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ABSTRACT

We present the accurate analytical solution obtained for the system of rate equations describing
the isotope exchange process for molecule containing arbitrary number of equivalent labile atoms.
The exact solution was obtained using Methematica 7.0 software and this solution has the form of
the time-dependent Gaussian distribution. For the case when forward exchange considerable
overlaps the back exchange it is possible to estimate the activation energy of the reaction by

obtaining a temperature dependence of the reaction degree. Using previously developed approach


mailto:ennikolaev@rambler.ru

for performing H/D exchange directly in the ESI source, we have estimated the activation energies
for several ions and they were found to be in a range 0.04eV - 0.3eV. Since the value of the
activation energy depends on the type of the functional group, the developed approach can have
potential analytical applications for determining of types of functional groups in complex mixtures,

such as petroleum, humic substances, bio-oil etc.

SUPPORTING INFORMATION

The analytical solution of the system of rate equations:

dMm 1

dto :_kDM0+kH WMJ‘

dM, N —i i i+1 N-(i-1

dt _(_ D N _kH WJMI kH M|+l+kD IEI )Ml—l’ (1)

dM 1

dtN_kDN N—l_kHMN

with the initial conditions:

MoL:o:Mg; Mi|t:0:0,0<isN. (2)

was performed using software Mathematica 7.0. The full code including guessing and proving
the solution is presented below.



n[112):= (*
Consi der the kinetics of the exchange as a function of the occupancy of the surface
*)
(= Provide values of constants, nunber of labile atonms and maxi mum ti nmex)
Kd =1
Kh =0
Ndeut eri uns = 30
Initial Number =0
Trrax = 80

(xFill matrix=*)
SystemMatri x = Tabl e[0, {i, Ndeuteriums +1}, {j, Ndeuteriuns +1}]

SystemMatrix [[1, 1]]
SystemMatrix [[1, 2]]

-Kd;
Kh 1 / Ndeut eri uns;

For [i =1, i < Ndeuteriuns, i ++,

SystemMatrix [[I +1, i 1] = Kd » (Ndeuteriuns - (i -1)) / Ndeuteriuns;
SystemMatrix [[I +1, i +1]] =

-Kd » (Ndeuteriums -i) /Ndeuteriuns -Kh =« (i) / Ndeuteriuns;
SystemMatri x [[i +1, i +2]1] =Kh % (i +1) / Ndeuteriuns;
1

Systemvatri x [[Ndeuteriuns +1, Ndeuteriuns]] = Kd = (1) / Ndeuteri uns;
Systemvatri x [[Ndeuteriunms +1, Ndeuteriunms +1]] = -Kh;

(xCheck matrixx)
Mat ri xFor m[Syst emMat ri x ]

(*
Define equilibrium concentrations.To do this,
equate the derivatives to zero and nodel one of the
equations on the condition of a constant anmount of concentrati.
*)
SystenmMatri x2 =
Repl acePart [Systemvatri x, Ndeuteriuns +1 - Table[l, {i, Ndeuteriuns +1}]1]
MassConservati onCondition = Table[0, {i, Ndeuteriuns +1}];
MassConservati onCondi ti on [[Ndeuteriuns +1]] =1
Equi i briunmConcentrations = Li near Sol ve [System\vatri x2, MassConservati onCondition ]

Print ["The equilibrium distribution of the concentrations:"]
Li st Pl ot [Tabl e[{i, EquilibriunmConcentrations [[i]1]1}, {i, Ndeuteriuns +1}],
Filling -> Axis, PlotRange -» Full ]
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Out[112]=

out[113]=

Out[114]=

Out[115]=

Out[116]=

(x» Initial conditionsx)

Initial Conditions = Table[M [0] =0, {i, 0, Ndeuteriuns}];
Initial Conditions [[Initial Number +11] = (Mnitialnunber [0] = 1)

(= Define the vector of concentrationsx)
ConcentrationVector = Table[M [x], {i, 0, Ndeuteriuns}];

(» Conputed the right part of the system

describing the dynam cs of concentrations.Left side-
the vector of first derivativesx)

Ri ght Hand = SystemMat ri x. Concentrati onVect or

Equations = Table[M "' [x] == RightHand [[i +1]]1, {i, O, Ndeuteriuns}]
Eq = Joi n[Equations, Initial Conditions]

(*

Looking for a numerical solution

*)

Sol uti on = NDSol ve [Eq, Table[M, {i, 0, Ndeuteriuns}], {x, Tmax}]

Print [ "The dependence of the intensity of isotope peaks fromtine"]
Pl ot [Eval uate[Tabl e[M [x], {i, O, Ndeuteriuns}] /. Solution],
{x, 0, Tmax}, Pl ot Range - Full ]

(xCal cul ate shape of the isotopic distribution for Trmaxx)
| sot opeDi stribution = Eval uate[Tabl e[M [Tmax], {i, 0, Ndeuteriuns}] /. Solution][[1]];

Print [ "The shape of the isotopic distribution for Trmax"]

ListPlot [Table[{i, |IsotopeDi stribution[[i]1]}, {i, Ndeuteriuns +1}],

Filling -> Axis, PlotRange -» Full ]

(*The cal cul ated shape of the isotopic distribution for an arbitrary t<Tmaxs)

Mani pul at e [

ListPlot [Tabl e[{i, Evaluate[Table[M [t], {i, O, Ndeuteriuns}] /. Solution][[11]1[[i 11},
{i, Ndeuteriuns +1}], Filling -> Axis, PlotRange -» Full ], {t, 0, Tnax}]

1
0
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0

80
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{{0, 0, 0, 0, 0, 0, 0, 0,00, 0,0,00,0,0 00060000 000,000 0 0,0,

out[117]

{0, 0, 0, 0,00 00 00000 000000000000 000 0 0, 0},

{0, 0, 0, 0, 0, 0,0 0,000 00000400000 0000000 000 0}

{0, 0, 0, 0,00 0,0 00000 000000000000 000 0 0, 0},

{0, 0, 0, 0, 0, 0, 0,000,000 000400000 0000000 000 0},

{0, 0, 0, 0,00 0,0 00000 000000000000 000 0 0, 0},

{0, 0, 0, 0, 0, 0,0 000000 00060060000 00,00000 0000}

{0, 0, 0, 0,00 0,0 00000 000000000000 000 0 0, 0},

{0, 0, 0, 0, 0, 0, 0, 0, 0,000 0 000,060,000 00,000,600 0000},

{0, 0, 0, 0,0 0,0 000000 000000000000 000 0 0,0},

{0, 0, 0, 0, 0, 0, 0, 0,000 0 0 0000600600 00,000,600 000 0},

{0, 0, 0, 0,00 0,0 00000 000000000000 000 0 0, 0},

{0, 0, 0, 0, 0, 0,0 0,000 00000400000 0000000 000 0}

{0, 0, 0, 0,00 0,0 00000 000000000000 0000 0, 0},

{0, 0, 0, 0, 0, 0, 0,000,000 00040060000 0000000 00 00}

{0, 0, 0,0, 00 0,0 00000 000000000000 000 0 0, 0},

{0, 0, 0, 0, 0, 0, 0, 0, 00,0000 00600O00 00000000 00,00},

{0, 0, 0, 0,00 0,0 00000 000000000000 0000 0, 0}

{0, 0, 0, 0, 0,0, 0006000 0000¢006000©0000,00000 0000}

{0, 0, 0, 0,0 0,0 000000 000000000000 000 0 0,0},

{0, 0, 0, 0, 0, 0,0 0,000 0 0000000000000 00 00 0 0}

{0, 0, 0, 0,0 0 0,0 00000 000000000000 0000 0, 0},

{0, 0, 0, 0, 0, 0, 0, 00000 0 00,060,000 0 00000000000},

{0, 0, 0, 0,0 0,0 000000 000000000000 000 0 0,0},

{0, 0, 0, 0, 0, 0, 0, 0,000 0 0 0000600600 00,000,600 000 0},

{0, 0, 0, 0,00 0,0 00000 000000000000 0000 0, 0}

{0, 0, 0, 0, 0, 0,0 0,000 00000400000 0000000 000 0}

{0, 0, 0, 0,00 0,0 00000 000000000000 0000 0, 0},

{0, 0, 0, 0, 0, 0, 0,000,000 00040060000 0000000 00 00}

{0, 0, 0,0, 00 0,0 00000 000000000000 000 0 0, 0},

{0, 0, 0, 0, 0,0 00,0000 0000000®00 00000000000}
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Out[123]//MatrixForm

o o o o
o o o o
o o o o
o o o o
o o o o
o o o o
o o o o
o o o o
o o o 3_5
o

o O O
o O O
o O o




Solve HD protein Eng v16.nb |5

Out[124]= {{—l, o, o0 0000°00O0000000O000O00000000000000,0 0y,

29
{1, -—,0,0000000®0000000000000000000 00, O},
30

29 14
{o, = -—,0000 000000 000,00 00 00,
30 15
14 9
0,000 0000 0} {00 —, -—,00,0, 000 0,0, 0,0,
15 10
9 13
0,000 000000000 0,00 0} {0,00 —, -—,0
10 15
o0, 0,00¢000¢000¢00000000000000 000, O},
13 5
{o,0,0,0, — -~ 00000, 000,000, 000,00, 0,0 0,0, 0 0, 0, 0, 0},
15 6
5 4
{0, 0,000 =, --,000 00,000,000, 00,0, 00,0 00,0 0, 0, 0, 0},
6 5
4 23
{o.0,0.0 0,0 - -~ 000000000000 00 00000000 0}
5
23 11
{0,000 000 —~ -=,0000 000 000,
30 5
11
0, 0,0 0,0, 0 0 0 0, 0, 0, 0} {0,000 0,00 0 —,
15
.
-—, 0060006000060 0000000 00 00, 0},
10
7 2
{O, 0, 0,0600900690090690— --—0000000000000000000, O},
10 3
2 19
{O, 0, 0,0009006900900690860~--—002000000000000000 00, O},
3 30
19 3
{O, o, 0,000900690090060060— --—-00000000000000000, O},
30 5
3 17
{0, 0,000 0000000 —, -— 000000000 00,0 00, 0 0, 0},
5 30
17
{0, 0,000,000 0 0 00 0 —,
30
8
-~—,0,0,00,0,0 00,0, 00,0, 0, 0, 0, 0},
15
8 1
{o.0.0.0 0 000000000 _--~000000000 00000 0}
15
1 7
{O, o0, 0,0 000000000 0,0Q0, PR o0, 0, 00000000000, O},
15
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{O, o, 00000000000 0,Hn0,

13
6, —--—,0000 0000 0,0 0,0, 0},
30
2
6, 0900900000000000606000—--02020006060000000
5

o, o0 000000 000¢0O0000060~--—00000000000
30

11 1
-—, -— 0,000 0, 0,0,0, 0,0
30 3
1 3
6, 000000000000 0000000~-—20200000000
3 10
0, 0,00¢0600¢000000000000000,D0,

,-—,0,0,0 0, 0,0, 0, o}, {0, 0,0 0 0 0,0, 0 0, 0,

4 7
o, o, 0060060060000060— -— 000000, 0},
15 30

7 1
o, o, 0,000600000000Q00000000000, —--0000n0 O},
5

2 1
0,0, —, -—, 00 0} {0,000 00000000 00 0,0,
15" 10
11
0,0, 0000000, 00 —, -—,0 0} {0,000 0,0, 0,0,
10° 15
11
0,0, 000000 0,0, 00000000, 0,0 —, -—, 0f,
15" 30

{(4,1,1,1,1211211211211111111111,1,1,1,11 11,1, 1}}
outf12s]= 1
oufize= {0, 0, 0, 0, 0, 0, 0, O, O, O, O, O, O, O, O, O, O, O, O, O, O, O, O, 0, 0, O, O, O, O, O, 1}

The equilibriumdistribution of the concentrations:

1.0¢f .
081
0.6
out[128]=

0.4r

02¢

out[130)= My[0] ==
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29 M [x] 29 M [x] 14MI[x] 14M[x] 9MI[x] 9MI[x] 13 MI[X]
out[132]= {—M)[X], M [x] - - - N '

30 30 15 ' 15 10 10 15
I3M[x] 5Mix] 5MI[x] 4M[x] 4M(x] 23MI[x] 23MI[x] 11MI[X]
15 6 6 5 5 30 30 15
11 M(X]  7M[X] 7MI[X] 2Mo(X] 2Mp[x] 19M1[x] 19Mi[x] 3M2(X]
15 10 = 10 3 3 30 30 5
3M2[X] 17 Ma[X] 17 Ma[x] 8Ma[x] 8Mg4[X] Ms[X] Ms[X] 7Msg[X]
5 30 30 15 15 2 2 15
7TMg[Xx] 13M7[X] 13M7[X] 2Mg[X] 2Mg[X] 11Mg[(x] 11Mg[X] MyoI[X]
15 30 30 5 5 30 30 3
Mo[X] 3 Mi[X] 3Mi1[X] 4M2[(x] 4M2(x] 7M3[X] 7M3[X] M4s[X] M4[Xx] ) Ms [X]
3 10 10 15 15 30 30 5 5 6
Ms[X] 2Ms[X] 2Mse[X] M7[X] M7[X] Msg[X] Msg[X] Mgl[X] 'ng[x}}
6 15 15 10 10 15 15 30 30
29 M [X] 29 M [X] 14 My (X ]
outtzai= { (M) [x] = =M [x], (M)"[x] = Mo [x] - ——. (M) '[x] = —— - — —,
14 M [x] 9 MI[X] 9M[x] 13 M [X] 13 M [x] 5 M[x]
(M) [X] = - . (M) [X] = - (M) [X] = -
15 10 10 15 15 6
5MI[x] 4 MI[x] 4M[x] 23 M([Xx] 23 My [x] 11 Ma[X]
(M) [X] == - . (M) [X] = - o (M) [X] = - ,
6 5 5 30 30 15
11 My[x] 7 MIX] 7TM[x]  2Mo[X] 2 Mo[x] 19 My ([X]
(M) [x] = - (M)’ [X] = - (M1) ' [X] = -
15 10 10 3 3 30
19 M1 [X] 3 M2 [X] 3Ma[x] 17 M3 [X]
(M2) " [X] = - . (M) [X] = - :
30 5 5 30
17 Mz [X] 8 Mg [X] 8 Mia[X] Ms[x] Ms [X] 7 Mg [X]
(M)’ [X] == - , (M) [X] = - ) 6) [X] = - ,
30 15 15 2 2 15
7 Mg (x] 13 My7[X] 13 M7 [X] 2 MgI[X]
(M7)" [X] == - , (Mg) [X] = - ,
15 30 30 5
2Mg(x] 11 MgI[X] 11 Mg [X] Mo [X] Mo [X] 3 My [X]
(M)’ [X] == - , (M) " [X] = - ) 1) [X] = - ,
5 30 30 3 10
3Mi1[X] 4 M2[X] 4 Mo [X] 7 M3[X] 7 Mz [X]  Ma[X]
(Mp2) " [X] == - v (M3) " [X] = - v (Mg) " [X] = -
10 15 15 30 30 5
M [X]  Ms[X] Ms[X] 2 Mg ([X] 2Ms[X]  M7I[X]
(M)’ [X] = - . (Mbg) " [X] = - . (Mb7) " [X] = - ,
5 6 6 15 15 10
M7 [X]  Mg[X] Mg [X] Mo [X] , Mo [X]
(Mbg) " [X] = - . (M) [X] = - . (M) [X] = }

10 15 15 30 30
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29 M [X] 29 M [x] 14 My[X]
outtsar { (M) [X] = =M [XT, (M) [XT = Mp[X] = — = (M) [X] = — — - —
14 Mp[X] 9 M [X] 9My[x] 13 My[x] 13 M [X] 5Mx]
(M) " [X] == - v (My) " [X] = - [X] == - )
15 10 10 15 15 6
5M([x] 4M[X] 4M[X] 23 M[x] 23 M [x] 11 Ms[X]
(M) " [X] == - v (M) [X] = - v (MB) " [X] = - ,
6 5 5 30 30 15
11 Mp[X] 7 M[X] 7MI[x]  2Mg[X] 2Mpo[x] 19 My [X]
(M) " [X] == - » (Mo) " [X] = - v (M) [X] == -
15 10 10 3 3 30
19 Mip [X] 3 Ma2[X] 3M2[x] 17 M3 [X]
(M2) " [X] == - (M3) " [X] == -
30 5 5 30
17 Mz [X] 8 Mg ([X] 8 Mg [X]  Ms[X] Ms [X] 7 M [X]
(M) [X] == - (Ms) " [X] == - 6) [X] = -
30 15 15 2 2 15
7Mg([x] 13 My7[X] 13 M7 [X] 2 Mg[X]
(M7)"[X] = - (Mg) " [X] == -
15 30 30 5
2Mg([x] 11 MgIX] 11 Mg [X] Mo [X] Mo [X] 3 My [X]
(M) [X] == - (M) " [X] == - 1) [X] = -
5 30 30 3 10
3Mai1[X] 4 M2[Xx] 4 Mg [X] 7 M3[x] 7 M3[X] MglX]
(M2) " [X] == - v (M) [X] = - (M)’ [X] == -
10 15 15 30 30 5
M [X]  Ms[X] Ms[X] 2 Mg [X] 2Ms[X]  M7I[X]
(Ms) " [X] == - v (M) " [X] == - ) 7)) [X] == - ,
5 6 6 15 15 10
M7 [x]  Ms[X] Mg [X] Mg [X] Mo [X ]
(Mg) " [X] == - 9)  [X] = - 0) [X] = , M[0] =
10 15 15 30 30
M [0] =0, Mp[O] =0, My[O] ==0, My[O] ==0, Ms[0O] ==0, My[0] =0, M [0] =0, M3[0] == 0O,
My [0] =0, Mgo[O] =0, M1[0] =0, M2([0] =0, M3[0] =0, M4[0] =0, Ms[0] =0, Mg[0] =0,

M7 (0] = 0, Mg[0] =0, Mg[0] =0, Mo[0] =0, Mu[0] =0, M2[0] =0, Ma[0] =0,
Mpa [0] = 0, Ms[0] =0, Mg (0] =0, My7[0] =0, Mg[0] =0, Mo [0] =0, Mo[0] =0}



out13s)= {{My = I nterpol ati ngFunction [{{0.
M - I nterpol ati
M - I nterpol ati
M - I nterpol ati
M, - I nterpol ati
M - I nterpol ati
M; » I nterpol ati
M - I nterpol ati
My » I nterpol ati
M - I nterpol ati

Mo
M1
M2
M3
M
Ms
Me
M7
Mg
Mo
Mo
M1
M2
M3
M4
Ms
M
M7
Mg
Mo
Mo

The dependence of the intensity of

10t

Out[137]=

- I nterpolati
- Interpol ati
- I nterpolati
- Interpol ati
- I nterpolati
- Interpol ati
- I nterpolati
- Interpol ati
- I nterpolati
- Interpol ati
- I nterpolati
- Interpol ati
- I nterpolati
- Interpol ati
- I nterpolati
- Interpol ati
- I nterpolati
- Interpol ati
- I nterpolati
- Interpol ati
- I nterpolati

ngFunct i
ngFuncti
ngFunct i
ngFuncti
ngFunct i
ngFuncti
ngFunct i
ngFuncti
ngFunct i
ngFuncti
ngFunct i
ngFuncti
ngFunct i
ngFuncti
ngFunct i
ngFuncti
ngFunct i
ngFuncti
ngFunct i
ngFuncti
ngFunct i
ngFuncti
ngFunct i
ngFuncti
ngFunct i
ngFuncti
ngFunct i
ngFuncti
ngFunct i
ngFuncti

on [{{O0.
on [{{O.
on [{{O0.
on [{{O.
on [{{O0.
on [{{O.
on [{{O0.
on [{{O.
on [

{{0.,
on [{{O.

80.
80.
80.
80.
80.
80.
80.
80.
80.
80.

, 80.
80.
80.
80.
80.
80.
80.
80.
80.
80.
80.
80.
80.
80.
80.
80.
80.
80.
80.
80.
80.

1
b
Fh
b
Fh
b
b
b
b
b
Fh
h
Fh
h
Fh
b
Fh
b
Fh
b
Fh
h
Fh
b
Fh
b
Fh
b
Fh
b
Fh

i sotope peaks fromtine

The shape of the isotopic distribution for Tnmax
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out[140]=

Out[141]=

In[61]:=

lve HD protein Eng v16.nb

0.25F I
020F .
015
010 .
0.05F
- L]
10 15 20 25 30
M
t U
014 T
012} .
0.10f !
008l
006} .
004 !
002f !
L ° .
10 15 20 25 30
(*
Looking for an analytical solution
*)
Kd = Kdd
Kh = Khh

Ndeut eriunms =5
Initial Nunber =0
Trmax = 50

(xFi Il matrixs=)
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Systenatri x = Tabl e[0, {i, Ndeuteriuns +1}, {j, Ndeuteriunms +1}]

SystenmMatrix [[1, 11]
SystenmMatrix [[1, 2]]

-Kd;
Kh =1 / Ndeut eri uns;

For [i =1, i < Ndeuteriuns, i ++,

SystemMatrix [[i +1, i 1] = Kd = (Ndeuteriuns - (i -1)) / Ndeuteriuns;
SystemMatrix [[i +1, i +1]] =

-Kd % (Ndeuteriuns -i) /Ndeuteriuns -Kh * (i) / Ndeuteriuns;
SystemMatrix [[i +1, i +2]] =Kh % (i +1) / Ndeuteriuns;
1

Systenmvatri x [[Ndeuteriuns +1, Ndeuteriuns]] = Kd = (1) / Ndeuteri uns;
SystemMatri x [[Ndeuteriuns +1, Ndeuteriunms +1]] = -Kh;

(*Check matri x=*)
Mat ri xFor m[SystenmMatri x ]

(» Initial conditionssx)

Initial Conditions = Table[M [0] ==0, {i, 0, Ndeuteriuns}];
Initial Conditions [[Initial Nunber +11] = (Mnitial nunber [0] = 1)

(» Define the vector of concentrations =x)
ConcentrationVector = Table[M [x], {i, O, Ndeuteriuns}];

(» Conpute the right part of the system

descri bing the dynami cs of concentrations.Left side-
the vector of first derivatives =x)

Ri ght Hand = SysteniMatri x. Concentrati onVect or

Equations = Table[M' [x] == RightHand [[i +11], {i, O, Ndeuteriuns}]
Eq = Joi n[Equations, Initial Conditions]

Sol uti onA = DSol ve [Eq, Table[M, {i, O, Ndeuteriunms}], x]

Print ["These are anal ytical solution:"]

Analitical Solution = Evaluate[Table[M [x], {i, O, Ndeuteriuns}] /. Sol uti onA]
Sol uti onDerivative = D[Analitical Solution, x]

Mat ri xForm[Systenatri x. Analitical Solution[[1]]]
Mat ri xFor m[Sol uti onDerivative[[1]]]
SystenmMatrix. Analitical Solution[[1]] -Sol utionDerivative[[l]]

Print ["Check that the analytic solution indeed satisfies systent:"]
Sinplify[SystemVatrix. Analitical Solution[[1]] -Sol utionDerivative[[1]]]10

outfe1)= Kdd
outle2)= Khh
oute3]= S
outje4]= 0
outss]= 50

oupes= {{0, 0, 0, 0, 0, 03}, {0, 0, 0, O, O, O}, {0, O, O, O, O, O},
{0, 0, 0, 0, 0, 0}, (O, O, O, O, O, O}, {0, O, 0, O, O, O0}}
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Out[72]//MatrixForm=

~Kdd oLl 0 0 0 0
4 Kdd Khh 2 Khh
Kdd - = 0 0 0
4 Kdd 3 Kdd 2 Khh 3 Khh
0 = s s 5 0 0
3 Kdd 2 Kdd 3 Khh 4 Khh
0 0 S "5 s 5 0
2 Kdd Kdd 4 Khh
0 0 0 - - 5 Khh
0 0 0 0 Kad ~Khh
outj74]= My[0] =
1 4 Kdd Khh 2
out7el= {ded My[x] + — Khh M [x], Kdd M [x] + [777 7] M [X] + — Khh M [X]
5 5 5 5
4 3Kdd 2Khh 3
— Kdd M, [x [—7—7]%[x1+—KhhM;[x]
5 5 5 5
3 2 Kdd 3 Khh 4
— Kdd My [x] + {——— —] M [X] + — Khh My [X]
5 5 5 5
2 Kdd 4 Khh 1
~ Kdd M [x] + [777 7] M [x] + Khh Ms[x], — Kdd M [X] 7Khh|vg[x1}
5 5 5 5
1 4 Kdd Khh 2
out[77]= {(Nb)’[x} = -Kdd My [x] + g Khh My [x], (M)’ [X] == Kdd My [x] + [—T— ?) M [X] + g Khh M, [Xx]
4 3 Kdd 2 Khh 3
(M) [Xx] = — Kdd M [X] + [——— —] M [x] + — Khh My [x],
5 5 5 5
3 2 Kdd 3 Khh 4
(M) [x] = — Kdd M [x] + [*7* 7} My [x] + — Khh M [x],
5 5 5 5
2 Kdd 4 Khh 1
(My) " [X] = ngdl\/h[x} + (7T7 T] M [x] + Khh M5 [x], (M)’ [X] == ngd M [x] - Khh lvg-[x]}
1 4 Kdd Khh 2
out[78]= {(Nb)'[x} = - Kdd M [x +—Khh|VH 1, (M) [X] == KddM)[X]+[—T—?]M[X]+5Khh%[x],
4 3Kdd 2 Khh 3
(M) " [X] :ngth [*7*7]%[“*5””1%[)(},
3 2 Kdd 3 Khh 4
(Ms) " [X] ::ngsz [*7*7]%[X}+5Khh|\/k[x],

1
My [x] + Khh M5 [x], (M) [X] == EKdd M; [Xx] - Khh M [X]
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o5 (KA X g Khh)5

out[79]= Hl\/b - Functi on [{x},

]

5( 14 s (Kdd-Knh) )Kdd

(Kdd + Khh)®

4
5 (KAdKAN) X g Khh)

M - Function {{x},

]

3
~Kdd-Kh) x e Khh)

(Kdd + Khh)®

10( 14 es (Kadknn) x ) Kdd?

M - Function {{x},

l

10( 14 es (Kdd-Knh) x ) Kdd3( ~Kdd-Knh) Kdd+Khh)2

(Kdd + Khh)®

My — Function {{x}, -

(Kdd + Khh) 5 )

5 ( 14+ s (KddKAN) x ) Kdd* ( ~Kdd-KnN) X e Khh)

M;eFunction{{x}, }
(Kdd + Khh)®

( 1+<e (-Kdd-Khh) x ) Kdd®

MS»Function[{X}v - (Kdd + Khh)® H}

These are anal ytical solution:

(e (KK X ey Khh)s 5 (71+ L (-Kdd-Kkhh) ) Kdd ( ~Kdd-Khh) X ki 4 Khh ¢

Out[81]= {{ y ,

(Kdd + Khh)® (Kdd + Khh)®

10 ( 14 s (KddKnn x ) Kdd2 [es (KK X gy, Khh)3

(Kdd + Khh)®

10 [-1+e5 ; (~Kdd- K““”) Kdd® [es (KUK X g Khh)2

(Kdd + Khh)®

5( 14es ! (-Kdd- Khh)x) Kdd® (eé(dedehh)dedJrKhh) ( 1+e (-Kdd-Khh) x ) Kdd®

(Kdd + Khh)® T (Kdd + Khh)® J)
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1 4
e5 (KAd-K) X qq (—Kdd - Khh)

s (KIdKN) X e Khh)

out[82]= {{ (Kdd + Khh)®

1 3

4 s (KAAKN) X (g5 (Kdd-Knh) X) Kdd? (-Kdd - Khh) es (KIKN) X L hh

(Kdd + Khh)®

1 1 4
es (KIOKM X Kad (_Kdd - Khh) [es (K9OK X g Khh)

(Kdd + Khh)®

1

6 eé (-Kdd-Khh) x (_1 , o3 (-kdd-Knh) X)z Kdd® (—Kdd - Khh) e% (-Kdd-Knh) x e Khh)2

+

(Kdd + Khh)®

1

1 1 3
4 g5 (“Kdd-Knh) x (71 + @3 (Kdd-knn) X) Kdd? (-Kdd - Khh) (e§ (-Kdd-Khh) X g Khh)

(Kdd + Khh)®

1

4 o5 (-Kad-Kknh) x (_1 + @5 (“Kad-Knh) X)3 kdd* (-Kdd - Khh) (eé (-Kdd-KNM) X ey Khh)

(Kdd + Khh)®

1

6 o (-Kdd-Knh) x (_1 , b (-Kdd-KnN) X)z Kdd® (_Kdd - Khh) o5 (-KAA-KNN) X 40 Khh)z

(Kdd + Khh)®

1 1 4
e (~Kdd-Knh) x (71 + o5 (-Kdd-Knhh) x) Kdd® (- Kdd - Khh)

+

(Kdd + Khh)®

1

1 3 1
4 o5 (Kdd-Khn) x (_1 + g5 (TKdd-Knh) X) Kdd* (-Kdd - Khh) [es 4K X kqqd , khh

(Kdd + Khh)®

1

os (Kdd-Knh) x (71 + @5 (“Kdd-Knn) X)4 Kdd® (-Kdd - Khh)

: })

(Kdd + Khh)®

Out[83]//MatrixForm=

1 1 4 1 5
[71%5 (-Kad-Knm ] Kdd Khh |es (K44 Kdd+Khh] Kdd |es (KX Kdd+Khh]
(Kdd+Khh)3 B (Kdd+Khh)3
! Kdd -Khh ? ! (-Kdd-Khh) )2 ! (-Kdd-Khh) 4Kdd Khh : Kdd -Khh 4
4 [71%5(’ - ] Kdd? Khh |es ¢4 Kdd+Kth 5 [71%5“ . ] Kdd (TT) {«:3” X kdd +Khh Kdd {
B ‘ N ‘
(Kdd+Khh)5 (Kdd+Khh)5
: Kdd-Khh s : Kdd-Khh 2 : Kdd-Khh 2 3Kdd 2Khh ! (-Kdd-Khh s ! (-Kdd
6 [-1+e€" - ] Kdd? Khh |es ™M X gk 10 [-1+e5(’ - ’X] Kdd? (255257 [egﬁ o Kdd*Khh] 4 [‘“egﬁ
+
(Kdd+Khh) 3 (Kdd+Khh) 5
i (-Kdd-Khh) x 4 £ (-Kdd-Khh) x i (-Kdd-Khh) x 8 2Kdd 3Khh 1 (-Kdd-Khh) x z 1 (-Kdd-K
4| 1+e5 Kdd* Khh | e5 Kdd+Khh 10 |-1+e5 Kdd3 (T’T) €5 Kdd+Khh 6 |-1+e5
- +
(Kdd+Khh) 5 (Kdd+Khh)®
! Kdd -Khh ° : (-Kdd-Khh ¢ Kdd hh ! dd-Khh) ! Kdd -Khh) 8
[71+e3’7 - ”] KddS khh 5 |-1.e5 " ”] Kdd* (7%) g (Hadam Kdd+Khh] 4 (71%3(’ - ] Kdd* [e
_ . _
(Kdd+Khh) 5 (Kdd+Khh)5 (Kdd +Kht

1
— (-Kdd-Khh) x

1
~ (-Kdd-Khh) x 5 Kdd+Khh

1 5 4
“1res KX 1ddS Khh “lies Kdd®

(Kdd+Khh)5 (Kdd+Khh)5
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Out[84]//MatrixForm=

1 1
es X dd (Ckdd-Khh) {eg (KAdHA) X e dd+Khh
(Kdd+Khh)®
! Kdd -Khh : Kdd -Khh : (-Kdd-Khh) s : Kdd -Khh ! (-Kdd-Khh
4es AN g og RN 492 (_kdd-Khh) |es T X kddkhh s (AN X dd (—Kdd-Khh) [es (KA X e dd +khh
B (Kdd+Khh)5 (Kdd+Khh)®
1 1 2 1 2 1 1 1
Bes TN g 5 TN a3 (_kdd-Khh) |es T X kadkhh 45 HATOMX {71%5 (KOG X 2 (-Kdd-Khh) [eS (-aa-ian)
+
(Kdd+Khh)5 (Kdd+Khh)5
1 1 3 1 1 1 2 1
g5 AN gL o5 OIMIXT g4 (—kdd-khh) |es U X kddiknh | 6es TN | _gies M kg3 (_kdd-khh) [es T
(Kdd+Khh)5 (Kdd+Khh)5
: Kdd -Khh) : Kdd -Khh ¢ : Kdd -Khh) : Kdd -Khh s : Kdd -Khh
5! )X [71+e5’\ " kdd® (-kdd-Khh) 4 e5 7 14e5 7| kdd* (-Kdd-Khh) [es‘ "X Kdd+Khh
+
(Kdd+Khh)5 (Kdd+Khh)®
1 1 4
5 (-Kad-Knh) x lies ! Kad k) x | s (_Kdd_Khh)
- (Kdd+Khh)3
L (-Kdd-Khh) x L (-Kdd-Khh) x 4
es (KK X gy kdd - Khh) [es (KGRI X g Khh)
out[85]= {f -
(Kdd + Khh)®
L (-Kdd-Khh) x L (~Kdd-Khh) x 4 L (-Kdd-Khh) x °
(—1+e§ -kdd- ) kdd Khh (ea -kdld- Kdd+Khh) Kdd (ea -Kdd-Knh) Kdd+Khh)
(Kdd + Khh)® (Kdd + Khh)®
1 (-Kdd-Khh) x L (-Kdd-Khh) x 2 1 (-Kdd-Khh) x 3
4 5 (-Kdd-Knh) (71 + @3 (Kdd-ka) ) Kdd? (- Kdd - Khh) (eg (-kdd-Knh) X ey Khh)
N
(Kdd + Khh)®
L _kdd_Khh) x| 2 L (_Kdd-Khh 3
4 (_1+e5<’ - ”) Kdd? Khh [es (-dd- ”Kdd+Khh)
.
(Kdd + Khh)®
L (-Kdd-Khh) x L (-Kdd-Khh) x 4
s (KIAKN X i (_Kdd - Khh) [es (CKI9KIM X gy Khh)
(Kdd + Khh)®
5

1 (-Kdd-Khh) x 4 Kdd Khh) (e% (-Kdd-Knh) X ey Khh)4 Kdd eé (-Kdd-Khh) X 44 . Khh

5(-1+es )Kdd(—T—?

(Kdd + Khh)® (Kdd + Khh)®

6 ex (I X (g, o5 Cadiom) X)z Kdd® (~Kdd - Knh) [es X4 X e Khh)2

(Kdd + Khh)®
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3 2
6 [ 1+ es (KK X) Kdd® Khh [es (KIOKM X gy Khh)

(Kdd + Khh)®
1 1 1 3
4 g5 (TKdd-KnN) (71 + @5 (TKdd-Knh) X) Kdd? (-Kdd - Khh) (ea (-Kad-KnM) X e+ Khh)
N
(Kdd + Khh)®
1 2 1 3
10 (_1 , os (-kdd-Knh) x) Kdd? (- @ ~ N;’i) (eg (-Kdd-Knh) X ey Khh)
(Kdd + Khh)®
4 (71 4 @5 (Kdd-Knh) X) Kdd? [es (CRIdKIN X g Khh)4
(Kdd + Khh)$ ’
4 eé (-Kdd-Khh) x (71 . eé (-Kdd-Khh) x)3 Kdd* (-Kdd - Khh) eé (-Kdd-Khh) X ki q + Khh
.

(Kdd + Khh)®

4
4 (_1 4 @5 (Kdd-Knh) X) Kdd* Khh

eF (KK X g Knh |

+

(Kdd + Khh)®

1

1 2 1 2
6 5 (-Kdd-Kah) x (71 + eF (-Kdd-Knh) X) Kdd® (-Kdd - Khh) («;5 (-Kdd-KnN) X g Khh)

(Kdd + Khh)®

1 3 1 2
10 (—l + o5 (Kdd-Khh) x) Kdd? (- @ ~ 3';&) (eg (-Kdd-Knh) X ey, Khh)

+

(Kdd + Khh)®

6 (-1 s (-Kdd-KOn) X)z Kdd® [e5 (KK X g Khh)3

1

(Kdd + Khh)®

1

1 4 1 5
e (-Kdd-Knh) x (71 + g5 (“Kad-Knn) X) KddS (-Kdd - Khh) (71 + g5 (“Kad-Knh) X) KddS Khh

(Kdd + Khh)® (Kdd + Khh)®

4 o5 (-KAO-Knh) x (-1 + g5 (-Kdd-Knn) X)3 Kdd* (~Kdd - Khh)

o5 (KA X g Khh)

4

(Kdd + Khh)®

1 4 1
5 [_1 . es (“Kdd-Knh) x) Kdd* (7 K%d B @) (ei (-Kdd-Khh) X 1y Khh)

(Kdd + Khh)®
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41 es (CKdd-KO) X)s Kdd* [es (KO X g Khh)2

(Kdd + Khh)®

1 1

1 4 5
es (~Kdd-Knh) x (71 | o5 (-Kdd-Knh) x) Kdd® (-Kdd - Khh) (71 L o5 (KAd-KNh) x| 7 445 Whh
+ +

(Kdd + Khh)® (Kdd + Khh)®

(_1 . e% (-Kdd-Khh) x)4 Kdd® e% (-Kdd-Knh) x e Khh)

}

Check that the analytic solution indeed satisfies systent:

(Kdd + Khh)®

ous7= {0, 0, 0, 0, 0, O}

InBsl= (*

kd=2

kh=3
Nd=13
ind=9

*)

(*

Try to guess the solution..

*)

Print ["This is the solution, which we are trying to guess:"]
MAnal i tical = Function[{kd, kh, Nd, ind, t}, (-1)'" (Ndt/ (indt« (Nd-ind)t))
(-1 +Exp[(-kd -kh) xt /Nd])' " kd' " (Exp[(-kd - kh) *t 7 Nd] kd + kh)™=" / (kd + kh)™]

Print ["Conpare the guessed solution with analytically calculated earlier:"]
Anal i tical Sol ution
ProposedSol ution =
Tabl e[MAnal i tical [Kdd, Khh, Ndeuteriums, ind, x], {ind, 0, Ndeuteriuns}]
Print ["If it turned out the zeros,
the solution guidanoe natch found analytically inforned:"]
Sinplify[Analitical Solution[[1]] - ProposedSol ution]

Function[{kd, kh, Nd, ind, t}, D[MAnalitical [kd, kh, Nd, ind, t], t]]
Function[{kd, kh, Nd, ind, t},
MAnal i tical [kd, kh, Nd, ind, t]1 % (-kd* (Nd-ind) /Nd-kh=xind/Nd)]
s3 = Function[{kd, kh, Nd, ind, t},
MAnal i tical [kd, kh, Nd, ind -1, t] % (kd* (Nd-ind+1)/Nd)]
s4 = Function[{kd, kh, Nd, ind, t}, MAnalitical [kd, kh, Nd, ind+1, t]* (kh* (ind+1) /Nd)]

sl
s2

Res = Function[{kd, kh, Nd, ind, t}, sl1[kd, kh, Nd, ind, t] -
s2[kd, kh, Nd, ind, t]-s3[kd, kh, Nd, ind, t]-s4[kd, kh, Nd, ind, t]]

Print ["Cal cul ate the difference of the derivative and of three ternms:"]
Si mpli fy [Res [Khh, Kdd, Nd, ind, t]]

This is the solution, which we are trying to guess:
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outss- Function | (kd, kh, Nd, ind, t},

(—l)inde!(—1+Exp{%})indkdind (ap{$]kd kh)Ndfind

(ind! (Nd-ind)!) (kd+kh)N

Conpare the guessed solution with analytically calculated earlier:

5 4
e (KAAKNN) X gy Khh) 5 ( 14 s (Kdd-Kah) ) Kdd ~kdd-Khh) X g Khh)

out[91]= H , - ,

(Kdd + Khh)® (Kdd + Khh)®

3
10 ( 14 s (KddKnN x ) Kdd? ( ~Kdd-Knh) x 144 +Khh)

(Kdd + Khh)®

2
10( 14 s (KadKnn x ) Kdd? [es (“dd-Knh) Kdd+Khh)

’

(Kdd + Khh)®

5 ( 1+es (-Kdd- Khh)x) Kdd*

1
e (KATKNN) X g Khh) ( 1+ s (KK X ) Kdd®

(Kdd + Khh) 5 C (Kdd + Khh)5 J)

(eé (-Kdd-Khh) X e Khh)5 5 ( 148 L (-Kdd-Khh) ) Kdd (7Kddehh) X kdd + Khh)4

Out[92]= { s P s ,
(Kdd + Khh) (Kdd + Khh)

10 ( 1+ s (Kddknn x ) Kdd? ( ~Kdd-Knh) x Khh)3

(Kdd + Khh)®

10( 14 s (KddKnN) x ) Kdd3( ~Kdd-Knh) X ey Khh)2

(Kdd + Khh)®

5( 14 s (Kddknn x ) Kdd“( ~kdd-Khh) Kdd+Khh) ( 14 s (KadKnn x ) Kdd®

(Kdd + Khh)5 L (Kdd + Khh)5 )

If it turned out the zeros, the solution guidanoe match found anal ytically inforned:

ouo4= {0, 0, 0, 0, 0, O}

outosj= Function [{kd, kh, Nd, ind, t}, & MAnalitical [kd, kh, Nd, ind, t]]

kd (Nd -ind)

khind

out[96]= Function{{kd, kh, Nd, ind, t}, MAnalitical [kd, kh, Nd, ind, t] Nd

Manal i tical [kd, kh, Nd, ind-1, t] (kd (Nd-ind+1))

Nd

outor- Function|(kd, kh, Nd, ind, t}, -

out9s)= Function[{kd, kh, Nd, ind, t},

Manal i tical [kd, kh, Nd, ind+1, t] (kh (ind+1))

Nd

oureol= Function[{kd, kh, Nd, ind, t}, si(kd, kh, Nd, ind, t] -
2(kd, kh, Nd, ind, t]-s3[kd, kh, Nd, ind, t]-s4[kd, kh, Nd, ind, t]]

Calcul ate the difference of the derivative and of three terns:

}

}

]
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1 (Kdd +Khh) t

. ind .
om[lon:m(—l)'”d (_1+e’ o ) Khhi " (Kdd + Khh)

(Kdd +Khh) t

(_1+e7m )(1+ind)Kdthh
Nd! |- +

(Kdd+Khh) t

e Kdd+Khh) (1+ind)t (-1-ind+Nd) !

(Kdd +Khh) t -i nd+Nd
(Kdd ve Khh)

i nd (Kdd + Khh) Khh (Kdd + Khh) (i nd - Nd)
+

+

(Kdd+Khh) t

e W Kdd+Khh)ind! (~ind+Nd) !

(Kdd+Khh) t

(71% N )indl (i nd+Nd) !

(Kdd+Khh) t

e w  Kdd + Khh) (1-ind+Nd)

i nd Kdd - i nd Khh + Khh Nd

R r (Kdd +Khh) t
tnd! (-ind+Nd): (—l+e 5 )(—1+ind)1(l—ind+Nd)1
In[102]:= (%
Sel ect the part which should be equal to zero
*)
Zer oPar t =Function[{Khh, Kdd, Nd, ind, t},
(Kdd +Khh) t .
(-l+e G ) (1 +ind) Kdd Khh i nd (Kdd + Khn)
- + +
(Kdd+Khh) t (Kdd+Khh) t
(e o Kdd+Khh) (L+ind)t (-1-ind+Ndyt [-l+e—w —)ind: (<ind+Nd)!
Khh (Kdd + Khh) (i nd - Nd) i nd Kdd - i nd Khh + Khh Nd

+ -

ind! (-ind+Nd) !

(Kdd+Khh) t
(e o Kdd+Khh)ind! (=i nd +Nd) !

(Kdd+Khh) t
(e—m Kdd + Khh) (1-ind+Nd)

(Kdd +Khh) t

(—1+e G ) (<1+ind)t (1-ind+Nd)t

Si nplify[ZeroPart [Khh, Kdd, Nd, ind, t]]

ZeroPart2 = Function[{Khh, Kdd, Nd, ind, t}, ZeroPart [Khh, Kdd, Nd, ind, t] =

(Kdd+Khh) t

(Kdd+Khh) t
(1—ind+Nd)!*(e—Nu Kdd+Khh) (Lsindyts(-1+e )]

Sinplify[ZeroPart2[Khh, Kdd, 8, 5, t]1]

(*
Rewite the part that should be zero:

*)
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ZeroPart 3 = Functi on[{Khh, Kdd, Nd, ind, t},

(Kdd+Khh) t

(Kdd+Khh) t
—((—1+e G )(1+ind)Kdthh(1-ind+Nd)!*(e 5 Kdd+Khh) (L+ind) 1«

(Kdd+Khh) t (Kdd+Khh) t
(-1+e—~u ))/ ((e—m Kdd+Khh) (L+ind)t (-1-ind+Nd) 1) .

(Kdd +Khh) t (Kdd+Khh) t )

i nd (Kdd + Khh) (1—ind+Nd)!*(e g Kdd+Khh) (1+ind)!*(—1+e a

+
(Kdd+Khh) t

(—1+eT)ind! (<ind +Nd) 1

(Kdd +Khh) t (Kdd+Khh) t )

Khh (Kdd + Khh) (i nd - Nd) (1—ind+Nd)!*(e—m) Kdd+Khh) (1+ind)!*(—1+e =

+

(Kdd +Khh) t
(e g Kdd+Khh)ind! (~ind +Ndy 1

(Kdd+Khh) t (Kdd +Khh) t )

(i nd Kdd - i nd Khh + Khh Nd) (1—ind+Nd)!*(e @ Kdd+Khh) (1+ind)!*(—1+e @

ind! (-ind+Nd)!

(Kdd +Khh) t )

(Kdd+Khh) t
((e G Kdd+Khh) (1 -ind+Nd) (1—ind+Nd)!*(e & Kdd + Khh

(1+ind) 1« (_1+em~§"h“))/ ((_1+e(m$"h“) (-1+ind) 1t (1-ind+Nd) 1) ]

Sinplify[ZeroPart3[Khh, Kdd, 8, 5, t]]

ZeroPart4 = Functi on[{Khh, Kdd, Nd, ind, t},

(Kdd +Khh) t (Kdd +Khh) t

lie ) (1+ind) Kdd Khh (L - i nd + Nd) (Nd—ind)*(—l+e—w

1

(Kdd+Khh) t

ind (Kdd + Khh) (1-ind +Nd) % (e & — Kdd+Khh) (1 +ind)

+

1

(Kdd+Khh) t

Khh (Kdd + Khh) (ind -Nd) (1 -ind+Nd) = (1+ind)*(—1+e Nd

1
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(Kdd +Khh) t (Kdd+Khh) t )

(i nd Kdd - i nd Khh + Khh Nd) (1—ind+Nd)*(e—Nu Kdd+Khh) (1+ind)*(—1+e a

1

(Kdd+Khh) t (Kdd+Khh) t

e — Kdd + Khh (1—ind+Nd)*(e—Nu Kdd+Khh) (1+ind)ind

; ]

Sinmplify[ZeroPart4 [Khh, Kdd, 8, 5, t]]

(Kdd +Khh) t
(—l+e G ) (1 +ind) Kdd Khh
Out[102]= Function[{Khh, Kdd, Nd, ind, t}, - +

(Kdd-+Khh) t

e Kdd+Khh) (1+ind)1 (-1 -ind+Nd) 1

ind (Kdd + Khh) Khh (Kdd + Khh) (i nd - Nd)

+
(Kdd-+Khh) t

(—l+e a )ind! (~ind+Nd) !

(Kdd+Khh) t

e Kdd+Khh)ind1 (~ind+Nd) !

(Kdd+Khh) t
i nd Kdd - i nd Khh + Khh Nd (e . Kdd*Khh) (1-ind+Nd)
ind: (-ind+Nd):

(Kdd +Khh) t

(—1+<e G ) (-1+ind) ! (1-ind+Nd) !

(Kdd-+Khh) t

(—l+e7m ) (1 +ind) Kdd Khh
OUt[lOS]: - (Kdd +Khh) t *
(e a Kdd+Khh) (1+ind) 1 (-1-ind+Nd) !

i nd (Kdd + Khh) Khh (Kdd + Khh) (i nd - Nd)

+
(Kdd +Khh) t

(_1+e7m )indi (~ind+Nd) !

(Kdd +Khh) t

e Kdd+Khh)ind1 (~ind+Nd) !

(Kdd+Khh) t

e W Kdd +Khh) (1-ind+Nd)

i nd Kdd - i nd Khh + Khh Nd
ind: (—ind+Nd) !

(Kdd+Khh) t

(—l+<e o ) (~1+ind) ! (1-ind+Nd)t

ouff104)= Function| {Khh, Kdd, Nd, ind, t},

ZeroPart [Khh, Kdd, Nd, ind, t] (1-ind+Nd):!

(Kdd +Khh) t (Kdd +Khh) t ) :|

e ~ Kdd + Khh| (1 +ind) ! [-1+e

out[105)= 0
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out[106)= Function[{Khh, Kdd, Nd, ind, t},

(Kdd +Khh) t

(Kdd+Khh) t (Kdd +Khh) t
(—l+e a ) (1+ind) KddKhh (1-ind+Nd) ! [e Kdd+Khh) (1+ind) ! (71% G
(Kdd +Khh) t
e Kdd+Khh) (1+ind) ! (-1—ind+Nd) !
(Kdd +Khh) t (Kdd +Khh) t
ind (Kdd + Khh) (1-ind+Nd) ! (e Kdd+Khh) (1+ind) ! (—1+ze T )
.
(Kdd +Khh) t
(—1+e Nd )ind!(—ind+Nd)1
(Kdd +Khh) t
Khh (Kdd + Khh) (ind -Nd) (L-ind+Nd) ! [e w — Kdd+Khh) (1+ind)! (—l+e )
.
(Kdd +Khh) t
e — Kdd+Khh) ind: (~ind+Nd) !
(Kdd +Khh) t (Kdd +Khh) t
(i nd Kdd - i nd Khh + Khh Nd) (1 -ind+Nd) ! (e w Kdd+Khh) (1+ind) ! (—l+e )
ind: (-ind+Nd) ! )
(Kdd +Khh) t (Kdd +Khh) t (Kdd +Khh) t
e — Kdd+Khh) (1-ind+Nd) (L-ind+Nd)! [e w Kdd+Khh) (1+ind) ! (71“@ G

|

(Kdd +Khh) t

(—l+<e g ) (-1+ind): (1-ind+Nd)

ouf107)= 0

out[108)= Function[{Khh, Kdd, Nd, ind, t 3},

(Kdd +Khh) t (Kdd +Khh) t
7((71% g )(1+ind)Kdthh(17ind+Nd) (Nd - i nd) (—1+e G ))+

(Kdd +Khh) t

ind (Kdd + Khh) (1-ind +Nd) (e w Kdd+Khh> (1+ind) +

(Kdd+Khh) t
) .

Khh (Kdd + Khh) (ind-Nd) (1-ind+Nd) (1+ind) (—1+e Nd

(Kdd +Khh) t

(ind Kdd - i nd Khh + Khh Nd) (1-ind+Nd) [e w0 Kdd+Khh) (1+ind) (—l+<e

(Kdd +Khh) t

e W Kdd+Khh) (1-ind+Nd)

(Kdd+Khh) t

I Kdd+Khh) (1+ind)ind|

out[109]= 0

(Kdd +Khh) t

}
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In[110]:= (%
This is the nost sinplified part that needs to vanish

*)
ZeroPart4 = Function[{Khh, Kdd, Nd, ind, t},

(Kdd +Khh) t (Kdd+Khh) t

e W — ) (1 +ind) Kdd Khh (L - i nd + Nd) (Nd—ind)*(—1+e g

1

(Kdd+Khh) t

ind (Kdd + Khh) (1-ind +Nd) % (e Kdd+Khh) (1 +ind)

+

1

(Kdd +Khh) t
Khh (Kdd + Khh) (i nd - Nd) (1-ind +Nd) (1+ind)*(—1+e a )

+

1

(Kdd +Khh) t (Kdd+Khh) t )

(i nd Kdd - i nd Khh + Khh Nd) (1—ind+Nd)*(e G Kdd+Khh) (1+ind)*(—l+e o

1

(Kdd +Khh) t

Kdd+Khh) t
(e—( = Kdd + Khh (1—ind+Nd)*(e o Kdd+Khh) (1+ind)ind

; ]

Sinplify[ZeroPart4[Khh, Kdd, Nd, ind, t]]

Out[i10]= Function[{Khh, Kdd, Nd, ind, t},

(Kdd +Khh) t (Kdd +Khh) t
7((71% o )(1+ind)Kdthh(17ind+Nd) (Nd - i nd) (—1+<e m ))+

(Kdd+Khh) t

ind (Kdd « Khh) (1-ind +Nd) (e w Kdd+Khh) (1+ind) +

(Kdd+Khh) t
) .

Khh (Kdd + Khh) (ind -Nd) (1-ind+Nd) (1+ind) (—1+e Nd

(ind Kdd - i nd Khh + Khh Nd) (1 -ind+Nd)

(Kdd +Khh) t (Kdd+Khh) t )

e W Kdd+Khh) (1+ind) (71% m

(Kdd+Khh) t

e W Kdd +Khh) (1+ind)ind|

(Kdd +Khh) t

e Kdd+Khh) (1-ind+Nd)

outj111}= O



