the semi-analytical Rigorous Coupled Wave Analysis (RCWA) 2–4 method. For 3D gratings, 
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cross polarization might occur, thus 𝑟𝜒,𝜎
𝑖,𝑚 ≠ 0 for χ ≠ σ. The next step is to sum all plane waves emitted by the 

dipole, which is done by integrating 𝐄𝐫
𝐅𝐓,𝟎

 over all possible 𝐤∥
𝟎.  Thus, the FT of the reflected electric field 

emitted by the dipole at the interface 𝐄𝐫
𝐅𝐓is calculated as follows 
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1.1.2. FT of the Dipole’s transmitted electric field 

Similarly, the calculation of the dipole’s radiated power to the far field requires calculation of the transmitted 

electric field Et(r). Using the same approach for 𝐄𝐫
𝐅𝐓, the FT of Et at the interface between the grating upper 

surface and medium 2 (𝐄𝐭
𝐅𝐓(𝐤∥, 𝑧 = 𝑧𝑔𝑟)) is given by 
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where 𝑡𝜒,𝜎
𝑖,𝑚(𝐤∥

𝟎) is the reflection coefficient of the ith and mth diffraction orders, respective to x- and y-

directions, for the incident wavevector 𝐤𝟏
𝟎 with χ and σ as the polarization of the incident and the transmitted 

fields, respectively. The transmission coefficient is calculated using RCWA. The superscript 2 in 𝐏𝐬
𝟐(𝐤∥) and 

𝐏𝐩
𝟐(𝐤∥) indicates the electric field is being decomposed in medium 2.  

1.1.3. Reflected and transmitted electric fields 

The reflected and transmitted electric fields are calculated by inverse Fourier transforming (IFT) their 

original fields, as follows,  
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The solution proposed in this paper assumes linear media, therefore the total electric field emitted by the dipole 

is the sum of the electric fields generated by each component of p. The solutions are separated in two cases. 

The first case considers the dipole polarized along the z-axis, i.e., perpendicular to the HMM surface, while the 

second considers the dipole polarized along the x- or y-axis, i.e., parallel to the HMM surface. 
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1.2. Perpendicularly polarized dipole 

The polarization vector in this case has a component in z-direction, thus p = pzz. Substituting p into (13) and 

(16), the FT of the reflected and transmitted electric fields become: 
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With the reflected and transmitted electric fields calculated, the next step is to obtain the Purcell factor and the 

dipole’s total radiated power into medium 2, as described next.  

1.2.1. Purcell factor 

 The first step is to determine the dipole’s total dissipated power (W), which is carried out as follows:  
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The Purcell factor is defined as the ratio of the dipole’s dissipated power to that it would dissipate in freespace 

(𝑊0 = 𝑝
𝑧
2𝜔𝑘0

3 12𝜋𝜖0⁄ ). Since 𝐏𝐬
𝟏(𝐤∥) ∙ 𝐳 = 0, the Purcell factor for perpendicular polarization (Pz) is given by:
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1.2.2. Radiated power 

Our main goal is to be able to increase the coupling of evanescent waves inside the HMM to propagating 

waves in the medium 2. In this sense, it is important to calculate the dipole’s total emitted power into the far 

field in medium 2. Using the stationary phase method 1, the transmitted electric field at the far field (𝐄𝐳
𝐅𝐅) is 

calculated as follows,   
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where r, θ and φ are the components of r in spherical coordinates. For the far-field equation to be used in (28) 

the following transformation is required: 
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The transformation of 𝐄𝐳
𝐅𝐅(𝐫) into spherical coordinates is carried out after substituting (29) into (10) and (11), 

which gives 
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With 𝐄𝐳
𝐅𝐅 known, the time-averaged Poynting vector (〈𝑺𝒛(𝐫)〉) is calculated as follows,   
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The total radiated power into the far-field (Qz) of a perpendicularly polarized dipole is calculated integrating 

〈𝐒𝐳〉 over the upper semi-sphere, i.e. 
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1.3. Parallel polarized dipole 

The polarization vector in this case is oriented along the x-axis, resulting in p = pxx. The equations derived 

in this section can be easily adapted to the y-axis by simply changing the terms kx to ky, and ky to kx. After 

substituting p into (13) and (16), the following expressions for the FTs of the reflected and transmitted electric 

fields are obtained: 
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1.3.1. Purcell factor 

 The Purcell factor for parallel polarization is obtained after substituting (34) into (25) and the resulting 

equation into (27), which gives:   
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1.3.2. Radiated power 

The total dipole’s radiated power into the far field requires the electric field calculation in the far field (𝐄𝐱
𝐅𝐅). 

As in section 1.2.2, this is accomplished with the stationary phase method 1 as follows, 
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The far field approximation in (41) also makes use of (29). Equations (30) and (31) transform 𝐄𝐱
𝐅𝐅 into spherical 

coordinates, from which the time-averaged Poynting vector (〈𝐒𝐱〉) is calculated as follows, 
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The total radiated power into the far field (Qx) by a parallel polarized dipole is calculated using the same 

approach adopted for the perpendicularly polarized case, which gives, 
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2. 2D Configuration 

 
Figure S2. Proposed 2D geometry in which the QEs are modelled as dipoles embedded in medium 1 (with permittivity ε1), centered at 

the origin and at a distance q from the HMM bottom surface. The grating with periodicity Λx in x-direction is on top of the 

HMM and is covered with medium 2 (with permittivity ε2). The HMM and the grating are merged for sake of clarity. 

For the 2D case we consider the dipole embedded in the medium 1 (with permittivity ε1) at a distance q from 

the HMM bottom surface, as shown in Fig. S2. The HMM and the grating are merged in this figure for sake of 

clarity. The grating is surrounded by medium 2 (with permittivity ε2) and has periodicity Λx along the x-axis. 

The most significant difference between the 3D and 2D approaches is that the system is constant along the y-

axis, i.e. 𝜕 𝜕𝑦⁄ = 0, resulting in ky = 0. Therefore, the procedure to calculate the Purcell factor and the radiated 

power is different from the 3D scenario and starts with the calculation of the transmitted and reflected electric 

fields.   

2.1. Calculation of the transmitted and reflected electric fields 

We start by calculating the electric field radiated by the dipole in medium 1, which requires the dipole to be 

modelled as the following current source in 2D, 

    (2)j ,x z J r p  (44) 

where p is the dipole momentum and 𝛿(2)(𝑥, 𝑧) is the 2D Dirac delta function. The electric field radiated by the 

dipole (Ei) in 2D becomes 
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where 𝐻0
1 is the first Hankel function of order 0, G0 is the scalar Green’s function in 2D 5 and ρ is the position 

vector in 2D. Substituting (46) into (45), the following expression for Ei(ρ) is obtained 
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By considering the 2D FT and the inverse FT defined as 
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In 2D, the dyadic tensor M has TE and TM components and can be written as the outer product of two vectors, 

𝐋𝛘
𝐧 and 𝐏𝛘

𝐧, whose physical meaning is the same as for the 3D case. Thus, M is written as: 

      , , , ,z z z s p
M k M k M k  (51a) 
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p 1 1

p pM P L  (51c) 

The dipole only generates TE waves if polarized along y-axis. Nevertheless, if p is in the xz-plane, only TM 

waves are generated. Since we are working with hyperbolic metamaterials, which only couples TM waves, for 

the 2D case, we will consider p in xz-plane.  

  

2.1.1. FT of the Dipole’s reflected electric field 

The calculation of the reflected electric field is based on the same approach used for the 3D case. Firstly, we 

consider a single plane wave with wavevector 𝐤𝟏
𝟎 = 𝑘𝑥

0𝐱 + 𝑘𝑧1
0 𝐳 impinging on the interface between medium 1 

and HMM (z=q). The FT of the reflected field (𝐄𝐫
𝐅𝐓,𝟎(𝑘𝑥, 𝑘𝑥

0, 𝑞)) of this wave at z=q is given by, 
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 FT,0 1 1

r p pE P L p  (52) 

where 𝐾𝑥 = 2𝜋 Λ𝑥⁄  is the grating momentum in x-direction and 𝑟𝑝
𝑖 is the reflection coefficient of the ith 

diffraction order of a p-polarized wave. In 2D, all dipoles radiate p-polarized waves, therefore the magnetic 
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field is oriented along the y-axis. Since the grating changes the wave momentum in the xz plane, only the electric 

field vector, which is in the xz plane, changes its direction. Therefore, the wave remains p-polarized and no 

cross-polarization coefficients appear in (52). Thus, the FT of the reflected electric field radiated by the dipole 

𝐄𝐫
𝐅𝐓can be calculated integrating 𝐄𝐫

𝐅𝐓,𝟎
 over all possible 𝑘𝑥

0, i.e., 

 

   

        

      

0 0

2
0 0 0 01

2
0 01

, , , d

= j , d
8

j , ,
8

x x x x

i

x x p x x x x x

i

i

x x p x

i

k q k k q k

k k q r k k k iK k

k k q r k

 




 













   
 

  
 







FT FT,0

r r

1 1

p p

1 1

p p

E E

P L p

P L p

 (53) 

 
0 .x x xk k iK   (54) 

2.1.1. FT of the Dipole’s transmitted electric field 

The FT of the transmitted electric field (𝐄𝐭
𝐅𝐓) follows the same methodology adopted for the reflected field. 

Thus, at the interface between the grating upper surface and medium 2 (z = zgr) we obtain, 

         
2

2 0 01, j , .
8

i
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i

k z k k q t k
 


  
 FT 1

t p pE P L p  (55) 

The superscript 2 in 𝐏𝐩
𝟐(𝑘𝑥) indicates the electric field is being decomposed in medium 2.  

2.1.2. Reflected and transmitted electric fields 

Since we have the FT of the transmitted and reflected fields, the electric fields in the spatial domain are 

obtained using the IFT, as follows,   
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In 2D, p can be decomposed in x and z components, therefore the solutions hereon are separated into two cases. 

The first considers the dipole polarized along the z-axis, i.e., perpendicular to the HMM surface, while the 

second considers the dipole polarized along the x-axis, i.e., parallel to the HMM surface. 

2.2. Perpendicularly polarized dipole 

The dipole moment in this case is polarized along the z-axis, thus p = pzz. After substituting p into (53) and 

(55), the following FTs of the reflected and transmitted field electric are obtained: 
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2.2.1. Purcell factor 

Before calculating the Purcell factor, we need to define the energy that the dipole would dissipate in free 

space (W0), which is calculated as follows,   
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The next step consists in calculating the total power dissipated by the dipole under the proposed structure, which 

is accomplished by substituting (58) into (56) and then into (25), which gives 
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Therefore, the Purcell factor for a 2D perpendicularly polarized dipole (𝑃𝑧
2𝐷) is calculated as follows, 
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2.2.2. Radiated Power 

The dipole’s total radiated power can be calculated by integrating the far field time averaged Poynting vector 

over the upper semi-circle. To this end, we need to calculate the electric field generated by a perpendicularly 

polarized dipole in the far field (𝐄𝐳
𝐅𝐅), which according to the stationary phase method is written as follows,  

    
2 2

2 2

j j2
-j -j cos1

2

2

e e
j ,0 e cos e ,

8

z gr gr

k k
k z k zFT zz2

t x z p

k
E k p k

k

 



  

ρ ρ

FF

zE r θ
ρ ρ

 (65) 

where ρ and θ are the components of ρ in cylindrical coordinates (in the xz plane). The following has been 

assumed for the far-field approximation in (65),  
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The transformation of 𝐄𝐳
𝐅𝐅 in (65) into cylindrical coordinates is performed after substituting (66) into (11), in 

which gives,  
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2 2
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k k
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p ||P k x z θ  (67) 

The time-averaged Poynting vector for perpendicular polarized dipole 〈𝐒𝐳
𝟐𝐃〉 is given by: 
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The dipole’s total radiated power (𝑄𝑧
2𝐷) into medium 2 is then obtained integrating 〈𝐒𝐳

𝟐𝐃〉 along the upper semi-

circle as follows, 
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2.3. Parallel polarized dipole 

The dipole moment in this case is oriented along the x-axis, thus p = pxx. After substituting p into (53) and 

(55), the following FTs of the reflected and transmitted electric fields are obtained, 
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2.3.1. Purcell factor 

The dipole’s total dissipated power is calculated after substituting (70) into (56) and the resulting equations 

into (25), which gives, 

      1

3
j2 01

2

0

Re , e d .
8

zk qzz
x x x x x

k
W p R k q k k

k

 







   
    

   


1

pP x  (74) 

Therefore, the Purcell factor for a 2D parallel polarized dipole (𝑃𝑥
2𝐷) is obtained as follows, 
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2.3.2. Radiated power 

The dipole’s total radiated power is calculated by integrating the far field Poynting vector temporal mean 

over the upper semi-circle. To this end, we need to calculate the electric field generated by a parallel polarized 

dipole in the far field (𝐄𝐱
𝐅𝐅) which, according to the stationary phase method, is given by, 
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Equation (76) gives the electric fields in cylindrical coordinates (ρ,θ). The time-averaged Poynting vector and 

the dipole’s total radiated power (〈𝐒𝐱
𝟐𝐃〉 and 𝑄𝑥

2𝐷, respectively) are calculated as follows, 
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3. Radiation pattern of the 3D HMM 

Figure S3 shows the radiation patterns of the transmitted electric fields for p- (a,c) and s-polarization (b,c) 

emitted by a perpendicularly (a,b) and parallel (c,d) polarized dipole. On one hand, perpendicularly polarized 

dipoles do not radiate s-polarized waves, therefore the s-polarized electric field shown in Fig. S3 (b) is generated 

by the cross-polarization terms in (18). The peaks in the radiation pattern for p-polarized waves (Fig. S3 (a)) 

are inside the 20° cone, while the peaks for s-polarized waves are in the 55° cone (Fig. S3 (b)). On the other 

hand, parallel polarized dipoles radiate both p- and s-polarized waves. However, s-polarized waves are highly 

attenuated by the HMM, and consequently do not have a considerable influence on the transmitted fields. As a 

result, the s-polarized waves are mostly generated by the cross-polarization term 𝑡𝑠,𝑝
𝑖,𝑚 in (16). Note once again 

that the peaks of the p-polarized waves (Fig. S3 (c)) are in a smaller cone compared to the s-polarized waves 

(Fig. S3 (d)) (10° and 30° for p- and s-polarized waves, respectively). 

 

Figure S3. Radiation pattern of the transmitted electric fields emitted by a perpendicularly (a,b) and parallel (c,d) polarized dipole 

decomposed in p- (a,c) and s-polarization (b,d).    
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4. Lumerical FDTD Simulation 

The HMM with the metallic gratings on top were drown in Lumerical FDTD, as shown in Fig. S3. The 

description of the simulation is listed below: 

• Perfect Matched Layers (PML) for the surround the boundary condition.  

• The total simulation area is 4μm x 4μm and the mesh inside the structure is Δx=Δy=0.5nm.   

• Taking advantage of the symmetry of the simulations, we utilized the Asymmetric and Symmetric 

boundary condition for parallel or perpendicular dipole, respectively.  

• A broadband (673-873nm) dipole source centered at λ = 773nm was placed 10 nm under the HMM. 

• Two vertical monitors were placed above the gratings in order to calculate the radiation pattern in 

the far-field.  

• By integrating the Poynting vector over the lines that surround the simulation area above the metallic 

gratings we calculated the power radiated to the far field.  

• The calculation of the Purcell factor was performed by the Lumerical FDTD.  

 

Figure S4. Schematic of the Lumerical 2D-FDTD simulation. 
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